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CHAPTER 1

Introduction

1.1 What Is Supersymmetry, and Why Is It
Exciting (the Short Version)?

The job of a particle theorist is pretty simple. It consists of going through the
following four steps:

1. Build a theory that is mathematically self-consistent.
2. Calculate physical processes using the theory.

3. Call experimentalist friends to see if the results of the theory agree with
experiments.

4. If they agree, celebrate and hope that the Nobel Committee will notice you.
If they don’t, go back to step 1.

That’s pretty much all a particle theorist does with his or her life. However, if
one randomly tries every theory that comes to one’s mind, one soon realizes that
most of them lead to results that have nothing to do with the real world. It also
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becomes clear that requiring certain specific properties and symmetries helps to
weed out unphysical theories. One such requirement is that the theory must be
Lorentz invariant.” Another symmetry that has proved unexpectedly powerful in
the construction of the standard model of particle physics is gauge invariance.

However, the standard model is widely considered to be an incomplete theory,
even at energies as low as the weak scale (about 100 GeV). One key reason is the so-
called hierarchy problem that comes from the fact that the mass of the Higgs particle
receives large corrections from loop diagrams (see Section 1.3 for a more detailed
discussion). These corrections, in principle, can be canceled by a fine-tuning of
some parameters of the standard model, but this highly contrived solution seems
very unnatural to most physicists (for this reason, the hierarchy problem is also often
called a naturalness or fine-tuning problem). There is therefore a strong impetus
to build new theories going beyond the standard model (while reproducing all of
its successes, of course). For this, as always, it is useful to have some symmetry
principle to guide us in designing those new theories. Supersymmetry is such a
principle.

The basic idea is fairly simple to state. As the color SU(3) group of the standard
model reshuffles the color states of a given quark flavor among themselves and the
weak SU(2) group mixes fields appearing in weak doublets (e.g., the left-handed
electron and neutrino states), supersymmetry is a symmetry that involves changing
bosonic and fermionic fields into one another. Supersymmetry solves the hierar-
chy problem in a most ingenious manner: Fermion and boson loop corrections
to particle masses cancel one another exactly! Actually, almost all the ultraviolet
(high-momentum) divergences of conventional quantum field theory disappear in
supersymmetric field theories (i.e., theories invariant under supersymmetry trans-
formations), a fact that we will show explicitly with a few examples later in the
book.

Unfortunately, exact invariance under supersymmetry implies that each existing
particle should have a partner of the same mass and same quantum numbers but
with a spin differing by one-half, which is obviously not observed in nature (there
is no spin-zero or spin-one particle of the same mass as the electron, for example).
However, there is no need to throw away the baby with the bath water. The same
type of problem occurs with the standard model, which is based on symmetry
under the direct group product SU (3). x SU(2)p x U(1)y (a brief review of the
standard model will be provided in Chapter 15). We know that the world is not
exactly invariant under this symmetry because this would imply that all gauge

* At least at “low energy” relative to the Planck mass, approximately 10'® GeV. At energies comparable to the
Planck mass, a theory of quantum gravity is presumably necessary, and then all bets are off.

T The Higgs particle is special in two respects. It is the only fundamental particle of spin zero predicted by the
standard model, and it is also the only particle in the standard model that has not been observed yet.
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bosons would be massless, in contradiction with the observed properties of the W+
and Z bosons. The solution in the standard model is provided by the spontaneous
breaking of the symmetry via the Higgs mechanism. One might therefore hope to
find some similar trick to spontaneously break supersymmetry. It turns out that the
situation in supersymmetry is a bit more challenging than in the standard model,
as we will discuss in Chapter 14.

In a different vein, something truly remarkable emerges from the simple idea of
mixing bosons and fermions: Performing two successive supersymmetric transfor-
mations on a field gives back the same field but evaluated at a different spacetime
coordinate than it was initially. Therefore, supersymmetry is intimately linked to
spacetime transformations. This is unlike any of the internal symmetries of the stan-
dard model. In fact, if we impose invariance of a theory under local supersymmetric
transformations, we find ourselves forced to introduce new fields that automatically
reproduce Einstein’s general relativity!” The resulting theory is called supergravity.

Supersymmetry has been showing up in some unexpected places. A notable
example is superstring theory. When building a string theory that contains both
bosonic and fermionic fields, supersymmetry automatically appears. The fact that
the theory exhibits invariance under supersymmetry is the reason it is called
superstring theory.

Supersymmetry also has been used extensively in many modern developments
in mathematical and theoretical physics, such as the Seiberg-Witten duality, the
AdS-CFT correspondence, the theory of branes, and so on.

It is important to understand that, for now, supersymmetry is a purely mathemat-
ical concept. We do not know if it has a role to play in the description of nature,
at least not yet. But it is very likely that we will find out in the very near future.
Indeed, the recent opening of the Large Hadron Collider at the Centre Européen de
Recherche Nucléaire (CERN) near Geneva offers the exciting possibility of finally
testing whether supersymmetry plays a role in the fundamental laws of physics.

All this makes supersymmetry terribly exciting to learn. Unfortunately, it is quite
difficult to teach oneself supersymmetry despite the vast literature on the subject.
This brings us to the purpose of this book.

1.2 What This Book Is and What It Is Not

There are essentially three roadblocks to teaching oneself supersymmetry. The first
is the highly efficient but at the same time horrendously confusing notation that
permeates supersymmetry books and articles. It’s hard not to get discouraged by the

* In roughly the same way that making a U (1) global invariance local automatically leads to electromagnetism,
for example.
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dizzying profusion of indices that sometimes do not even seem be used consistently,
as in Xa, X% X% Xas (02)aps (0%) 4, 61, and so on.

There is, of course, a very good reason for introducing all this notation: It helps
immensely in constructing invariant quantities and making expressions as compact
as possible. Unfortunately, this also makes it difficult for newcomers to the field
because more effort must be put into making sense of the notation than into learning
supersymmetry itself! It is possible to keep the notation very simple by not using
those strange dotted indices and by not making any distinction between upper and
lower indices, but the price to pay is that expressions are more lengthy, and some
calculations become quite awkward. In itself, this is not such a big deal. But the
goal of this book is not only to help you learn the rudiments of supersymmetry; it is
also to provide you with the background required to “graduate” to more advanced
references on the subject. And this necessitates familiarizing you with the notation
of dotted and undotted spinors. For this reason, a compromise has been made. At
first, the simpler and less compact notation will be used to ensure that the fancy
indices do not get in the way of learning the basic concepts. After a few chapters of
practice, however, the more advanced notation will be introduced with an emphasis
on the rationale behind it.

A second difficulty in learning supersymmetry stems from the language used to
describe the fermionic fields of the theory. Supersymmetry requires the use of Weyl
or Majorana spinors, whereas most of us became familiar only with Dirac spinors
in our introductory quantum field theory classes. The next two chapters therefore
will be entirely devoted to introducing these types of spinors and explaining their
relation to Dirac spinors.

A third difficulty is that there are actually two methods for constructing super-
symmetric theories. As you might expect, one method, the so-called superspace or
superfield formalism, is more powerful and compact but also much more abstract
and difficult for a beginner than the second, down- and dirty-method. Alas, most
references on supersymmetry use right away or very early on the superfield ap-
proach. In this book we will start with the less efficient but easier to learn approach
and will only later introduce superfields and superspace.

Supersymmetry is a huge and formidably complex topic. In writing a (finite)
book on the subject, one is faced with a gut-wrenching dilemma. Should one try to
touch on as many aspects of the theory as possible, albeit in a necessarily superfi-
cial manner? Or should one restrict oneself to a very small (almost infinitesimal)
subset of the theory with the goal of making the presentation, and especially the
mathematical derivations, as thorough and detailed as possible?

Well, for the present book, the decision was not difficult because the goal of
the Demystified series is to provide readers with self-teaching guides. This implies
that the accent must be put on covering in depth the more basic concepts, even
if it means paying the price of sacrificing several advanced topics. For example,
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we will not cover so-called extended supersymmetries (the meaning of which will
become more clear later in this book), supergraphs, or applications in mathemati-
cal physics and superstring theory such as the Seiberg-Witten theory, BPS states,
the AdS/CFT correspondence, and so on. Even the basic applications we will dis-
cuss cannot be given full justice in such a short book. For example, we will only
be able to afford a cursory look at loop calculations in supersymmetry and to
sample only some aspects of supersymmetry breaking and of the so-called mini-
mal supersymmetric extension of the standard model (known affectionately as the
MSSM).

The purpose of the present work is therefore not to make anyone an expert on
supersymmetry or even on any particular application of supersymmetry. It is rather
meant as a gentle introduction to the basic concepts, as a springboard toward more
advanced references, whether they are on string theory, mathematical physics, or
phenomenological applications. The goal is to give you a solid understanding of
the basic concepts so that you will be able to read and understand more advanced
references (some of which will be suggested in Section 1.4).

This brings us to the important question of prerequisites. It will be assumed that
you have some basic knowledge of quantum field theory, at the level of doing calcu-
lations of simple scattering amplitudes. If you need your memory to be refreshed,
the book by McMahon®® in the Demystified series offers a gentle introduction
to quantum field theory, whereas Maggiore’s presentation®® is only slightly more
advanced but very pedagogical. In my humble opinion, the books by Srednicki**
and Hatfield** are among the best references available on quantum field theory. The
book by Peskin and Schroeder?’ is an invaluable complement. As always, the books
by Weinberg*® are filled with deep and unique insights but are at a more advanced
level than the previous references.

Even though the essential elements of the standard model and the key formula
for the calculations of amplitudes will be reviewed, they will be presented with the
intention of refreshing your memory, not of actually teaching you the material. A
very pedagogical introduction to the standard model is offered by Griffiths.?! Ata
slightly more advanced level, the two volumes by Aitchison and Hey? are extremely
well written and pedagogical. The many books by Greiner!® and collaborators are
filled with detailed calculations and clear explanations.

The intended audience for this book is therefore physicists with some basic back-
ground in quantum field theory and in particle physics who want to learn the nuts
and bolts of supersymmetry but find themselves quickly stuck when reading on the
subject because of the unfamiliar notation and the lack of computational details pro-
vided. We are pretty convinced that if you work your way through this book, you will
have acquired the necessary basic tools to make other books or references on super-
symmetry much easier to understand, and you will be able to make some progress
in the study of whatever aspect of supersymmetry tickles your curiosity the most.
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1.3 Effective Field Theories, Naturalness,
and the Higgs Mass

Let’s get back to the issue of the naturalness problem briefly mentioned in
Section 1.1. The fact that the problem disappears completely in a supersymmetric
theory is one of the most appealing aspect of supersymmetry (SUSY), so it deserves
further elaboration.

In the last 30 years, our understanding of renormalization in the context of
particle physics has undergone a radical shift (or a paradigm shift to use the oft-
abused expression). To explain the difference between the “old” school of thought
and the “modern” point of view, it’s convenient to consider for regulator a “hard”
cutoff A on the integration of momenta,

o0 A
/ dk — dk (1.1)
0 0

Of course, such a regulator breaks almost all the symmetries usually encountered
in particle physics and therefore is not practical, but for the purpose of building phys-
ical intuition about renormalization, nothing beats a good old momentum cutoff.

The old view of the cutoff was that it had no physical meaning, that it was
a purely mathematical sleight of hand introduced to make the intermediate steps
of the calculations mathematically well-defined and that, by consequence, it had
to be taken to infinity at the end of the calculation. A renormalizable theory is,
by definition, a theory in which any result for physical processes can be made
cutoff-independent in the limit A — oo by redefining, i.e., renormalizing, the finite
number of parameters appearing in the lagrangian (the so-called bare parameters).

By contrast, the modern point of view is that all the quantum field theories

we know (possibly with the exception of M theory) are to be treated as effective
field theories, i.e., theories that are approximations of more fundamental quantum
theories, and in that context, the cutoff must be viewed as a physically meaningful
parameter whose value should not be taken to infinity. Instead, the finite value of
the cutoff corresponds to the energy scale at which the effects of the “new physics”
beyond the effective field theory become important. From that point of view, there
is nothing wrong with nonrenormalizable theories. As long as the processes that are
computed involve particles with a typical external (nonloop) momentum p much
smaller than the scale of the new physics A ,,, the nonrenormalizable contributions
appear in the form of an expansion of the form

s ()

n NP
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where the coefficients c, are of order one. As long as the momentum p is much
smaller than the scale of new physics, one can neglect all but the first few terms to
a given precision. Of course, the desired accuracy also dictates the number of loops
used in the calculation, so there are two expansions involved in any calculation.

Obviously, as p approaches A, ,, the whole effective field theory approach breaks
down, and one needs to uncover the more fundamental theory (which might itself
be an effective theory valid only up to some higher scale of new physics). In some
sense, effective field theories are the “quantum equivalents” of Taylor expansions
in calculus. The expression

1 —x+x?/2-x%/6

is a good approximation to exp(—x) as long as x (the analogue of p/A ) is much
smaller than 1. If we use x = 2, we are outside of the radius of convergence of the
expansion, and we must replace the “effective” description 1 — x 4+ x2/2... by
the more fundamental expression exp(—x).

However, things are not as obvious in the context of a quantum theory because
even if the external momenta are small relative to the scale of new physics, the loop
momenta have to be integrated all the way to that scale. So it might seem at first sight
that no matter how small the external momenta are, since the loops will be sensitive
to the new physics, the very concept of an approximate theory does not make sense
in the context of quantum physics. However, the diagrams with external momenta
much smaller than A, and internal momenta on the order of the scale of new
physics are highly off-shell and, because of the Heisenberg uncertainty principle,
are “seen” by the external particles as local interactions with coefficients suppressed
by powers of the scale of new physics. A detailed and very pedagogical discussion
of this point is presented in the paper by Peter Lepage,?® who has pioneered the use
of effective field theories in bound states and in lattice quantum chromodynamics
(QCD). An excellent introduction to effective field theories is the paper by Cliff
Burgess.’

Let us get back to the problem of naturalness. The key point to retain from the
preceding discussion is that we must think of the cutoff as representing the scale
of new physics, not as a purely mathematical artifact that must be sent to infinity
at the end of the calculation.

Consider, then, an effective field theory that is to be regarded as an approximation
of a more general theory, for energies much smaller than the scale of new physics.
The question is whether it is natural to have dimensionful parameters in the effective
theory, masses in particular, that are much smaller than A ,,. Of course, at tree
level, there is never any naturalness problem; we may set the parameters of the
effective theory to any value we wish. It’s the loops that may cause some trouble
(as always!). There is a naturalness problem if the dimensionful parameters of the
effective field theory are driven by the loops up to the scale of new physics. In that
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>

Figure 1.1 One-loop correction to a fermion propagator.

case, the only way to keep these parameters at their small values is to impose an
extreme fine-tuning of the bare parameters to cancel the loop contributions.

To be more specific, consider the electron mass in quantum electrodynamics
(QED), viewed as effective field theory of the electroweak model. The scale of
new physics is therefore of order A, , ~ 100 GeV, which is much larger than the
electron mass, m, =~ 0.511 GeV. The question is whether, if we introduce loop
corrections, it is natural for the renormalized electron mass to remain so small. The
one-loop correction to the electron mass, depicted in Figure 1.1, is roughly

d*k . . A
(Sme:a/ Fame _oam ln( NP) (1.2)

K2 KR2—m? T 4Am me

Naive power counting would lead us to expect a linear divergence, dm, >~ oA ,,,
but the linear term in k in the numerator actually vanishes on integration, leaving
us with a much milder logarithmic divergence. Even if we set A, >~ 100 GeV,
we find that the correction to the bare mass is of order §m,./m, = 19% relative to
its tree-level value. This is a small correction, and therefore, a small electron mass
is natural in the context of QED as an effective field theory.

Let’s look at the masses of gauge bosons. This time, the two one-loop diagrams
of Figure 1.2 contribute if the gauge group is nonabelian, whereas only the first
diagram exists if the gauge group is abelian. Schematically, the two diagrams give

a correction to the gauge boson mass of the form

k> +m
2 _ 4
8mg —Olg/d km (13)

WQW ], oo

Figure 1.2 One-loop corrections to a nonabelian gauge field propagator.
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where m is the mass of whatever is circulating in the loop, and o, is the usual
e§ /4m, where e, is the gauge coupling constant. Simple power counting predicts
this time a quadratically divergent result, but again, this contribution actually van-
ishes on integration. If the gauge symmetry is unbroken, the correction to the gauge
boson mass actually vanishes identically, 8m§, = 0. If the gauge symmetry is spon-
taneously broken, the correction is not zero, but the quadratic divergence is still
absent, and the leading correction is only logarithmically divergent,

A
sm, ~ agm® In <—N> (1.4)
m

Once more, the correction is small even if the scale of new physics is much larger
than the physical mass of the gauge boson.

It is not fortuitous if the leading divergences in both our examples cancel out,
leaving a milder logarithmic divergence. In both cases, a massless theory has more
symmetry than the massive theory. The theory of a massless fermion has a chiral
symmetry that ensures that the fermion will remain massless to all orders of per-
turbation theory. If we start with a massive fermion, the loop corrections no longer
vanish, but they must go to zero in the massless limit. This is why the one-loop
correction to the fermion mass could not be of the form ém, >~ A, because this
would not vanish as the limit m, goes to zero. It is therefore chiral symmetry that
“protected” us from the linear divergence.

In the gauge boson case, it is obviously the gauge symmetry that is restored when
the gauge boson mass goes to zero. Therefore, all corrections to the gauge boson
mass must vanish as the limit m, goes to zero. This is why we did not generate a
quadratic divergence, which would not have satisfied this criterion.

This definition of naturalness has been formalized by *t Hooft*3:

A theory is natural if, for all its parameters p which are small with respect to the fundamental
scale A, the limit p — O corresponds to an enhancement of the symmetry of the system.

Obviously, his A corresponds to our A .

Let us now turn our attention to the mass of a scalar particle, e.g., the Higgs
boson in the standard model. One one-loop correction arises from the fermion loop
shown in Figure 1.3, and it corresponds to the integral

k* +m
2 0 2 4 ~ 2

This time, taking the mass of the scalar to zero does not lead to any enhancement
of symmetry, and we obtain a quadratically divergent correction. If we take the
mass of the Higgs to be of order 10> GeV and the scale of new physics to be of
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Figure 1.3 One-loop correction to the propagator of a scalar. The dotted lines represent
the scalar particle propagator, and the loop is a fermion loop.

order the usual grand unification scale of about 10'> GeV, we see that the one-loop
correction is roughly 24 orders of magnitude larger than the tree-level value of m?
(taking @ ~ 10~2). This means that the bare squared mass of the Higgs would have
to be fine-tuned to 24 digits to keep the renormalized mass equal to its tree-level
value! In other words, the mass of the Higgs is given by m%i = C; — C,, where
both C; and C, are of order 10?® GeV? and have the same first 24 digits!

This is a bit as if you were to throw a needle up in the air and watch it fall on
a marble floor exactly on its tip and stay upright in that position! You certainly
would be flabbergasted! It would not be impossible that it did land in exactly
the right way to have it be in equilibrium and then be undisturbed by any air
current after it landed, but it would seem so unlikely as to be preposterous. You
certainly would look for some explanation for why this happened. Maybe this part
of the floor is not marble, and the needle penetrated the surface? Maybe there is a
magnet under the surface, and the needle is magnetized in such a way as to stay
upright?

We are in a similar situation when pondering the mass of the Higgs in the standard
model. There has to be some way to obtain a reasonable mass of the Higgs without
invoking a mind-boggling accidental cancellation between two huge numbers!

So why not simply say that the mass of the Higgs could be huge, of the order of
10'5 GeV? Because there are other constraints that this time put an upper bound
on the Higgs mass. For example, unitarity of the S-matrix leads to the constraint
my, < 780 GeV (see Ref. 8 for more details).

This leaves us with only one possible way out: The scale of new physics must be
much smaller than 10'> GeV. As a criterion for absence of fine-tuning, it is natural
to demand that a one-loop correction must be smaller than the tree-level value.
Applying this to the Higgs mass in the standard model leads to A ,, < my,//a ~ 1
TeV. This makes the scale of new physics very low and accessible experimentally.

What could happen at this new scale? It could be revealed that the Higgs boson
is not an elementary particle but instead a bound state, as in technicolor theories.
Or maybe there are extra dimensions that can affect physics at the TeV scale, or
again, maybe particles are not pointlike but rather are excitations of strings.
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But let us assume that the Higgs still would be present as an elementary point
particle in some new, more fundamental, four-dimensional theory superseding the
standard model in the TeV region. In that case, it would seem that the naturalness
problem still would be present. The scalar masses now would be driven to the scale
of new physics beyond this new theory, and we would be back to our starting point.

Unless this new theory would possess some symmetry that would protect even
scalar masses from large corrections. And this is where supersymmetry makes it tri-
umphant entrance! In theories with unbroken supersymmetry, quadratic divergences
are altogether absent, so there is no naturalness problem! This makes supersymme-
try a very attractive candidate for the new physics lurking around 1 TeV.

1.4 Further Reading

After you have finished this book, you will have the necessary background (and
hopefully, the hunger) to consult more advanced references. Here are some sugges-
tions.

We should first mention the ground-breaking papers that gave birth to super-
symmetry. Supersymmetry was independently discovered in the west'%333 and in
the former Soviet Union.!”-*¢ This was followed by the seminal work of Wess and
Zumino, who constructed explicit four-dimensional supersymmetric quantum field
theories.>® For more details, the first chapter of Ref. 47 is highly recommended.

If you are interested in the phenomenology of the MSSM, the best book to read
after the present volume is the one by Aitchison.! It is presented at the same level
as the present volume and complements it nicely.

The following books are slightly more advanced but should offer no difficulty
after you have worked your way through Supersymmetry Demystified. Baer and
Tata’ offer a large number of cross sections and decay-rate calculations. The book
by Binétruy® is quite exhaustive (with almost 400 references!) and discusses cos-
mologic implications as well as the MSSM in great depth. Weinberg’s book*” on
supersymmetry is, as is all his work, a model of clarity and a great source of insights.
It covers not only the MSSM but also supergravity, Seiberg-Witten, supergraphs,
and several other topics.

Bailin and Love® focus on supersymmetry in the context of superstring theory.
A book by Dine'? also covers supersymmetry and its applications to superstring
theory, but is more recent and has a wider scope (it covers Seiberg-Witten, cosmo-
logy, supergravity, and many other topics).

Although old and, unfortunately, hard to find, the book by Miiller-Kirsten and
Wiedemann®' is a real gem because of the large number of derivations presented in
great detail. A classic is the book by Wess and Bagger,*” which is a good resource
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for learning about supergraphs and supergravity but is more advanced than the
previous references.

In a different category, Ref. 15 contains a large number of the most important
early research papers on supersymmetry and is an invaluable resource. In the same
vein, Ref. 25 contains all the earlier Physics Reports on supersymmetry and remains
a very useful reference.

In addition to books, a large number of excellent review papers or lecture notes on
supersymmetry are available. For more details concerning the phenomenological
aspects of the MSSM, some excellent resources are Refs. 10, 29, 32, 36, and
38. If you are interested in the Seiberg-Witten theory, Refs. 47 and 3 are good
places to start. A couple of more formal reviews are Refs. 27 and 51. Reference
43 focuses on supersymmetry breaking. Reference 13 explains in great detail how
to do calculations with Weyl spinors and provides a very large number of detailed
calculations relevant to the MSSM.

This is far from being an exhaustive list (Ref. 8 alone contains almost 400
references!). In particular, very few of the original research papers are cited in the
References, and for that we apologize to the large number of researchers who have
discovered and refined supersymmetry over the years. You are invited to consult the
bibliographies of the books and review papers mentioned here for a more complete
list of references.



CHAPTER 2

A Crash Course on
Weyl Spinors

As mentioned in the Introduction, supersymmetric theories deal with Weyl or
Majorana spinors, not the more familiar Dirac spinors. The first step to under-
stand supersymmetry (SUSY) is therefore to become at ease with those two types
of spinors. This chapter will focus on Weyl spinors and their connection with Dirac
spinors. Along the way, we will work out many identities that will be used repeat-
edly throughout this book and will define some notation that will prove very handy
in the building of supersymmetric theories.

This won’t be glamorous stuff—only in Chapter 5 will we construct our first
supersymmetric theory—but it is crucial to become proficient with the notation
established in the first few chapters before tackling SUSY. Indeed, most physicists
working in SUSY (whom we like to refer to as “superphysicists”) will tell you
that the brunt of the difficulty in learning SUSY is not understanding the theory
itself but rather becoming at ease with Weyl and Majorana spinors and the daunting
notation used to describe them. It is therefore imperative to first spend some time
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familiarizing ourselves with this notation; once this is achieved, calculations in
SUSY will be a breeze (well, almost).

2.1 Brief Review of the Dirac Equation and of
Some Matrix Properties

Let’s start by reviewing a few basic relations and defining our convention for the
Dirac matrices. The Dirac equation is

yHP,Y =my 2.1)
or, using Feynman’s “slash” notation,
PV =mV¥y

Here, P, represents the differential operator id,,. Throughout this book we use the
so-called natural units, in which ¢ = = 1, unless stated otherwise.
It is also useful to recall the Dirac lagrangian:

£Dirac = G(VMPM - m)\IJ (22)

where the bar over the spinor denotes the Dirac adjoint, defined as W = Wiy0,
Equation (2.2) is actually not a lagrangian but a lagrangian density (because it must
be integrated over spacetime to yield the action), but we will follow the incorrect
but widespread convention of dropping the adjective density most of the time.

There are several different representations for the Dirac matrices y° and y used
in the literature. We choose the representation

0 0 1 - 0 —o
: :<1 0) y=(5 0)
where, of course, 1 stands for the 2 x 2 identity matrix. These can be used to define
v' =7
The corresponding quantity with a covariant index is defined as

Y = nw¥™ = % —9)
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where 7, is the flat spacetime metric for which we use the form
Nuw = diag(1, =1, —1, —1)

This is sometimes referred to as the mostly minus convention as opposed to the
mostly plus convention (—1, 1, 1, 1). Usually, particle physicists adopt the mostly
minus convention, whereas the mostly plus metric is preferred by general relativists.
Itis always important to check the convention used when consulting a new reference.

For the sake of completeness, let us also give the matrix ys, which will be needed
shortly. We choose the following representation:

_ 1 0 3
V5—<0 _1) (2.3)

This is often called the chiral or Weyl representation.
Recall that the Pauli matrices are given by

(o (0 a0
10 i 0 0 -1

We will make extensive use of the Pauli matrices, so it would be useful to recall
some of their properties (which all can be checked using the explicit matrix repre-
sentations). First, they are hermitian, i.e., (o' )T = ¢'. However, they do not behave
so nicely under the separate operations of complex conjugation and transposition:

(O,])*:o,] (0,2)*:_0,2 (0,3)*20,3
(O_l)T — O_l (O_Z)T — _0_2 (0_3)T — 0_3 (24)
Obviously,
o*=0oTl (2.5)

The fact that o2 is singled out will play a key role later on.
The product of any two Pauli matrices is given by

olol =187 + ielka* (2.6)
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where 8%/ is the Kronecker delta, and €/¥ is the totally antisymmetric Levi-Civita
symbol. To be explicit,

123 231 312 _ 1

€7 =€ =€ and € =€ =€

with all the other components being zero. The Levi-Civita symbol makes it possible
to write the components of a cross-product between vectors in a compact manner.
For example, the kth component of the vector AxB may be written in either of
the following two forms:

(A x B)¥ = €likAl BI
eki AT B (2.7)
Note that we are using Einstein’s summation convention throughout this entire
book: Any repeated index is implicitly summed over. However, we will require
only Lorentz indices to satisfy the rule that they must appear in the upper and lower

positions to be contracted.
From Eq. (2.6) one can calculate the commutator of two Pauli matrices to be

[6l,0/1=0'0/ —0lo’ = 2ielTkgk (2.8)

The anticommutator is also easily computed:
(0,0} =00/ +0l0’ =281 (2.9)

From this anticommutator, we directly obtain

L ofor i (2.10)

ool =—oclo
(@) =1
We noted earlier that o stands apart from the other two matrices when we

consider complex conjugation or transposition. Let us focus on o2 again, for which
we have
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the last one being, of course, trivial. What is interesting is that we can combine
these results with Eq. (2.4) to get

0’6’ = —50? (2.11)
026* = —go? (2.12)

Using the fact that (62)? = 1, we get for free

0%60?=—-6T = —¢*
026762 =0%5%0? = -G (2.13)

where the second line is trivially obtained from the first line by sandwiching the
latter between two o matrices. These identities will come in handy later on.

Consider now a vector A whose components are numbers, not matrices. We will
soon encounter an expression of the form A - & o/. It will prove useful to rewrite
this as

A-co’/ =A'c' o’
=A'c/o' +A'[6",07]
Y . ijk o4l _k
=A'c’o' +2ie" A o
= Ao/ ol —2iel*k Al K

=0/ A-5—2i(Axa) (2.14)

2.2 Weyl versus Dirac Spinors

Let us now write the four-component Dirac spinor in terms of two-component

spinors:
n
v = 2.15
(1) @.15)

In this book we will use capital Greek letters for four-component spinors and
lowercase Greek letters for two-component spinors. There is no standard notation
for the symbols used for the upper and lower two-component spinors; some authors
switch the n and the x or use different Greek letters altogether.
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The two-component spinors appearing in Eq. (2.15) are called Weyl spinors. The
reason it makes sense to decompose a Dirac spinor this way is that, as we will
see in more detail in Section 2.4, n and x transform independently under Lorentz
transformations; i.e., they do not mix. The technical way to express this is to say
that a Dirac spinor forms a reducible representation of the Lorentz group, whereas
Weyl spinors form irreducible representations. This implies that from a purely
mathematical point of view, Weyl fermions may be considered more “fundamental”
than Dirac spinors. The reason why one has to put together two Weyl spinors to
form a Dirac spinor will be discussed in Chapter 4.

Note that setting either 1 or y equal to zero in a Dirac spinor yields eigenstates

5' @)
()

The eigenvalue of ys is called the chirality of the spinor. By a slight abuse of
language, we will say that the upper two-component spinor 7 has a chirality of +1,
whereas x has a chirality of —1 (this is an abuse of language because it is actually
the four-component spinor with two components set to zero that has a definite
chirality, not the two-component spinors themselves).

A Weyl spinor with positive chirality is sometimes referred to as a right-chiral
spinor, and a Weyl spinor with negative chirality is referred to as a left-chiral
spinor. However, some references replace the adjectives right-chiral and left-chiral
by right-handed and left-handed, which is quite unfortunate because, in general,
knowing the chirality does not tell us the handedness of a particle! We will soon
discuss how the handedness or, to be more technical, the helicity of a spinor is
defined, but the key point to make here is that the notions of chirality and helicity
of a spinor coincide only when a particle is massless. For a massive particle, both
the left-chiral and the right-chiral states are, in general, linear combinations of
left-handed and right-handed states. We will be careful about consistently using
left-chiral and right-chiral to describe the eigenstates of the chirality operator. As
we just mentioned, these two terms are synonyms of left-handed and right-handed
only in the massless case.

Why has it become common to use left-handed and right-handed to describe
the states of definite chirality, even for massive particles? We don’t know for sure,
but if we had to bet, our guess would be that people got so used to working with
massless neutrinos in the standard model and talking about left-handed neutrinos
and right-handed antineutrinos that they kept using this nomenclature even when
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they started considering massive neutrinos, and this habit has made its way into
SUSY, where Weyl spinors are ubiquitous. However, we would not bet a lot of
money.

But why not forget about chirality and just work with helicity? The answer is
that, as already mentioned, it is the chirality that tells us how a spinor behaves under
Lorentz transformations! When a spinor is massive, it is its chirality that specifies
what representation of the Lorentz group it belongs to, not its helicity. Obviously,
it is the behavior under Lorentz transformations that matters when constructing
theories, so we will care much more about chirality than about helicity. Indeed, we
will only discuss helicity in a few paragraphs in the entire book, whereas chirality
will be omnipresent from the beginning to the end. We will discuss in detail the
Lorentz transformations of the chiral states in Section 2.4.

We will therefore show explicit subscripts R and L on the spinors 1 and x for
the remainder of the chapter to indicate their chirality. Of course, if the spinors
are massless, the labels also tell us the helicity. When we start constructing super-
symmetric theories, we will be working exclusively with left-chiral spinors, so
subscripts won’t be necessary.

Be warned that when it comes to the different types of spinors, there is no
standard notation. Most books or papers do not show explicitly the indices L
and R, and there is no general consensus on what Greek letters to use for left-
and right-chiral spinors. Some switch the x and 1 symbols for left- and right-
chiral spinors, whereas others use different Greek letters altogether. In addition,
some equations and expressions will be different if other representations of the
gamma matrices are used. On top of that, some authors place the right-chiral
spinor in the lower half of the Dirac spinor rather than at the top. Always check
the notation and representation used when consulting a new reference. Caveat
emptor!

It is convenient to introduce the operators Pg and P;, which, when applied to a
full Dirac spinor, project out the right-chiral and left-chiral Weyl spinors. In other
words,

Pl = Pp (’7) - (") PLU =P, (") - (0> (2.16)
X. 0 Xu X.

which imply

ys(PrY) = PRV ys(PLV) = —PL W (2.17)

—t
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The explicit representations of these operators are obviously

b (U 0, _ (0 o0
F=\o o o 1

It is easy to verify that with the representation of ys given in Eq. (2.3), we may
write these projection operators as

1+)/5 1—)/5
Ppr = Py = 2.18
R 3 L 3 (2.18)

where now the 1 obviously represents the 4 x 4 identity matrix as opposed to the
2 x 2 identity matrix that it has represented so far. Most references are even less
discerning than we are here and simply use the numeral 1 to represent the identity
matrix in any dimension.
It is also easy to check that these two operators satisfy the following properties:
(P’ =P,
(Pr)> = Py
P Pr=PrP. =0
YsPr = Prys = Pg
ysPL = PLys = —PL
The first three identities are, of course, typical for projection operators.
If we substitute Eq. (2.15) into the Dirac equation, we obtain two coupled equa-
tions for the Weyl spinors:
(E1+0-p)x, =mn, (2.19)

Let us pause to introduce some new notation that will prove to be very useful
later on. Let us define o to be the following set of four matrices:

ot=Q@1,0) (2.20)
We also will need to introduce

& =(1,—5) 2.21)
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It’s important to emphasize that the bar used here has nothing whatsoever to do
with the one used to denote Dirac conjugation of a four-component spinor field,
W = Wwiy® A different symbol over o*—maybe a tilde—would have been more
appropriate, but this is standard notation, and we are stuck with it.

Equation (2.13) imply the following identities:

02(0M)TO_2 — O,—_/l.

(2.22)

a2(c")To? = ot

If we take the transpose of both equations (and use (62)” = —o2), we also get

oloto? = HT
(2.23)

o’5to? = o"T

Since (o)* = (o%)7, these equations are still valid with the transpose replaced by
a complex conjugation.

The four identities in Egs. (2.22) and (2.23) will be so useful to us that they
have been included in Appendix A, which lists the most important identities used
throughout this book.

An identity that is easy to prove (see Exercise 2.1) is

’0“6” + o't =2n""1

(2.24)

Actually, doing the proof makes it obvious that the following also holds true:

6"0" + 50" = 29"'1 (2.25)

EXERCISE 2.1

Prove Eq. (2.24). Hint: Consider separately the cases u = v =0, u = 0andv =1,
v =0and u =i and finally u =i and v = j (where it is understood that a Latin
index may take a value of 1, 2, or 3 only).

Using the definitions (2.20) and (2.21), the two coupled equations (2.19) may
be written as

P,o"n, =my,

P,c"x, =mn, (2.26)

—t
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We also could have obtained Eq. (2.26) directly from the Dirac equation by
noting that y* may be written as

(07 2.27
A 0 (2.27)

We also can write the Dirac lagrangian in terms of the Weyl spinors by substi-
tuting Egs. (2.15) and (2.27) in (2.2):

Loirec = 0 0"id,m, + x16"id,x, —mn' x, —m xIn, (2.28)

Note one important point: Despite the fact that o* and & carry a Lorentz index,
they are, of course, not themselves four-vectors (for the same reason that y* is
not a four-vector). However, we can form quantities with well-defined Lorentz
properties by sandwiching them between Weyl spinors, as we will discuss in more
detail below.

2.3 Helicity

Equation (2.26) shows clearly that the Dirac equation mixes 7, and x, . We cannot
have one without the other. For example, if we set , = 0, the first equation yields
0 = my,, which implies that x, must be zero as well, unless the mass is zero. If
the mass is zero, the two equations for n, and x, decouple to give

o-p
= N =1
lpl
G- p
Ipl

where we have set E = |p|, which is valid for a massless particle (recall that in
natural units, ¢ = 1).

So, for a massless particle, the Dirac equation actually breaks up into two in-
dependent equations acting on two different two-component spinors. These two
equations are known as the Weyl equations.

As we will discuss more later, this implies that when the mass is zero, we should
think of 1, and x, as fields describing two different particles instead of two states
of a single particle. In fact, one can even build theories in which only one of the
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two is present, whereas the second one is absent altogether (this is of course the
case in the standard model which contains only left-handed massless neutrinos).

If we multiply those equations by /2 (showing explicitly ~ for the moment)
and use the fact that & /2 is the spin operator S, we get

il

PNy = 5

%Y

: i)XL = _EXL

The operator S. D is called the helicity operator, and the corresponding eigen-
value is the helicity of the state. This eigenvalue corresponds to the component of
the spin along the direction of the motion of the particle. We see that in the massless
limit, the Weyl spinors are eigenstates of the helicity operator.

The fact that n, has an helicity of /2 whenm = 0 tells us that its spin is aligned
with its direction of motion. If spin were a classical angular momentum, this would
correspond to a particle following the path of a right-handed helix, which is why
we refer to the two upper components of a massless Dirac spinor as a right-handed
Weyl spinor. Obviously, x, corresponds to a left-handed Weyl spinor.

There is a simple physical argument to explain why the two helicity states do
not decouple for a massive state. To visualize, consider a particle with a classical
angular momentum vector. Let’s say that the particle moves to the right while
tracing a right-handed helix around the positive x axis. If we boost ourselves (the
observers) to a frame that is moving faster than the particle, we will now observe it
moving to our left while tracing a left-handed helix. Therefore, boosting to a frame
moving faster than the particle changes its helicity state from right-handed to left-
handed, and vice versa. This has the implication that both states must be included to
describe a massive spinor. The argument clearly fails when the particle is massless
because it is impossible to boost to a frame moving faster than the particle. In that
case, the two helicity states can never get mixed under Lorentz transformations,
and they can be thought of as different particles altogether (as opposed to two states
of a single particle in the massive case).

It’s important to keep in mind that the chiral spinors x, and n, only have well-
defined helicities in the massless limit. Let’s call ¥ and y_ the states of positive and
negative helicities (i.e., the right-handed and left-handed states). Then, in general,
we have

x, =CiyL + G
Ny = Cory — Ciy (2.30)

—t
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which can, of course, be inverted to give

w _ CTXL +C277R

ENTeNEEETAR

C§<XL _ClnR
= 2.31
v |C\|?> + |Ca|? (@31

In other words, chirality and helicity offer two different bases on which the spinors
may be expanded. The massless limit corresponds to C; being identically 0 and
C =1

Helicity, the projection of the spin on the direction of motion of the particle, is
easier to picture physically than the abstract concept of chirality. But we care more
about the chiral eigenstates x, and n, because, as mentioned earlier, these are the
states that have well-defined Lorentz transformation properties, as we will discuss
next.

2.4 Lorentz Transformations and Invariants

Our next step is to look at the Lorentz transformations of spinors. Knowing how
quantities transform under rotation and boosts is obviously crucial to building
invariant lagrangians. The infinitesimal transformations of the right-chiral and left-
chiral Weyl spinors are

(2.32)

where € is the infinitesimal rotation vector (the direction of € gives the axis of
rotation, and its magnitude gives the amount of rotation), and g is the infinitesimal
boost parameter.

The transformations [2.32] show explicitly that, as we mentioned earlier, the
left-chiral and right-chiral spinors transform independently under Lorentz transfor-
mations. They are therefore inequivalent irreducible representations of the Lorentz
group and are the fundamental “building blocks” from which any other spinor
representation can be constructed.

Because the Lorentz algebra is equivalent to the algebra su(2) x su(2), all rep-
resentations can be labeled by two numbers that are multiples of one-half. The two
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fundamental representations then are described by the quantum numbers (%, 0)
and (0, %), which describe, respectively, the left-chiral and right-chiral spinors. We
won’t use this language in this book, but it is important to be aware of this notation
because many SUSY references use it. By the way, even though the algebra acting
on the Weyl spinors is su(2) x su(2), the group under which they transform is not
SU((2) x SU(2) butinstead SL(2, C), the universal covering group of the Lorentz
group SO (3, 1). This might be useful to know if you want to impress your friends.

For the sake of comparison, consider the corresponding transformations for a
four-vector, e.g., the four-momentum P*. The zeroth component P* = E and the
vector components p transform under rotations and under boosts in the following
way:

Il
by

—E=E-f-p
(2.33)
—

>/ -

Z)—Exp—BE

E

p

Now, let us ask: What Lorentz-invariant quantity can we build out of spinors?
We can use the Lorentz transformations (2.32) to figure this out or simply use the
Dirac lagrangian Eq. (2.2) as a guide. Let us first focus on the mass term. The Dirac

lagrangian tells us that combination W'y W is invariant. Writing this in terms of
Weyl spinors, we find that

W =wiy®w =ply, +x/n,

is invariant under Lorentz transformations. Actually, it turns out that each term on
the right-hand side is separately invariant.

EXERCISE 2.2

Show that nlt X, 1s invariant under Lorentz transformations. Note that the Lorentz
transformations of the spinors are given to first order in € and 8 so that all terms of
higher order may be dropped.

Now consider the kinetic energy term of the Dirac lagrangian Wy # P, W. Since
thisisinvariantand P, is a four-vector, the quantity Wy W must transform as a four-
vector (as a contravariant four-vector, to be precise). If we rewrite this expression
in terms of Weyl spinors and use Eq. (2.27), we find that

Uy w =plotn, + x/6"x,

transforms as a four-vector under Lorentz transformations. Actually, it turns out
that each term on the right separately transforms as a four-vector. As noted earlier,
although o* and 6* carry a Lorentz index, they are not themselves four-vectors.
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The matrices o* must be sandwiched between an n}t and an n,, to yield a four-vector,
and 6* must be sandwiched between )(LT and y, .

EXERCISE 2.3

Prove that ni o*n, transforms as a four-vector under a Lorentz transformation. Hint:
Consider first ni{oon,{ and show that it transforms like the energy E in Eq. (2.33).
Then show that nTRa" n, transforms like the momentum three-vector.

First Notational Hurdle

Here we should pause to discuss a first (of many!) possible source of confusion
owing to notation. This first hurdle concerns the use of the hermitian conjugate
(or “dagger”) symbol, t. In linear algebra, taking the hermitian conjugate means
taking the complex conjugate and transpose of a matrix or vector. However, in
quantum field theory, the symbol  has in addition a second role: When applied to
a quantum field, it consists of taking a complex conjugate of any complex number
as well as replacing annihilation operators by creation operators (and vice versa).
For example, writing a free complex scalar field ¢ (x) as

( )_ d3k [ k —ik-x bT(k) ik-X]
¢ X —/m d( )e + e

the hermitian conjugate of the field is given by

Pl (x) = / d—sk[aT (k)e'*™ + bkye ] (2.34)
2E(2m)3 ’

Clearly, if the dagger is applied to a scalar field, it only represents taking the
hermitian conjugate in the “quantum field operator sense” shown in Eq. (2.34).

Consider now quantum fields that are themselves components of column or row
vectors, e.g., the spinor x. Both components of y—Iet’s call them x, and x,—
are quantum fields, and it makes sense to talk about XIT and Xj- This would be
nonsensical for components which are simple complex numbers because we can’t
take the hermitian conjugate of a complex number. In the case of quantum spinor
fields, taking the dagger of a component has a clear meaning: It stands for the
hermitian conjugation in the quantum field operator sense (complex conjugation
plus exchange of creation and annihilation operators).

The problem arises when we consider something like x f. What is meant by this
is not completely clear, a priori. Does this represent the column vector with the
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hermitian conjugation in the quantum field operator sense applied to the compo-

nents, namely,
t
X
xt= ‘_‘_ (2.35)
X,

or is the hermitian conjugate applied in both the operator and the linear algebra
sense, as in

xT= (] 1))

Most authors simply use x ' to represent both expressions, letting the context
dictate which meaning is implied. With some practice, it is not difficult to get used
to this double role of the dagger, especially when expressions are fairly short, but it
is distracting to have to worry about making sense of an ambiguous notation when
learning a new subject. For this reason, we will use the following convention in this
book: When a dagger will be applied to a spinor field, it will represent the hermitian
conjugation of each component of the spinor field in the quantum field operator
sense as well as a transpose. Therefore, the quantity x ! will always represent the

row vector with components XiT, 1.e.,

T (yT AT
x'=(x'. x))
Note that this is the convention we used in the preceding section.
The question is, then, what do we do if we want to represent the column vector
(2.35) unambiguously? We will simply have to “undo” the transpose included in
the linear algebra dagger, so we will write

f
X

xT=" (2.36)
pl

Of course, this notation would never be used if we were dealing with vectors made
of complex numbers because we would simply write x* instead of x 7. Here, the
quantum operator dagger is applied to each component of the spinor, which is why
we cannot think of x 7 as x*.

This notation is admittedly a bit awkward, but it is a small price to pay for the
gain in clarity we get by explicitly distinguishing the column and row spinors y "
and x1.

Note that the possible confusion arises only when the dagger is applied to spinor
quantum fields. When applied to matrices such as Dirac matrices or Pauli matrices,

—t
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the dagger obviously stands for the usual hermitian conjugation of linear algebra,
and when applied to a scalar field, it clearly represents the hermitian conjugation
in the quantum field operator sense.

2.6 Building More Lorentz Invariants
Out of Weyl Spinors

The simplest supersymmetric theory, which we will construct in Chapter 5, involves
asingle Weyl spinor (chosen by convention to be left-chiral) coupled to scalar fields.
Later we will work with theories containing several left-chiral spinors. It is therefore
important to figure out all the possible ways to construct Lorentz-invariant terms
out of left-chiral spinors only. For the sake of completeness, we also will write down
Lorentz-invariant expressions containing only right-chiral spinors or mixing left-
and right-chiral spinors, although these won’t be needed in the rest of this book.

Consider, then, a single left-chiral spinor x,. We already know one Lorentz-
invariant expression that contains only x, : the kinetic term appearing in Eq. (2.28).
On the other hand, the mass term that we obtained from the Dirac lagrangian mixes
a left- and right-chiral spinor. So an interesting question arises: Is it possible to
build a mass term out of a left-chiral spinor only? It turns out that it is possible, but
not completely trivial.

We know that XLTﬂ « 18 invariant, so what we need is to somehow build out of the
left-chiral field x, something that transforms like a right-chiral field n,! If we then
multiply XLT by this new quantity, we will have obtained a Lorentz-invariant mass
term for the left-chiral field.

As a first guess to what this quantity could be, let’s consider XLTT. Recall from the
preceding section that this is a column vector whose components are the dagger of
the quantum fields [see Eq. (2.36)]. Keeping in mind that the hermitian conjugate is
applied only to the quantum fields and that only a complex conjugation is applied
to everything else, and using Eq. (2.32), we find that XLTT transforms as

X = " = = (1 +

Unfortunately, this does not transform like a right-chiral spinor [see first line of Eq.
(2.32)]. There are two problems: The two signs are wrong, and the Pauli matrices
are complexed conjugated. But it turns out that both problems can be solved in one
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shot if we recall Eq. (2.12):

026" = —Go

2

which is exactly what the doctor ordered! To see why this helps, consider the
Lorentz transformation of the quantity io?y, (the inclusion of a factor of i is
purely conventional but convenient when we relate particle and antiparticle states,
as we will see in Chapter 4):

iazxiT — (io*z)(iT)/ = (io?)*

ey
[
T+
e
Qu
_|_

which is the transformation of a right-chiral spinor! We have therefore built some-
thing that transforms like a right-chiral spinor out of a left-chiral spinor. This is a
key result, so let us emphasize it:

io%y ITtransforms like a right-chiral spinor (2.37)

The matrix io? will appear in so many of our calculations that it is useful to
summarize some of the properties that will often be used:

(ioH" = —ic?  (ic>)*=ioc? (o) =—-ic? (ic})*=-1

Now we are ready to build Lorentz invariants that contain only left-chiral spinors.
We consider only invariants with no Lorentz indices for now. Since the expression
nTR X, is invariant under Lorentz transformations and io? x IT transforms like n,, we
know that the following expression is also invariant:

(io?x")' x, = x[ o™y,

=\x/(—ic?)x, (2.38)

This is what we were seeking: a Lorentz invariant mass term containing only left-
chiral spinors!
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Since we know that Xj’? . 18 invariant, we obtain a second invariant containing
only left-chiral spinors:

xlio?y!" (2.39)

The two invariant combinations (2.38) and (2.39) play such an important role in
the construction of supersymmetric theories that they are assigned special notations
that we will discuss shortly. Before doing that, let us build other invariants made of
right-chiral spinors alone or mixing left- and right-chiral spinors. First, we need to
build something out of the right-chiral spinor 7, that will transform like a left-chiral
spinor. It is easy to check that

—io? an transforms like a left-chiral spinor (2.40)

Again, the reason why we choose to include a factor of —i will become clear when
we discuss antiparticles in Chapter 4.

To build other invariants, we could proceed again by relying on the invariance of
the terms appearing in the Dirac lagrangian. However it is also instructive to write
down explicitly the Lorentz transformation properties of the various quantities we
are dealing with.

Let’s define the matrix A as

Qu
=
Qu

Sk

€.
A=1+i——
+1 >

With this definition, right-chiral spinors have for Lorentz transformation n, —
An,.

Using the fact that the Pauli matrices are hermitian, we can easily find the
hermitian conjugate of the matrix A:

Qu

B3
2

Qu

Al=1-i<

The inverse matrix is obtained simply by changing the sign of € and 1 because these
are infinitesimal quantities. Thus we find

1

2

Qi
=
Qi

Sk

Al=1—i

+
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In turn, this implies

0

Qu
=

€-

A H =@Uh =14 .

+

[\) ‘

where we stressed that the order of the dagger and inverse operations does not
matter. This is the matrix that appears in the transformation of left-chiral spinors.

Thus the quantities we have at our disposal, together with their behavior under
Lorentz transformations, are

n, — An,
io*z)(zT — A(iaz)(zT)
X, = (AH7y,
—io?n!" — (AH(—io™n") (2.41)
Itis then clear how to build invariants. If we call type I the expressions that transform

with the matrix A and type II those that transform with the matrix (A")~!, then the
possible invariants are either of the form

(type D) (type I)
or of the form
(type I (type I
This gives eight combinations (counting as different combinations related by her-

mitian conjugation), but it turns out that only six of those are independent, which
may be taken to be

—xlio®x,  xlio®x)
X1, n' X,
—nltic*n!"  plio?n, (2.42)

The first two expressions involve only the left-chiral spinors that we obtained earlier.
The next two expressions mix the two types of spinors and are the ones appearing
in a Dirac mass term. The last two expressions contain only right-chiral spinors.
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EXERCISE 2.4
Show that the two remaining combinations, involving both io?x 7 and —io?n!”,
are equivalent to two of the expressions already listed.

2.7 Invariants Containing Lorentz Indices

Let us now consider terms that contain derivatives of spinor fields. We have seen,
by looking at the Dirac equation written in terms of Weyl spinors [Eq. (2.26)], that
(after using P, =i9,)

o' i9,n,transforms like a left-chiral spinor (2.43)
whereas
" 10, x, transforms like a right-chiral spinor (2.44)

Note how the matrix o* “belongs” with right-chiral spinors and 6* “belongs”
with left-chiral spinors, in the sense that these are the combinations required to build
quantities that have well-defined Lorentz transformation properties. Applying a o*
to a left-chiral spinor does not give anything with well-defined Lorentz properties,
so it’s not a useful thing to do. However, applying a 6* to a left-chiral spinor and
then applying a o* does produce something interesting, as will be illustrated in
Exercise 2.5.

To build Lorentz invariants containing derivatives, we simply have to use the
expressions listed in Eq. (2.42) with the x, appearing in those equations replaced
by Eq. (2.43) or the 5, replaced by Eq. (2.44).

As examples, consider building invariants containing only left-chiral spinors and
only one derivative. These are obtained by taking the terms in Eq. (2.42), which
contain both x, and n,, and replacing n, by Eq. (2.44). If we do this for the term
x/n, of Eq. (2.42), we get

xl6"io,x, (2.45)
which we recognize as the kinetic term of the left-chiral spinor that appears in the

Dirac lagrangian [Eq. (2.28)]. A second possibility is the term nl X, » which, after
replacing n, by Eq. (2.44), gives

(6" idux,) %, = =i (Bux)6" x, (2.46)
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where we have used the fact that (6#)! = &/ because the Pauli matrices are hermi-
tian. As part of a lagrangian density, however, an integration by parts can be used
to show that the term in Eq. (2.46) is equivalent to Eq. (2.45) after discarding a
surface term.

We will frequently use integrations by parts on expressions appearing in la-
grangian (lagrangian densities, to be exact). We will always assume that the surface
terms vanish so that we may write

/d4xA8MB = —/d“x (8,A)B

where A and B are arbitrary expressions containing quantum fields. This then shows
clearly that the right-hand side of Eq. (2.46) is equal to Eq. (2.45).

We also can construct invariants containing two derivatives of a left-chiral field
by replacing both n, in the last two terms of Eq. (2.42) by Eq. (2.44). We will
never have to deal with these terms, however, because they are not renormalizable
(an issue that we will address in Chapter 8). But there are plenty of other things
of interest that we can build with spinors: Lorentz scalars, vectors, and tensors!
Exercise 2.5 offers two examples.

EXERCISE 2.5
Build a contravariant vector (i.e., with one upper Lorentz index) and a second rank
contravariant tensor using two left-chiral spinors and no derivatives.

In principle, this is all we need to start studying SUSY ! Unfortunately, in practice,
we need to introduce much more notation. However, as mentioned in the Introduc-
tion, the choice has been made to keep the notation as simple as possible until
Chapter 11 in order to keep it from getting in the way of understanding the basic
concepts of SUSY. Nevertheless, we will cheat a little and introduce a tiny bit of ex-
tra notation that will make many equations far less cuambersome. Before doing this,
however, let’s pause to mention a simple identity that will help us countless times.

2.8 A Useful Identity

One of the identities that will be used the most often is a simple modification of a
relation familiar from elementary linear algebra.

Consider two plain column vectors v and w whose components are ordinary
complex numbers (“ordinary” in the sense that they are commuting quantities) and
a matrix A whose elements are also complex numbers. Then the following equality
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holds:
vIiAw = wT ATy (2.47)

This can be checked easily by writing the indices explicitly. This identity follows
from the fact that

vIAw = (T Aw)T

which is true because the quantity v’ Aw is just a number, so it is trivially equal to
its own transpose. Applying the the transpose to the parenthesis on the right-hand
side, we recover Eq. (2.47).

Of course, if complex conjugates are taken on any of the quantities, they will
appear on both sides of the equation. For example,

viA*w* = wiAly*

We will not be dealing with vectors with complex numbers as components but
with spinors, whose components are Grassmann quantities, which anticommute. In
that case, we must introduce a minus sign when we switch the order of the spinors
so that Eq. (2.47) is replaced by

alAp=—-BTATa (2.48)

where o and § are arbitrary spinors. Of course, if a hermitian conjugate is applied to
either spinor or to the matrix, we need to take this into consideration. For example,

aTABT = —pTAT &

We will use Eq. (2.48) or its equivalent form with hermitian conjugates applied
to some of the terms repeatedly throughout this book.

2.9 Introducing a New Notation

We have achieved our goal for this chapter, which was to build Lorentz invariants
out of Weyl spinors.

In principle, before moving on, we should discuss the shorthand notation of
dotted and undotted indices, also called the van der Waerden notation, used by
“superphysicists” when they do calculations in SUSY. This notation is very useful
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in that it makes it much easier to identify Lorentz invariant combinations of Weyl
spinors, without the need to remember where to put the io? matrices or where
to place hermitian conjugates. Unfortunately, it is also a real pain for beginners
because each spinor now comes in four different versions.

Of course, we could avoid altogether this shorthand notation because it is not
absolutely necessary to do SUSY calculations. But there would be two major draw-
backs to this. One is that it would be more difficult for you to consult other publica-
tions on SUSY if you haven’t been exposed to this notation, which is used widely.
The second problem is that it does make calculations much simpler when we have to
deal with complicated expressions (and expressions do get fairly messy in SUSY!).
However, for the first several chapters, our calculations will be simple enough that
using the shorthand notation would not provide a noticeable advantage and would
make the topic harder to learn. On the other hand, starting in Chapter 11, where
we begin working in superspace, calculations would become awkward if we would
not take advantage of the shorthand notation of dotted and undotted indices.

So we have opted for a compromise. The van der Waerden notation is introduced
in Chapter 3 because it is a logical extension of the material covered in Chapter 2,
but it will not be used until Chapter 11 (aside from part of an exercise in Chapter 6).
By the time we reach Chapter 11, the basic concepts and tools of SUSY hopefully
will be sufficiently familiar that it should not be too much of a problem to add a
new layer of notation. We would therefore invite the reader to skip Chapter 3 on a
first reading and to get back to it before tackling superspace, in Chapter 11.

In the rest of this chapter we will only be introduced to the bare minimum of
extra notation needed until Chapter 11.

In practice, SUSY theorists work almost exclusively with left-chiral spinors,
even when considering supersymmetric extensions of the standard model (using
some tricks that will be explained later), so we really only need to focus on the two
invariants built out of a left-chiral spinor:

xlio?x™ xI'(=io®)x, (2.49)

From now on we will drop the subscript L; it will be implicit that x always
stands for a left-chiral spinor.

We define two new types of spinor dot products between left-chiral Weyl spinors
as a shorthand notation for the two Lorentz invariants of Eq. (2.49):

T(—io?)y

X
xlio?y "

XX
(2.50)

X

I
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Let us write the two types of dot products explicitly in terms of the components
of the spinors. It is conventional to write the components of a left-chiral Weyl spinor
with lower indices, namely,

_ (%
X =
X2

in terms of which the first invariant of Eq. (2.50) is

XX = XX — XaXs

At first sight, this may seem to be identically zero, but recall that the x; are
fermionic quantum fields, which anticommute. This is clear if we write the fields
in terms of creation and annihilation operators. But what if we use the path integral
approach, where quantum fields are not represented by operators? In that case, as
you surely remember, the fermionic degrees of freedom must be represented by
Grassmann variables, which also anticommute. In either case, we have

X6=—XX, (X)=0)=0

Using the first of these two relations, we get three equivalent expressions for the
dot product x - x:

X X=X2X1 — X4 Xz
=2x X
==2xx (2.51)

Consider now the second invariant of Eq. (2.50). It is simply given by

x-x=xxl=xly
oyt
=2x1Xx

=—2xx! (2.52)

This is it. This is all we are going to introduce in terms of new notation in this
section. In the next chapter, a different way to represent these dot products will be
introduced, but for now, you should think of x - x and ) - x purely as shorthand
notations for the expressions appearing on the right of Eq. (2.50), nothing more.
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To be honest, SUSY afficionados usually don’t write any dot symbol (-) between
the spinors, but it makes expressions more clear to include it, so that’s what we will
do for the rest of this book. However, even the notation used here may cause some
confusion, so let us issue a few warnings.

First, note that the bar appearing over the Weyl spinors has nothing whatsoever
to do with the bar used to represent Dirac conjugation for a four-component spinor,
W = Wiy% We will discuss the bar notation for Weyl spinors in more depth later.
For now, consider the bars in the second line of Eq. (2.50) to be simply a notation
to distinguish the two types of dot products.

Second, those “spinor dot products” have nothing to do with the usual dot prod-
ucts between four-vectors or three-vectors familiar from introductory physics. It
may be tempting to think of yx - x, say, as Xlz + Xf, but this, of course, would be
incorrect (and equal to zero!). If we want to calculate these dot products explicitly
in terms of components, we need to go back to their explicit definitions given in
Eq. (2.50).

Third, it’s very important to keep in mind that the difference between the two
types of dot products is not only that one involves the hermitian conjugate of the
spinors, whereas the other does not; there is also a sign difference between the two
definitions, as is shown explicitly in Eqgs. (2.51) and (2.52).

However, the two types of dot products obviously can be written in terms of one
another using

xox=—x"

X (2.53)
The right-hand side is admittedly rather ugly, which is why the bar notation of the
left-hand side is preferred. The point of showing this relation is that the bar notation
is redundant; we could write everything in terms of unbarred spinors, at the price
of sometimes getting awkward expressions.

From Eq. (2.51), we see that the product of the two components of a spinor is
related to the dot product of that spinor with itself in a very simple way:

1
X1X2 = —X2X1 = _EX X

whereas, of course, XIZ = x- = 0. These four relations can be summarized into a

very useful identity:

2
2

1
XaXp = —E(m%abx X (2.54)

—t
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Similarly, we have

P

xxl=—=xIxT=-xx

| =

whereas (x1)? = (x)? = 0, so the equivalent of Eq. (2.54) for the hermitian con-
jugated components is

1. o
xix = 5ok X (2.55)

There is something important to repeat here: The hermitian conjugate in the last
two equations is applied to the components of the spinor, not to the spinor itself. In
that context, the dagger necessarily means the hermitian conjugate in the quantum
field operator sense. If the components were simple complex numbers, it would
make no sense to write, say, X]T. We would simply write x*. Keep in mind that
whenever we write components of a spinor with a dagger applied, as in XJ , the
quantum field operator sense is always implied.

There is another simple relation between the two types of products [much more
elegant than Eq. (2.53)], but before demonstrating it, we first have to deal with a
tricky issue. Consider taking the hermitian conjugate of x - x:

O 0t = Qox)!

We face a subtle problem. We know that the hermitian conjugate of the product of
two matrices exchanges their order, but what do we do when we have Grassmann
quantum fields (in other words, spinor quantum fields)? Do we include an extra
minus sign owing to the exchange? The convention is to define the hermitian con-
jugate to exchange their order without introducing a factor of minus one. This is so
important that we cannot resist the urge to put it in a box:

The hermitian conjugate of the product of two spinor fields

. . . . . . 2.56
exchanges their order without introducing a minus sign ( )

Again, an ambiguity arises if we use the path integral approach and write the
fermion fields as Grassmann variables. In that case, instead of the hermitian con-
jugate of a product of fields, we would simply take the complex conjugate of that
product. But, in order to be consistent with Eq. (2.56), we must define the complex
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conjugate of a product of Grassmann variables to change their order without intro-
ducing a minus sign! In other words, we define

(@B)” = pra” (2.57)

where o« and § are some arbitrary Grassmann variables.
With this convention, we get

0" =200x)"=2x1x] (2.58)

which is precisely x - j! So we have the following two important identities:

x-x'=x-x 0.59)
(x-%) =xx .

where the second line is simply the hermitian conjugate of the first line.

So far we have only written invariants built out of a single left-chiral spinor. Of
course, we also will need to consider invariants made of two different left-chiral
spinors, let’s say x and A. In this case, the two possible invariants mixing the two
spinors are obviously

At first sight it seems that we also should consider A - x and X - ¥, but it turns
out that the order of the spinors in spinor dot products does not matter, i.e.,

>
>
Il
=
>

(2.60)

>
i

Il
I

>0

We have emphasized these identities by placing them in a box because they will
be used repeatedly. They probably look wrong to you because the components of
spinors anticommute, so shouldn’t we add a minus sign when we switch their order?
The answer is no because the dot products used here involve the matrix o2, which
is antisymmetric. This introduces an extra minus sign that cancels the minus sign
arising from the exchange of the spinor components. The following exercise will
make this more explicit.

—t
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EXERCISE 2.6
Prove Eq. (2.60). Hint: Use the definitions (2.50) and the identity (2.48).

The generalization of Eq. (2.59) to the products between two different spinors
is easily found to be

2.61)

Consider now three left-chiral spinors x, «, and 8. The following identities are
easy to prove:

x-oax -p=—sx-xo-p
(2.62)

N =
I
=i
Qi
=

We see that the net effect of these identities is to swap the spinors appearing
in the dot products. Such identities are generically referred to as Fierz identities.
These particular examples of Fierz identities will prove to be very useful later in
this book.

EXERCISE 2.7

Prove Eq. (2.62). Hint: You may simply expand out completely both sides in terms
of the components of the spinors and then move some of them around, or you may
use Egs. (2.54) and (2.55).

In the next chapter we will introduce the shorthand notation of dotted and undot-
ted indices mentioned in the Introduction, but as also mentioned there, we will not
make use of it until Chapter 11. So feel free to go directly to Chapter 4 and come
back to Chapter 3 later.

2.10 Quiz

1. Write j - A explicitly in terms of the components of the spinors.

2. Under what condition does a Weyl spinor have a definite helicity? Under what
condition does it have a definite chirality?
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3. Do left- and right-chiral spinors transform the same way or differently under
rotations? What about their transformations under boosts?

4. Write down the expression for a Dirac mass in terms of Weyl spinors.

5. Consider the two components yx, and yx, of a Weyl spinor. What is (x, x,)!
equal to ?
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CHAPTER 3

New Notation for
the Components
of Weyl Spinors

As mentioned at the end of Chapter 2, you may safely skip this chapter on a first
reading and come back to it before you tackle Chapter 11.

What we would like to do now is to introduce a notation for the components
of the spinors that will make it obvious how to construct Lorentz invariants. Our
notation will be inspired from the summation convention of relativity, where upper
and lower indices can be contracted to form invariant quantities such as A* B, (or,
more generally, to form quantities that have definite transformation properties, such
as tensors). We want our notation to be such that we simply contract the indices
of the spinors to form invariants, without having to take hermitian conjugates or to
insert o2 matrices. This will force us to introduce more than one type of index, as
we will soon find out.
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Since in this section we will be showing the indices of the spinors explicitly in
most equations, it would be very awkward to include the L or R labels as well. We
will therefore drop these indices with the understanding that y will always represent
a left-chiral spinor, whereas 1 will consistently be used to represent a right-chiral
spinor. When other spinors will be needed, their chirality will be defined when they
are introduced.

As we have seen previously, we assign lower indices to the components of left-
chiral spinors. There is no particular reason for assigning a lower index instead of
an upper index and no particular reason to pick left-chiral spinors, but hey, we have
to start somewhere! We will use indices taken from the first few letters of the Latin
alphabet for the spinor components. So let us make the definition

Components of x = x,

What we mean by this is that in all the expressions we have written so far, the x
have to be considered as having lower indices, as is shown explicitly in Egs. (2.51)
and (2.52).

Next, we would like to introduce a notation for the components of right-chiral
spinors. This is simple if we recall that a Lorentz invariant containing x and the
right-chiral field is n'x. In order to follow the usual convention of Lorentz invari-
ants being built out of matched upper and lower indices, we define this invariant
to be

t

n'x =n"xa (3.1

You are probably wondering where the hermitian conjugate went! The point is that
we choose the definition (3.1) to make the result as similar as possible to what
we encounter in relativity, but the price to pay is that the quantities n“ are not the
components of the spinor 1 themselves but their hermitian conjugate. It’s important
to keep this in mind, so let’s emphasize it:

n“ = hermitian conjugate of the components of 7 3.2)

The obvious question is then: What notation should we use to represent the com-
ponents of the spinor n themselves? Well, we would like to keep an upper index,
but it has to be different from a Latin letter, and we surely don’t want to introduce a
Greek letter, which could cause confusion with four-vector and tensor indices. The
solution that has been chosen is to use an upper dotted Latin letter to represent the
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components of a right-chiral spinor, e.g., 7. This notation in terms of dotted and
undotted indices is often referred to as the van der Waerden notation.”

Actually, this is not the end of the story. The notation n“ is fine as it is, as long
as the indices are shown explicitly. But let’s say that we want to write expressions
without including explicit indices. It would be very confusing if, after dropping the
indices, we were to write both n* and n* as 1, so we introduce another layer of
notation: We will include a bar symbol over spinors with dotted indices. Our final
notation for the components of a right-chiral spinor is then

Components of = 7 3.3)

When the indices are shown, the bar notation is redundant, but it is conventional
to include the bar whether or not the indices are explicitly written.

Again, what we mean by Eq. (3.3) is that in all the equations we wrote before
this section, the 7 has to be thought of as having upper dotted indices. For example,
Eq. (3.2) may be written as

n = {4 (3.4)

Of course, this also implies
it = (3.5)

or, to be more explicit,

P=mHt 7=

We see that the effect of taking the hermitian conjugate is to change a dotted index
into an undotted index (and to add or remove a bar) without changing the position
of the index. Actually, we have only shown this for upper indices on right-chiral
spinors, but as we will soon see, it will work for lower indices and for components
of left-chiral spinors as well.

In case you are wondering, the bar in Eq. (3.3) is indeed the same bar that appears
in the spinor dot product in Eq. (2.50), and again, this bar has nothing to do with
Dirac conjugation. You may not like this notation at first (I sure didn’t) because
it may seem to create a potential source of confusion with Dirac conjugation, but

* Bartel Leendert van der Waerden was a Dutch mathematician who made important contributions to several fields
of mathematics, most notably to group theory.

—t
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there is actually no problem because Dirac conjugation can only be applied to four-
component spinors, not to Weyl spinors. In this book we will be working almost
exclusively with Weyl spinors, which will always be denoted by lowercase Greek
letters. The few four-component spinors we will need will always be denoted by an
uppercase W. So whenever a bar appears above a Weyl spinor, you will know that
it is in the sense of indicating dotted indices, as in Eq. (3.5).

So far we have only introduced three types of indexed quantities: left-chiral
spinors components with lower undotted indices x, and right-chiral spinors with
upper dotted and upper undotted indices 7 and n*. Of our six Lorentz invariants
listed in Eq. (2.42), the only one we can recover with our new notation is n'y,
which corresponds to

n'x =@ e = 1% xa (3.6)

after using Eq. (3.4).

Note that the combination 7% x, is not a Lorentz invariant [if it were, we would
have n x listed in Eq. (2.42)]. This is actually a nice feature that will turn out to
be general: in order to obtain a Lorentz invariant, an upper index be matched with
a lower index of the same type, i.e., both indices must be dotted or both must be
undotted.

We clearly need to extend the notation in order to have expressions corresponding
to all six invariants of Eq. (2.42). Consider the third invariant in Eq. (2.42):

x'n = ()t (3.7)

Remember that what we would like is a notation where an upper index must be
matched with a lower index of the same type to yield a Lorentz invariant, so it is
natural to define (keeping the tradition that spinors with dotted components have a
bar)

]

x'n = xa 0 (3.8)

Comparing Eqgs. (3.7) and (3.8), we see that we must define

%o = (Xa)! 3.9)

This is a pleasing result because it has the same basic structure as Eq. (3.5): Taking
the hermitian conjugate changes a dotted index, into an undotted index, and vice
versa, without changing the position of the index.
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To be explicit, Eq. (3.9) corresponds to

=x X=ax (3.10)

We now have defined left-chiral spinors with both dotted and undotted lower
indices as well as right-chiral spinors with the two types of upper indices. What
about left-chiral spinors with upper indices or right-chiral spinors with lower in-
dices? To define those, we could continue with the other invariants in Eq. (2.42),
but it is more instructive instead to go back to the Lorentz transformations given in
Eq. (2.41).

Of course, we want to define quantities with the same type of indices to have
the same Lorentz transformations, so we should define, e.g., the components ¥
to transform the same way as the 7. Looking at Eq. (2.41), we see that it is the
quantity io 2 x 7 that transforms the same way as a right-chiral spinor, i.e., with the
matrix A. We therefore define

%% = components of ic? 7
In order for the indices to match, we must write
34 = (o)™ x| (3.11)

or, using Eq. (3.9),

3= (icH)* g, (3.12)

where the indices of the io? were chosen in order to follow the rules that indices
must be of the same type to be summed over. Note that in Eq. (3.11) we used a
dotted b index on the Pauli matrix even if the spinor had an undotted index because
of the presence of the hermitian conjugation, which we know changes an undotted
index into a dotted one. However, some authors write that equation using (io %)%,
so there is no universally accepted convention in this case.

Don’t be alarmed by the freedom in the type of indices assigned to io~; in
contradistinction with spinor indices, the indices on o2 are mostly decorative. We
will come back to this point shortly, but for now, just know that no matter what
indices we are assigning to it, o> always represents the usual Pauli matrix.

To be explicit, Eq. (3.12) gives

2.
s

=% X=-X (3.13)

2
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Using Egs. (3.10) and (3.13), we may express the components with superscripted
dotted indices in terms of the components with subscripted undotted indices:

The result [Eq. (3.12)] shows that the matrix i o2 may be used to raise dotted
indices. We have only shown this for left-chiral spinors, but we will soon prove that
this is also valid for right-chiral spinors.

Now that we have defined the components of left-chiral spinors with upper
dotted indices, the obvious next step is to define the components x“. From our
earlier discussion, it seems natural to use the definition

X =
Using Eq. (3.12), we find

= [T ()

where we used the fact that the (iaz)ab are just numbers, so applying a dagger on
them amounts to a simple complex conjugation. Now we use Eq. (3.9) to get

X = [T (!
= (@{iaH™ x (3.14)

Since the components of io? are real, the complex conjugation did not do anything,
except that we changed the dotted indices into undotted indices in order, once again,
to ensure proper “index etiquette.” As promised earlier, we will come back to the
vexing question of the mutating indices of io? shortly.

Note that Eq. (3.14) implies that the matrix io? may be used to raise undotted
indices too.

If the derivation of Eq. (3.14) does not satisfy you, we may repeat it in “matrix
language” without explicitly showing the indices. We start with

x = (Ga* )

where now we have to specify that the x on the left has an upper index and the
X has a lower index (we don’t have to specify whether the indices are dotted or
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undotted because the presence or absence of a bar tells us that). We then get

x = Ga* i’
= (x'@oHNH"
= (xT(=io?)"
Z)T

= (=io?) x

=io’y
It must be understood that the x on the right has a lower index. This agrees with

Eq. (3.14) if we reinstate the indices. The result [Eq. (3.14)] is important enough
to deserve its own little box:

x4 = {0 xp (3.15)

To be explicit,

X'=x x=-x (3.16)

Now that we know how to find the components of left-chiral spinors with upper
indices in terms of the components with lower indices using Eqgs. (3.12) and (3.15),
we may invert those two relations to express components with lower indices in
terms of components with upper indices. All we need to use is the fact that the
inverse of the matrix io? is —io?, which is obvious if we recall that (62)? = 1.
Imposing the indices in the equations to match properly fixes uniquely the indices
of —io?, giving

Xa = (—io®)px"

and

Xa = (—io®)apx"

Therefore, the matrix —io? is used to lower both dotted and undotted indices.

We have only shown this for left-chiral spinors, but we will soon show that it is also
valid for right-chiral spinors.

So far we have only defined right-chiral spinors with upper indices. If we impose
that the n, transform like the x, and look at Eq. (2.41), we see that the quantity that
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transforms like x is —io2n!’. Thus we define

a = (=io?)ap(n")!
= (—=io))ap1”
As promised, the matrix —io? is seen to also lower undotted indices on right-chiral

spinors. Defining 7, = nl and following the same steps as in Eq. (3.14), we also
can show that

Na = (—iffz)az‘,f_?b 3.17)

which shows that —io? may be used to lower dotted indices of right-chiral spinors
as well.

Let us pause to comment on the “chameleon indices” of io? that change to
whatever the equations require. This is something that may be quite confusing
at first. Note that when we write spinors with different types of indices, e.g., n¢
and 1%, we really do mean different quantities. However, it is important to keep
in mind that in all our equations, the components of the o> matrix are always the
usual components, no matter if the indices are dotted or undotted, no matter if they
are upstairs or downstairs. For example, the following components are equal:

(l-az)lz _ (iaz)ii _ 0 1 —1
-1 0 .

whereas

0 —1

It may be confusing to have the matrices with upper and lower indices differing
only by a minus sign. If we see the components (i ?)?” in an equation, what prevents
us from rewriting this as —(—io?),,? The key point is that we will never deal with
o matrices in isolation; they will always be part of equations containing spinors
and other quantities with well-defined Lorentz transformations, and consistency
of the equations under those transformations will always clearly dictate what the
correct indices are.

Let us summarize what we have accomplished so far. We have defined four types
of components for both left- and right-chiral spinors. These are all related to one

another following three simple rules:
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1. Taking a hermitian conjugate switches dotted and undotted indices without
changing their position (and of course adds or removes a bar since a bar always
accompanies dotted indices).

2. The matrix io'> may be used to raise indices (both dotted and undotted).

3. The matrix —io? may be used to lower indices (both dotted and undotted).

One last comment before moving on to the topic of Lorentz invariants: It is
important to keep in mind that all four sets of components always may be written
in terms of a single set and its hermitian conjugate. For example, all types of
components of a left-chiral spinor may be written in terms of x, and yx, and their
hermitian conjugates )(1T and XZT, as we have seen explicitly in this section. So
despite the fact that we have defined eight different components associated to a
single left-chiral spinor, only four of them are independent.

3.1 Building Lorentz Invariants

Now let us use our new notation to build Lorentz invariants. As hinted before, the
rule to obtain invariants turns out to simply be that an upper index must be matched
with a lower index of the same type. We will show that this is the correct rule by
recovering all the invariants of Eq. (2.42) this way and nothing else.

Following this rule, there are only eight combinations made out of one left-chiral
and one right-chiral spinor that can be written:

n“ Xa X Mg

e X Xa®"
Xa Xa )_(d )_(d
“ne R (3.18)

Of course, reversing the order of any of the spinors does not give a new invariant.
For example, x,n“ is simply equal to —n“x,. In our list (3.18) we chose to list the
quantities with undotted indices going diagonally down and dotted indices going
diagonally up for a reason that will become clear later on. This does not mean
that the quantities with the opposite order are not invariants, just that they are not
independent.

Still, we seem to get eight invariants, whereas we had found only six in Chapter
2, so our eight expressions must not all be independent. This becomes evident if
we recall that we may always write components with upper indices in terms of
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components with lower indices (without taking a hermitian conjugate) so that, for
example, n“ x, and x“n, must somehow be related. Indeed, we have

1 Xa = (02 1p)) Xa

= _(iaz)achz Nb
= (102" xa np

=x"m (3.19)
where the minus sign in the second line came from moving the 7, to the right of x,.

In the third line, we have used the antisymmetry of i o2 to write (ic2)?” = —(io?)",
and in the last line, we have used the io? to raise the index of . To summarize, we

have shown that
N Xa = X" Na (3.20)

EXERCISE 3.1

If the proof in Eq. (3.19) does not convince you, express explicitly n“x, in terms
of the components with lower indices only (x,, x,, 11, and ;). Do the same with
X“na, and show that the two expressions are equal.

Likewise, one can show that

fa x* = Xa 0" (3.21)

Therefore, we only have six independent invariants in the list in Eq. (3.18), which
we will take to be

Ua Xa )_(il 7—7[1
XX X X°
n“ne  Ha i’ (3.22)

It is easy to show that these six invariants correspond indeed to the invariants of
Eq. (2.42). The only tricky point is that we must remember that in all the formulas
of Chapter 2 the left-chiral spinor y is always written in terms of its components
with lower undotted indices y,, whereas the right-chiral spinor 7 is always written
in terms of its components with upper dotted indices n“. The claim then is that if we
express all the spinors in Eq. (3.22) in terms of these components, we will recover
the six expressions of Eq. (2.42).
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For example, consider
X Xa (3.23)

We need to express x“ in terms of lower indices in order to compare it with
Eq. (2.42). We know that the matrix io? raises indices, so we write

X Xa =[G x6)] Xa
= xp (09 x4 (3.24)

where we have used the freedom to move the (io?)“ around because they are
simply numbers. Now, in order to compare with Eq. (2.42), we need to write Eq.
(3.24) in matrix form, with the o2 matrix sandwiched between the two spinors. To
do this, we have to switch the order of the indices of io2, which brings in a minus
sign because of the antisymmetry of io2. Thus we get

X Xa = X (—i6")" x4
= x" (=io?) x
where in the last line it is understood that the indices on the spinors are all lower

undotted indices. Sure enough, this is the first Lorentz invariant in Eq. (2.42). The
other invariants can be obtained in a similar manner.

EXERCISE 3.2
Show that 7, 7% corresponds to one of the invariants of Eq. (2.42).

EXERCISE 3.3
At some point we will need the relations equivalent to Eqs. (2.54) and (2.55) but
written in terms of upper indices. Prove the two identities

1,
—5(102) "x - x

=~
=
Il

b = b 1 . ab - =
%"= 3 (icH%% - % (3.25)

3.2 Index-Free Notation

In order to alleviate the notation, it is useful to be able to write expressions without
explicit indices by writing, e.g., n x instead of n“y, or x 7 instead of x; n“. This
is what most SUSY references do, but in this book we will instead use the “spinor
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dot product notation” introduced in Chapter 2; i.e., we will write - x and ¥ - 7.
This makes complex expressions easier to read by showing clearly which spinors
are contracted together (e.g., it’s easier to see which spinors are contracted together
in x - nA - x thanin xniyx).

However, not showing explicit indices obviously leads to an ambiguity. We can
distinguish spinors with dotted indices from those with undotted indices because
the former have a bar over them, but once we drop indices, we can’t tell if they are
supposed to be in the upper or in the lower position. Consider, for example, 1 - x.
Does this represent n“ x, or n, x*? These two are not equivalent! They differ by a
minus sign, as is easily shown:

Na Xa ==X TNa

where in the first step we have used the Grassmann nature of spin components and
in the second step we made use of Eq. (3.20).

The same ambiguity arises if we drop the indices of any of the six invariants of
Eq. (3.22). We therefore see that if we want to be able to not write explicit indices,
we need a new rule to tell us when indices are in the upper position and when they
are in the lower position.

The convention that has been chosen is that a dot product between unbarred
spinors corresponds to the undotted indices written diagonally downward; i.e.,
n - x always stands for n“ x,. This convention deserves to be emphasized:

The dot product between two unbarred spinors corresponds to the product of
the components with the undotted indices going diagonally downward

What do we do if we want to write 1, x“ as a dot product? We simply need to
change the order first:

NaX“=—=x"Na=—x"1n

As for barred spinors, the convention is the reverse: A dot product between
barred spinors corresponds to the dotted indices written diagonally upward, i.e.,
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il - X always stands for 7j; ;. Again, let us emphasize this important convention:

The dot product between two barred spinors corresponds to the product
of the components with the dotted indices going diagonally upward

It may seem confusing (and annoying) at first that the convention for the barred
and unbarred spinors are reversed, but one way to see that it is natural is to remember
that we have defined the original components of the left-chiral spinor x as being
X« and the original components of the right-chiral 5 as being 7. Therefore, in both
conventions stated above, the original component of the spinors appears on the
right of the spinor dot product. In that sense, the two conventions are consistent
with each other.

Itis easy to check that the dot products we just introduced in terms of components
with indices are in fact exactly equal to the dot products introduced in Eq. (2.50).
For example, consider 1 - x. Using the notation of upper and lower indices, we
have

nx=n"xa=n"x+nx
On the other hand, in the notation of Chapter 2,
n-x=n" (—ieH)x =mx —n x

Using Eq. (3.16), we see that these two expressions are indeed equal.
Now recall the identities (3.21) and (3.20). Translated into dot-product notation,
these become

P
x

I
>
=

(3.26)

=
=i
Il
i
=i

which we already mentioned in Eq. (2.60) and which you proved in Exercise 2.6.
The fact that the order does not matter in a dot product is familiar from relativity
or even from three-dimensional vector algebra, where A-B=B-A. But keep
in mind that here the identities (3.26) are more subtle. There is one minus sign
introduced by the exchange of the two spinor components, which are Grassmann
quantities, and a second minus sign owing to the switch from upper to lower indices
on both spinors (or, if you prefer, owing to the antisymmetry of the matrix io?).
The end result is that we can switch the order of the spinors in those dot products
without introducing a minus sign, a result that will come in handy many times.
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Using dot products, the six Lorentz invariants built out of a left-chiral and a
right-chiral spinor of Eq. (3.22) therefore are written as

N Xa=M1n"X
Xai' =% -7
X Xa=X"X
XaX'=X%-%
n“na=mn-n
Radi® =17

We now understand the choice of the order of indices in Eq. (3.22). They all have
been written with undotted indices going diagonally downward and dotted indices
going diagonally upward so that when the time would come to write them as dot
products, we would not have to switch the order of anything and introduce minus
signs.

It’s important to repeat that we could write absolutely everything in this entire
book in terms of the components with lower undotted indices and their hermitian
conjugates only. Most equations would be more cumbersome because there usually
would be a bunch of o> matrices around and hermitian conjugate symbols all over
the place, but this is not the main motivation for the introduction of the notation.
The key point in using the van der Waerden notation is that it makes it easy to
see how expressions transform under Lorentz transformations, which is of major
importance in building lagrangians.

EXERCISE 34
Write down x - x x - 1 in terms of components with lower undotted indices.

3.3 Invariants Built Out of
Two Left-Chiral Spinors

In SUSY, it is conventional to work exclusively in terms of left-chiral spinors, so
let’s restrict our discussion to this type of spinor from now on. If we have only one
such spinor, say, x, we may write only two invariants: x - x and x - ¥.



CHAPTER 3  New Notation for Weyl Spinors 57 7%

If we add a second left-chiral spinor, let’s call it A, then we now can write six
Lorentz invariants:

A“ Xa = A X
Xt =h-%
X Xa=X"X
Xa X' =X-X
AMAg=A-A
Ao A =N A (3.27)
Again, the identities (3.26) apply:
A X=X A
A-X=Xx-A

3.4 The € Notation for +io?

Writing the matrices #io 2 all the time makes the calculations very awkward, espe-
cially when indices are explicitly shown. To avoid this, we will therefore introduce
one last layer of notation that is fairly common in SUSY and that consists of using
the symbol € to denote the matrices &io?, following

Z)ab ab

(io =e¢

(i02)z}zb = ez‘zb
. 2 _
(—io)ab = €ap

)
(=10 = €4
We see that €% = €% and €q.p = €, It greatly simplifies the notation to use these

definitions, but one must be careful about issues of signs. To be explicit, the notation
implies
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whereas the expressions with lower indices have the opposite signs:

€12 =€jp = —1

€21 = €3 =1

Although the € with upper indices can be seen as two-dimensional versions of
the familiar Levi-Civita symbol €”/¥, it is important to keep in mind that € with
lower indices has the opposite sign.

Now it is a simple matter to raise or lower indices on spinors using this new
notation. We have, for example,

a

X =€ x

Xa =€ X° (3.28)

and, of course, similar expressions for the right-chiral spinor.

We see that the € matrices act as a metric on the spinor indices. However, it is
important to keep in mind that in contrast with the metrics of special or general
relativity, the € are antisymmetric under the exchange of their indices:

Eab — _eba
eaiy _ _Eba
€ab = —€pg
€ab = "€ha

In particular, note that the order of the indices in Eq. (3.28) must be respected: The
second index of the € must match the index of the spinor with which it is contracted;
otherwise, a minus sign must be present. For example,

éabl//“ = _Ebawa

==
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In our new notation, Egs. (2.54), (2.55), and (3.25) take the simpler form

1
XaXo = 5 €abX " X
oo |
XaXb = =7 €abX - X
: (3.29)
b ab
X‘x"=—5€"x-x
2
—a—b_l abo S
XX =€ X

Obviously, the order in the indices of € in Eq. (3.29) also must be respected.
Because of this need to pay very close attention to the order of the indices, the
use of the € is quite a bit more tricky than the use of the metric tensor g,, in
general relativity. Still, it is worthwhile to use the € notation for the computational
simplicity it offers.
Since —io? is the inverse of io2, we also have that

€ e, = €€ = 58 (3.30)

where the two § are the usual Kronecker deltas. We may use the antisymmetry of
€ to generate several new identities, e.g.,

€l epe = —€" e = —€ ey, =€y, = 5

Note again that the order of the indices is crucial: We get a positive Kronecker
delta when the index that is common to the two symbols appears in different posi-
tions in the two € (first and second or second and first positions).
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Let us repeat the proof that n - x = x - n [see Eq. (3.19)] to illustrate the power
of our new notation:

n-X=n"Xa
:Eabana
=—€abXa77b
=€baXanb
= x"
=Xx-n

where the first minus sign came from the exchange of the two spinor components,
and the second minus sign arose from the exchange of the € indices.

3.5 Notation for the Indices of o# and *

Now let’s find out what kind of indices we should assign to those two matrices.
Recall the results in Egs. (2.43) and (2.44), which we repeat here for convenience:

o’ i0,n transforms like a left-chiral spinor (3.31)
whereas
&9, x transforms like a right-chiral spinor (3.32)

Let’s start with Eq. (3.32). Since we assigned a lower undotted index to x and we
assigned an upper dotted index to quantities transforming like a right-chiral spinor,
we see that the matrix &,, converts a lower undotted index into an upper dotted
index, so it must carry two mixed upper indices as follows:

Indices of 6% = (61)% (3.33)

Note that the order is important; the dotted index comes first. As for o*, Eq. (3.31)
tells us that it converts an upper dotted index into a lower undotted index, so

Indices of o = (o), (3.34)
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We have seen that the matrices € may be used to raise or lower indices on the
spinors. It is natural to wonder how they may be used to move the indices of o
and 6#. The key relations are provided in Eq. (2.23). Consider the first of these
identities, which we’ll repeat here:

oloto? =M (3.35)
According to Egs. (3.33) and (3.34), o** has two lower indices, whereas 6 has two
upper indices. We therefore need matrices to raise the two indices of o*; i.e., we
need two matrices io2. We simply multiply both sides of Eq. (3.35) by i to get

ictotioc? = —gHT (3.36)

Let’s take advantage of the € notation. Assigning lower indices ab to o'*, as in
Eq. (3.34), we must write the left-hand side of Eq. (3.36) as

ioclotio? = e (oh),; e (3.37)
Note that we do not have any choice on the positions of the indices; since Eq. (3.36)
involves the product of three matrices, we must have the second index of the first €
be the same as the first index of the matrix o# and the second index of the o* be
equal to the first index of the second €. And since Eq. (3.37) carries upper indices cd

(in that order), we must assign the same indices to the right-hand side of Eq. (3.36).
We then obtain that, with all indices explicitly shown, Eq. (3.36) corresponds to

€< (O_p.)ah Ei)d — _(6_;LT)cd
Since a transpose switches the order of indices, we finally get
€@ (Uﬂ)al} 6bd — —(O_’M)dc

Pay close attention to the order of the indices in this expression. This can be written
in a more elegant form by using ¢ = —¢? to give us

€< edb (O_M)al.) — (5#)‘70 (3.38)

This is what we were looking for: an expression showing us how the € matrices can
be used to raise the two indices of o*.

Note two important points about this identity. First, the indices of o# that are
raised appear in the second position of both €. Second, note how the order of the

—t
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dotted and undotted indices changes in going from o* to 5, obeying the definitions
in Egs. (3.33) and (3.34).

The identity (3.38) will be very useful shortly. Of course, we can invert it [or, if
you prefer, start from the second relation of Eq. (2.23)] to show that

€ €44 (6" = (0M) g (3.39)

Let us turn our attention to the ever-important issue of building quantities with
definite Lorentz transformation properties (invariants or tensors). The index assig-
nations (3.33) and (3.34) make it easy to write down such quantities. For example,
what contravariant four-vectors can we write down if we have two left-chiral Weyl
spinors x and A at our disposal? Simply by matching indices, we get the following
combinations:

Xa @ h, RGPy x @GR 2 (M) k" (340)

However, only two of those four expressions are independent, as we will demon-
strate below. Before doing that, let’s introduce an index-free notation for these
expressions. Dropping the indices, we get, for example,

Xa (6" rp = 5 " A (3.41)

As always when we drop indices, some ambiguity might arise. If we were to see
the right-hand side appearing in some formula, how would we know if we are to
assign upper or lower dotted indices to  ? The answer is that we have to remember
that 6" carries two upper indices. If we keep this in mind, then it is clear that the
right-hand side of Eq. (3.41) corresponds to the expression on the left-hand side.
Similarly, we must remember that o carries two lower indices. If we remember
this, no ambiguity is possible.
We now can rewrite the four terms of Eq. (3.40) unambiguously as

>0

¥ " A oM x x ot A Aoty (3.42)

Now let’s show that these expressions are not all independent. Let’s start with
the first one and use € matrices to express the spinors in terms of components with
upper indices:

X" A= Ra @ by

¢ = pnab d
= €5 X° (") epg
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Now we contract the two € with the # using Eq. (3.39) and see where it leads us:

€ac X° (6" €pg M = €cq€ap (") 311
= (0M)ge 2% [using Eq. (3.39)]
= -1 (0")ae X°
=—Aot i
where in the first step we have switched the indices of both €, which produces a

factor of (—1)? = 1.
To summarize, we thus have shown that

(76" r=—ro"5 | (3.43)

By simply renaming A <> x, this, of course, also implies

[xo"i=-i5"x (3.44)

This confirms the claim made earlier that only two of the four expressions in Eq.
(3.42) are independent.

Let’s now look at what happens if we take the hermitian conjugate of one of
these expressions, let’s say x 6" A. Keeping in mind the rule that when we take the
hermitian conjugate we switch the order of the components of the spinors without
introducing a minus sign, we get

(x "' =1"@"" )
=Ala* ()t (3.45)
using the fact that Pauli matrices are hermitian. But since taking the hermitian
conjugate on the components of a spinor simply changed undotted indices into

dotted indices, the right-hand side of Eq. (3.45) is simply 15" x . We therefore have
established that

(x 6" =x6"y (3.46)

Similarly, it is easy to show that

(x o' =r0"y (3.47)




64 Supersymmetry Demystified

We’ll close this chapter with the derivation of (yet another!) identity (by the way,
all these identities we are proving will be useful at some point, I promise!). This
one starts with

Aot x)(Lo"x) (3.48)

The goal is to rewrite this as something proportional to (A - A)(j - y). At first sight,
this might seem impossible. How can we get the spinors of the same type dotted
together when they appear in different matrix products in Eq. (3.48)? What could
bring about this kind of magic? The answer lies in the identities in Eq. (3.29).

To see how this works, we first write Eq. (3.48) in terms of components and
move the components of the same type next to one another (recall that we pick up
a minus sign when we move a spinor component through another one and that the
components of the o matrices are plain numbers):

"D M0R) = A (") %7 2 (0") g X

= — (0" (0") oA 2 7" 7
Now, using Eq. (3.29), we may write this as
. 1 we i o
—(0M),; (") g2 A 3P 3¢ = i (0M),;(0") g € €N A1 - X (3.49)

Switching the order of the indices in the two € matrices and using Eq. (3.38), we get

7 @0 (@) €Ay g = 7 e e (0750 AT - X

4
U de v o
=7 @7 (@) eh - Ax - X

By definition, we have

@)% (0")eg = Tr(@" o)

This trace turns out to be equal to 2n*¥ (see Exercise 3.5). Our final result therefore is

1
()»0“)‘()(%0”)'()=§n“”)»-?»7<')‘< (3.50)

an identity which will be used several times.
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It’s clear that the same steps also lead to

1
(Xﬁ”K)(Xf?”)»):En“”)»')»X-X (3.51)

EXERCISE 3.5
Show that Tr(6* ") = 2n*". Hint: Use Eq. (2.24).

3.6 Quiz

1. Write the invariant 7% ¥, in an index-free notation (two answers are accept-
able).

What are €;; and €, equal to?
What can the expression €4¢ edb (o*),; be simplified to?

What is €,;, €% equal to?

Al

What is the relationship between components with dotted indices and com-
ponents with undotted indices in the same position?

*

What matrix may be used to lower both dotted and undotted indices?

7. If we contract all the indices in €,,€? x, what do we get?
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CHAPTER 4

The Physics of
Weyl, Majorana,
and Dirac Spinors

In Chapter 2 we got acquainted with Weyl spinors and their behavior under Lorentz
transformations. However, as noted before, supersymmetric theories are often writ-
ten in terms of Majorana spinors instead. It is therefore important to understand
the connection among Weyl, Majorana, and Dirac spinors both at the mathematical
level and at the physical level. In addition, we will see how we can go back and
forth between Weyl and Majorana spinors. The first step is to understand the oper-
ation of charge conjugation applied to spinors and the connection with antiparticle
states.
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4.1 Charge Conjugation and Antiparticles
for Dirac Spinors

Charge conjugation is the operation that turns a field describing a certain particle
into a field describing the corresponding antiparticle. To study the effect of charge
conjugation, let us consider a Dirac spinor because this probably is more familiar
to most readers. In this chapter and for the remainder of this book we will drop the
L and R labels on the Weyl spinors to alleviate the notation. It will be understood
that n will always represent a right-chiral spinor and x a left-chiral spinor.

Consider, then, a Dirac spinor corresponding to a certain particle p (which could
be an electron, a neutrino, a quark, etc.):

Np
v = 4.1
g (Xp) D

The antiparticle spinor is obtained by applying the charge-conjugation operator
(which we will write down explicitly in an instant) to the particle state, so we may

write
Xp

where the ¢ denotes charge conjugation. Here, a bar over the name of a particle
simply will represent the corresponding antiparticle (as in v for the antineutrino).
It is unrelated to the bar used in Chapters 2 and 3.

Note that in a Dirac spinor, 1, and n; are two different right-chiral spinors.
The same comment applies to x, and x; they are different left-chiral spinors. But
clearly, those four spinors are related. To establish the connection, we need to work
out explicitly the charge conjugation.

The operation of charge conjugation is defined as

Vo =C¥, 4.2)

where the bar denotes here the usual Dirac adjoint, and the charge-conjugation
matrix C may be taken to have the following representation:

)
io 0
C=—-iyy'=
ry (O —i02>
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With a little work, we may write Eq. (4.2) in a more convenient form:
_ ol _ tOONT _ ONT @y tT _ o, 01T — T
=CV,=C¥,y) =Cy") Vv, =Cy v, =GV,

where we have used (y°)” = y° and have introduced

0 io?
Co=Cy’=—iy?y’y’ = —iy’ = ( ) )

—io 0

Here we have used the fact that %y° = 1. Note that CoCy = 1 as well.
Written explicitly, the charge- conjugated state is

T

e ( io2y] )
P 2 iT
—io Np

Using the fact that the charge-conjugated state is the antiparticle state, defined
in Eq. (4.1), we finally find

21T
X» = 1(72 iT ( . )
p np

This is an interesting result: These expressions are exactly what we obtained in
Egs. (2.40) and (2.37)! What Eq. (4.3) tells us is that the right-chiral antiparticle
spinor is the right-chiral quantity built out of the particle left-chiral spinor! Like-
wise, the left-chiral antiparticle state is given by the left-chiral expression built out
of the right-chiral particle spinor. This is, by the way, the reason we introduced fac-
tors of i and —i in Egs. (2.40) and (2.37): it was in order to make the correspondence
with charge conjugation exact.

It is easy to check that applying charge conjugation twice to a state gives back
the initial state:

(W) = Co (¥ = Co (Co¥INTT = CoCi 0, =C3w, =,
where we have used that the operation {7 applied to a matrix (as opposed to a

quantum field) is simply a complex conjugation. Applying the charge conjugation
operation to both sides of Eq. (4.2), we find

v, =C (V)" 4.4)
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which leads to

. 2 4T
77 =10 X_
? r (4.5)

_ 2 4T
Xp = —io"n;

Of course, this also can be obtained directly by inverting Eq. (4.3).

As expected, the particle left-chiral spinor can be written as the left-chiral quan-
tity built out of the antiparticle right-chiral spinor. Likewise, the particle right-chiral
spinor can be written as the right-chiral expression built out of the antiparticle left-
chiral spinor.

Equations (4.3) and (4.5) teach us an important lesson: We are always free to
express the left- and right-chiral states of an antiparticle in terms of, respectively,
the right- and left-chiral states of the particle field (and vice versa). For example,
we may rewrite a Dirac spinor in terms of left-chiral fields only, at the condition of
introducing the left-chiral antiparticle state:

U= <77p) _ (ia2 X;;T) (4.6)
XI’ Xp

This point will be crucial when we build the supersymmetric extension of the
standard model because we will express all fermions in terms of left-chiral states.

It must be kept in mind here that even though only left-chiral fields appear, the
upper two components still transform as a right-chiral spinor, so the four-component
spinor always has the structure:

__ ( quantity that transforms like a right-chiral spinor
~ \ quantity that transforms like a left-chiral spinor

Of course, we could as well have written the Dirac spinor in terms of right-chiral

fields only:
Np Np
\IJ = = . L
(Xp> (—wzn}T>

4.2 CPT Invariance

A short but crucial point needs to be mentioned here. Realistic relativistic quantum
field theories must be CPT-invariant (some authors write TCP or PCT); i.e., they
must be invariant under the combined operations of charge conjugation C, parity P,
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CPT

y

Xp > TIp

Figure 4.1 Two states related by CPT.

and time reversal 7. A consequence of this requirement is that lagrangian densities
must be “real” in the sense that they must satisfy

Lh=r 4.7)

This shows right away why we cannot have a theory containing a left-chiral
spinor x without including as well its hermitian conjugate x  because a lagrangian
containing only one of the two obviously could not respect Eq. (4.7).

Now, from Eq. (4.3) we see that xT can be written in terms of the right-chiral
antiparticle spinor 7. This means that the states x, and n; always appear together
in a CPT invariant field theory, which we illustrate in Figure 4.1.

In physical terms, this implies that if a theory contains a left-chiral spinor, it
also necessarily contains the corresponding antiparticle, which will be right-chiral.
When promoted to the status of quantum field operator, x, creates the right-chiral
antiparticle and annihilates the left-chiral particle.

For similar reasons, the pair of fields shown in Figure 4.2 also must always
appear together in a CPT-invariant quantum field theory.

In other words, if there is a right-chiral particle state, there also must be a
corresponding left-chiral antiparticle state.

Actually, the two figures are totally equivalent because it is completely arbitrary
what we call the particle and what we call the antiparticle. So we are free to switch
the labels p and p in the first figure, which then becomes the second figure. What
we have learned is that if a particle of a certain chirality is present in a theory, there
will necessarily be a corresponding antiparticle of opposite chirality. If the particle
is massless, chirality and helicity can be used interchangeably.

Note that CPT invariance does not constrain us to necessarily have all four states
Xp»> Mp> Xp» and n present. It is possible to build a completely consistent theory out
of x, and 1 alone or out of x; and 1, alone. We will discuss this key observation
more fully in the next few sections.

/ CPT \
Mp Xp

Figure 4.2 Two other states related by CPT.
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4.3 A Massless Weyl Spinor

Let us start with the simplest fermion theory that we could possibly imagine: the
theory of a noninteracting massless two-component Weyl spinor. We will take it to
be left-chiral. Then our lagrangian contains only the kinetic term given by

Liin = x 6" id,x (4.8)

EXERCISE 4.1
Show that the lagrangian (4.8) is real in the sense of Eq. (4.7).

From what we learned in the preceding section, we know that one would observe
in the lab a left-chiral particle and its corresponding right-chiral antiparticle (again,
we could exchange the particle and antiparticle labels, but we choose to call the
left-chiral state the particle). It is instructive to make a count of the degrees of
freedom involved. A two-component spinor contains two complex variables, so
there are four “off-shell” degrees of freedom (i.e., four degrees of freedom before
the equations of motions are imposed). Physical massless spinors must obey the
Weyl equations Eq. (2.29), which provide two constraints, leaving two degrees of
freedom and therefore two types of observable states.

Since we know that the particles observed would be the left-chiral particle and the
corresponding right-chiral antiparticle, we should be able to write the lagrangian in
terms of x, and n instead of x, and x IT,. Indeed, this can be done using the second
relation of Eq. (4.5):

. T
Xp = —io” 1}

so that
x) =} (—ie® =nl (ic?)
The lagrangian then takes the form

T 2
Liin = 1 i0

" iduxp

Note that this is a completely viable theory; there is no need to include the states
np and x . They are not needed to build a consistent theory. Of course, we could
choose to add them in, but then they would be totally independent and therefore
would correspond to a new particle in its own right.



CHAPTER 4  The Physics of Spinors 13 7

4.4 Adding a Mass: General Considerations

Let’s start again with a left-chiral Weyl spinor x,, but now we will make it massive.
Before proceeding, it’s important to point out that some references restrict the
term Weyl spinors to massless spinors, in which case Weyl spinors are always
eigenstates of the helicity operator. Others define Weyl spinors as being the chirality
eigenstates, which are irreducible representations of the Lorentz group. With the
first definition, it is helicity that is used as the defining property of Weyl spinors,
whereas in the second convention, it is behavior under Lorentz transformations that
is judged as being more fundamental. For the proponents of the first definition,
massive Weyl fermions is an oxymoron, whereas the other camp has no problem
with that. Of course, in the massless case, the two schools of thought live in perfect
harmonys; it is just when discussing massive particles that things get ugly.

In this book we will follow the second convention; i.e., we will use the term Weyl
spinors to denote the eigenstates of the chirality operator that have the Lorentz
transformations given in Eq. (2.32). Therefore, with our convention, it does make
sense to talk about massive Weyl spinors. The down side is that our massive Weyl
spinors do not have a well-defined helicity, but this is a small price to pay because
helicity will play very little role in this book.

Let’s get back to the physics of massive fermions. Things are much more in-
teresting than in the massless case. As we argued in Section 2.3, it is possible to
use a Lorentz transformation to change the helicity of a massive spinor. This im-
plies that we need both helicities to describe a general massive particle state. From
Egs. (2.30) and (2.31) and the discussion preceding them, we must conclude that if
we need both helicity states to describe a massive particle, we need both chiralities
as well. Therefore, for a massive fermion, both chiralities of the particle must be
present in the theory.

We can summarize the situation by saying that if we start with a left-chiral
particle state x,, Lorentz transformations (LT) necessitate the introduction of a
right-chiral spinor 7, as illustrated schematically in Figure 4.3. This figure is not to

Xp
LT

Mp

Figure 4.3 Two states of a massive spin 1/2 fermion required by Lorentz
transformations.
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CPT
Xp/ \7715

LT

Tlp

Figure 4.4 States associated to a massive left-chiral spinor through Lorentz and CPT
transformations.

be interpreted as saying that a Lorentz transformation changes a left-chiral state
into a right-chiral state—it is the helicity that is flipped by a Lorentz boost—but as
meaning that Lorentz transformations require the existence of both chiral states for
a massive fermion.

Now comes the interesting part. As we saw in the preceding section, CPT in-
variance forces us to introduce the charge-conjugate state n;, which is right-chiral.
On the other hand, as we have just seen, for a massive particle, Lorentz invariance
also forces us to introduce a right-chiral state 7,,. The situation is summarized in
Figure 4.4.

The questions that come immediately to mind are: Can we take those two right-
chiral states forced on us to be the same? Can we take them to be different physical
states? In other words, do we have a choice?

The answer to all these questions is yes! We do have a choice, and this leads to
defining two different types of four-component spinors.

4.5 Adding a Mass: Dirac Spinors

First, let’s consider the case where we choose the two right-chiral states to represent
different physical states, n, # n;. In that case, there are four physical (on-shell)
distinct states: the left- and right-chiral states of the particle x, and n, as well as
the left- and right-chiral states of the antiparticle x5 and 7. This is illustrated in
Figure 4.5.

We can combine the left- and right-chiral states of the particle into a four-
component spinor that is the familiar Dirac spinor that we all know and love and
which we encountered in the first chapter:

Np
v, =
° <XP)
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CPT
Xp Tlp

LT LT

Np Xp
CPT

Figure 4.5 The four states of a massive Dirac fermion.

Since we assume the antiparticle states x; and 7, to be distinct from x, and 7,,
we have

W5 # W)

Let us write the mass term for such a Dirac spinor. From the Dirac lagrangian
Eq. (2.2), we know that the mass is

—mW W, = —mWTyW
=—m(nbx, + x}np) (4.9)

This shows clearly that both x, and 1, are necessary in order to write down a Dirac
mass term.

As noted earlier, we also could write the Dirac spinor in terms of left-chiral
spinors only, using Eq. (4.6). The mass term then is

—mUpWp = —m(xl (=io?) xp + x}io? xiT) (4.10)

which, using the spinor dot products defined in Eq. (2.50), can be written in the
elegant form

—mWpWp =—m(x; - Xp+ Xp - Xp) (4.11)

EXERCISE 4.2
Show that the mass term in Eq. (4.11) is real in the sense of Eq. (4.7).
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4.6 The QED Lagrangian in Terms of
Weyl Spinors

Later in the book we will be constructing theories directly in terms of Weyl spinors,
and it will be very useful to be able to make the connection with the familiar la-
grangians of quantum electrodynamics (QED), quantum chromodynamics (QCD),
and so on, which are usually all expressed in terms of four-component Dirac spinors.
So let’s see what the QED lagrangian looks like when expressed in terms of Weyl
spinors.

Let’s first consider the Dirac lagrangian for an electron (so the subscript p will
be replaced by e), which we can obtain directly from Eq. (2.28):

Lpirac = GD (Vﬂiau - m)\IJD

= X! 6" iduxe +nl " idun. —m(nl xe + x ne)

Again, it is useful to write the Dirac spinor in terms of left-chiral spinors only,
using Eq. (4.6). This is so because we will later write all the interactions of the
standard model and of the minimal supersymmetric standard model in terms of
left-chiral spinors. We already took care of the mass term in Eq. (4.11), so let’s
concentrate on the kinetic energy:

iUy 9, Wp = iWhyOy" 9, ),

=1L .
= i(x](—ic?) x]) 0 1y (f 0 %, (wzx@”)
¢ ¢ 1 0 O'Mau 0 Xe

=iyl o2c" %) —)TT+i T61 3, Xe (4.12)
Xe MXL Xe MX

which may be written more elegantly as (see Exercise 4.3)
iU py 8, Wy =ix) 6" 0uxe +ix 6" duxe (4.13)
So the Dirac lagrangian is finally, using Eq. (4.11),
Loine = i 23 6" duxte +ix] 6" duxe = m(te - xe + Xe - Xe) (4.14)

In Chapter 13 we will build the supersymmetric generalization of this lagrangian.
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EXERCISE 4.3
Derive Eq. (4.13) from Eq. (4.12). Hint: You will need Egs. (A.36), and (A.5) and
an integration by parts.

Let’s now include the coupling of the fermion with the electromagnetic field.
This is obtained from the Dirac lagrangian by replacing the partial derivative d,, by
the gauge covariant derivative D,, defined by

D,=90,+iqA,

where A, is the gauge (photon) field, and g is the electric charge of the particle.
For the electron, ¢ = —e (we use the convention that e is positive), so

D, =0,—ieA,
In addition, we must add the kinetic energy of the photon, i.e.,

1
— 1 Fuw Fh
The two new terms coupling the Weyl spinors to the gauge field can be obtained
from the two terms of Eq. (4.12) by replacing d,, by —ieA,:

Terms containing A, = ¢ xJ 0> 0" A, o> ng +exl G A, xe

=—exl 6" Ay xz+ex] " A xe (4.15)

where in the second step we have used Egs. (A.36) and (A.5) in the way described
in Exercise 4.3.

Note that it would have been incorrect to replace 9, by —ieA,, in Eq. (4.14) (see
Exercise 4.4).

EXERCISE 4.4
Explain why we would have obtained the wrong coupling of the gauge field with the
spinors had we replaced 0, by —ieA,, in Eq. (4.14) instead of doing it in Eq. (4.12).

Adding Eq. (4.15) to the Dirac lagrangian Eq. (4.14), we finally obtain the QED
lagrangian expressed in terms of left-chiral Weyl spinors:

Loep =ix) 6" 0uxe +ix 6" 0uxe —e Ay xa 6" xe +e Ay x1 6" xe

1
—m(Xe * Xe + Xe = Xe) — ZFWFW (4.16)
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There is something quite interesting going on here. In the derivation of the kinetic
term of the positron, we have used Eq. (A.36) and an integration by parts. Each
operation introduces a minus sign, so the final kinetic energy of the positron has
the same sign as the kinetic energy of the electron (which did not require any
manipulation). On the other hand, in the case of the coupling of the positron to
the electromagnetic field, we used Eq. (A.36) but, of course, did not perform any
integration by parts (there are no derivatives!), so we ended up with the particle
and antiparticle spinors having couplings to the electromagnetic field of opposite
signs. This, of course, was to be expected because these two states have opposite
charges! What is interesting is to see how we started from the Dirac lagrangian
written in terms of a Dirac spinor, in which there is only one coupling to the
electromagnetic field, and ended up with an expression containing two couplings
to A,, with opposite signs once we expressed the theory in terms of particle and
antiparticle Weyl spinors.

We can write Eq. (4.16) even more elegantly by introducing two gauge covariant
derivatives acting on the left-chiral particle and antiparticle spinors. Actually, it is
customary to use acommon symbol D,, for both derivatives, with the understanding
that when it is acting on the electron Weyl spinor y., it is defined as

D, xe= (0, —ieA,)xe. 4.17)

whereas when it is acting on the positron Weyl spinor x;, it carries the opposite
charge:

D,xz =0, +ieA,)xe (4.18)

With this convention, we may write Eq. (4.16) as

Dt e o 1
»CQED=1X§0'MDMXZ)+1XJO'MDMXLJ_m(XE'Xe+Xe'XZ)_Z w F'Y

(4.19)

In Chapter 13 we will build the supersymmetric generalization of this lagrangian.

4.7 Adding a Mass: Majorana Spinors

Now consider taking the two right-chiral states 7, and n; to be one and the same,
as illustrated in Figure 4.6.

Identifying n, and n; only makes sense if the particle is its own antiparticle.
Therefore, this quantum field cannot carry quantum numbers that can distinguish a
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Xp Tip

LT

Tlp

Figure 4.6 The two states of a massive Majorana fermion (1, is defined to be equal
to 7’]]3)

particle from an antiparticle (e.g., it must have no electric charge or lepton number).
In this case, there are only two degrees of freedom, which we can choose to be x,
and n, with

Np =1Mp

=i02X;T

where we have used Eq. (4.3).

It’s easy to check that with this choice, the antiparticle left-chiral state x; is
indeed the same as the particle left-chiral state . Using Eq. (4.5) with the particle
and antiparticle labels switched, we find

Xp = —io’2n;[,T

e 2 2 4T\IT
= —io (z X,y )
=—ic*(io?)*x,
= —iaz(iaz)xp
= Xp
Instead of expressing everything in terms of x, and 1,,, we may, of course, choose
to express everything in terms of the left-chiral field x, and its hermitian conjugate

X - Note that in terms of degrees of freedom, there is no difference with a massless
Weyl spinor. Here, we have all four quantities x,, n,, 5, and xp, but they all can
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be expressed in terms of x, and X; using

Xp=xp mp=np=icx’

We now can assemble x, and 7, into a four-component spinor that is called a

Majorana spinor V.
2,17
U, = ("P) = (“’ Xp ) (4.20)
Xp Xp

By construction, a Majorana spinor is unchanged by charge conjugation:

W =Wy

which simply expresses the fact that x5 = x, and n; = 7n,. In fact, we could have
used this as our starting point (and many authors do) in defining a Majorana spinor;
i.e., we could have started from a Dirac spinor and imposed the antiparticle states
to be the same as the particle states.

Let us write down the lagrangian for a free Majorana particle. We insert
Eq. (4.20) into the Dirac lagrangian, but we also include an overall factor of 1/2
for reasons that will become clear later:

1—
Ly = EwM(yﬂiaM —m)Wy (4.21)

The theory of a Majorana particle is usually left in this form, but it is instructive to
expand it in terms of the two-component spinors x, and x ;:

1 . 1
Ly = EX;(}/LzauXp—i—EXp( io )glt (10 )lau)(p

m .
—5 [ (<ioMx, + xjio® 1) ]
1 " 1 uT — —

= EX"G . xp + 5 > xp 6" Tidu ) — (Xp KXp+Xp-Xp)  (422)

where we have again used Eq. (A.5). This expression can be simplified further using
an integration by parts on the second term to write it as

1 _ 1, s
3 xp & Tidux il = -3 (i9ux]) " xIT (4.23)
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This is actually exactly equal to the first term of Eq. (4.22), as can be shown using
Eq. (A.36):

1, _ I ow_ .
) (zauxg) ol X;T = EX[JLO'N'ZBMXP

The Majorana lagrangian (4.22) therefore can be simplified to

+ . m _
Ly = Xlly O_'MlauXp - 5 (Xp “Xpt+ Xp- Xp) (4.24)

Note the difference between the Majorana lagrangian and the Dirac lagrangian of
Eq. (4.14), ignoring the difference of normalization of the mass terms for now.
The Dirac lagrangian contains the Kinetic terms of two distinct states, x, and xp,
and it connects them through the mass term. By contrast, the Majorana lagrangian
contains a single kinetic term and uses only x, and its hermitian conjugate to make
up the mass term.

We see why we had included a factor of 1/2 in front of the kinetic term in
Eq. (4.21): This was in order to obtain the canonical normalization after combining
the two kinetic terms of Eq. (4.22) into a single term. As for the factor of 1/2 in front
of the mass term, it is chosen so that the parameter m appearing in the lagrangian
is indeed the mass of the particle, as we will demonstrate in Section 4.9.

4.8 Dirac Spinors and

You might wonder why we consider Dirac spinors at all, given that Weyl spinors
(or, equivalently, Majorana spinors) are more fundamental and simpler. Why bother
with Dirac fields at all? The answer has to do with parity. Parity transforms x,
and 7, into each other. Obviously, a theory containing a single Weyl spinor (or,
equivalently, a single Majorana spinor) cannot be parity-invariant. In order to build
a parity-invariant theory, such as QED or QCD, one needs both chiral states of the
particle, and it is obviously convenient to group these states into a four-component
spinor, which turns out to be nothing other than a Dirac spinor. Of course, the
CPT-conjugate states are also needed to complete the theory.

Consider the Dirac mass term written in the form (4.9) (before expressing 7, in

terms of Xj-,):

—m(nlxp + x}1p)

Parity
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This is clearly parity-invariant because it is invariant under the exchange of n and
X - On the other hand, a Majorana mass term obviously violates parity (there is no
n, field to switch with the x,!).

4.9 Definition of the Masses of Scalars
and Spinor Fields

If you are used to working with Dirac spinors, the presence of the factor of 1/2
in the mass terms of the Majorana and Weyl spinors may be somewhat unsettling.
Before discussing this issue, let us first talk about scalar fields. The lagrangian of
a free real scalar field A is

1 1
La="Ad A= m?* A (4.25)

How do we know that the parameter m is indeed the mass of the particle? By
working out the equation of motion of the field and comparing it with the Klein-
Gordon equation. For a scalar field ¢, the Euler-Lagrange equation is

oL oL
g [awm)] T 0 (20

Applying this to Eq. (4.25), we simply get
3,0"A+m*A=0

which is the Klein-Gordon equation for a particle of mass m. The operator 0,0 is
often represented by the symbol  and is called the d’Alembertian operator.

Our result shows that the factor of 1/2 was necessary in Eq. (4.25) for m to
be the mass of the particle. Now consider instead a complex scalar field ¢ whose
lagrangian is given by

Ly =0"p0, 0! —m*pp'

Note that there are no factors of 1/2 now! We want to check that the m appearing
there is indeed the mass of the particle. This time, in applying the Euler-Lagrange



CHAPTER 4 The Physics of Spinors 83

equation, we treat ¢ and ¢' as independent fields. Applying Eq. (4.26), we get
39,0 +m?¢p’ =0

which is again the Klein-Gordon for the field ¢! with mass m. On the other hand,
the Euler-Lagrange equation for ¢! yields again the Klein-Gordon equation, but
this time for the field ¢, still with mass m. Itis clear why the factor of 1/2 is required
in the real scalar field lagrangian and not in the case of the complex scalar field: In
the first case, the real scalar field appears twice in each term of the lagrangian.

Let us now turn our attention to spinor fields. Roughly speaking, a Majorana
spinor is to a Dirac field what a real scalar field is to a complex scalar field.
Indeed, a Majorana spinor obeys what is essentially a reality condition for spinors,
Wi, = Wy. By analogy with scalar fields, we would expect the free Majorana
lagrangian to contain a factor of 1/2 relative to the Dirac lagrangian. This is, of
course, a purely hand-waving argument, but we can demonstrate that it is indeed
correct by working out the Euler-Lagrange equations, which we write again as
applied to the spinor components x,:

Ay oL _ L =0 (4.27)
0(0u Xa) 0 Xa

We now apply this to the lagrangian Eq. (4.24) [we will drop the label p on
the spinors because there are no antiparticle spinors in Eq. (4.24) and therefore no
possibility of confusion]. The only thing we must be careful about is that derivatives
with respect to spinor components are Grassmann quantities, so they anticommute
with spinors. For example,

a . _2\bc
x-x)= [xp(=i07)” xc]
8Xa 8Xa
dx . . . . 0Xe
= — (22 ) (o) xe + xplioDe 25
axa aXa

where we picked up a minus sign in the second term by passing the derivative
through the spinor component y;,. Now we use

dXp
9 Xa

=8¢

—t
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where the § is just the usual Kronecker delta; i.e., 8] = 83 = 1, whereas §; = 8} =
0. We then have

XX =8 (=io) " x. + xplio?)se

0 Xa

= (—io?)*“ X + xp(ic?)"™

= (=io)*“ % + xp(—ic?)™

= —2(i0%)*x, (4.28)
Of course,

9 o 5— 0
o, X x=

Using Eq. (4.28), we find

L .

o im %y, (4.29)

This takes care of the second term of Eq. (4.27). Now consider the first term:

d _ . o
B;L(a(aﬂ)(a) (XT(}Vzavx)) = — (aﬂxll) (au)b

where the minus sign came from passing the derivative with respect to 9, x to the
right of xT, and we did not show explicit spinor indices to simplify the notation.
This may be written as

—i(8,x)) (6" = —i @*T) 9, x," (4.30)

Substituting Egs. (4.29) and (4.30) into Eq. (4.27), the Euler-Lagrange equation
for x is finally

—ighT BMXTT —imo’x =0
Using the fact that 020> = 1 and multiplying by i, we may write this as

T2 62 BMXTT +moly =0
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If we multiply this from the left by yet another o2 and use Eq. (A.8), we finally get
the Euler-Lagrange equation for y:

"o 9, xT +myx =0 (4.31)

On the other hand, a similar calculation shows that the Euler-Lagrange equation
for x1 is

oG x —m xT=0 (4.32)
If we now isolate x 7 from Eq. (4.32) and substitute it into Eq. (4.31), we find

0" 5"d,0,x +m’x =0 (4.33)

where we again used 020> = 1. With the help of Eq. (A.9), we may write the first
term as

0”6 0,0,x =20"0,x —o” " 3,0, %
But, after renaming the indices ;& <> v in the last term, we get

o"&"0,0,x =20"0,x —0"5"9,0,x
which implies

o"5"9,0,x = 0"0d,x (4.34)
Using this in Eq. (4.33), we finally get that x obeys
"9, x + m?y =0

the Klein-Gordon equation for a particle of mass m. One can easily show that x

obeys the same equation. This completes the proof that with the factor of one-half
included in Eq. (4.24), the parameter m is indeed the mass of the fermion.

4.10 Adding a Mass: Weyl Spinor

It is sometimes stated in the literature that it is not possible to write a mass term
for a theory containing only a left-chiral particle (together with its right-chiral
antiparticle), that it is necessary to introduce a right-chiral particle state. This is
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incorrect; we can easily write a mass term for a single left-chiral field. Actually, we
have already done it in Eq. (4.24)! So the lagrangian for a massive left-chiral Weyl
fermion is simply

. m _ _
EW = X; ot lauXp - E(Xp *Xp + Xp Xp) (435)

We see that Eq. (4.35) is exactly the same as the Majorana lagrangian expressed
in two-component notation given in Eq. (4.24)! There is no physical difference at all
between the theory of a massive Weyl fermion and the theory of a Majorana particle.
The only difference is a technical one: The Majorana theory is usually written in
terms of the four-component Majorana spinor, as in Eq. (4.21), whereas the massive
Weyl theory is written in terms of the two-component spinor, as in Eq. (4.35). In
other words, we could say that the Majorana theory is simply the four-component
version of a massive Weyl fermion (note that the degrees of freedom match; both
theories contain two observables states).

It’s because of this equivalence that sometimes people refer to Eq. (4.35) as the
lagrangian of a Majorana spinor, not of a massive Weyl spinor, keeping the term
Weyl spinor for massless spinors. But, as mentioned earlier, in this book we choose
to define Weyl spinors through their Lorentz transformations (2.32), which hold
regardless of the mass of the particles. We will reserve the expression Majorana
spinor for the four-component spinor satisfying the condition of Eq. (4.7).

Let us close this section with an important remark. In the last two sections we
chose to express everything in terms of the left-chiral state y and its hermitian
conjugate x . It is, of course, possible to build Weyl spinors and Majorana spinors
out of 1 and ' instead, but it is conventional in SUSY to express all fermions in
terms of left-chiral states (a choice most likely influenced by the habit of working
with the standard model, in which there are no right-chiral neutrino states). This
is why we focused on left-chiral spinors and did not include the corresponding
expressions and identities for right-chiral spinors (which, however, can be worked
out easily with the information that has been provided).

4.11 Relation Between Weyl Spinors
and Majorana Spinors

Because of the equivalence between the Majorana and Weyl descriptions, we can
always write any expression containing a Weyl spinor as one containing a Majorana
spinor and vice versa. Indeed, all supersymmetry can be couched in either Weyl
or Majorana language, and many references use only one of the two. Which one
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is preferred is obviously a matter of taste, but it could be argued that Weyl spinors
are more fundamental because they are the simplest building blocks that can be
used to construct supersymmetric theories. The main reason that Majorana spinors
nevertheless are used widely is probably because calculations in that language
resemble more those made with the familiar Dirac spinors, especially when it
comes to working out scattering amplitudes. In this book the emphasis has been
put on Weyl spinors, but the main results also will be expressed in the Majorana
language, and some calculations of scattering amplitudes will be performed using
the Majorana language.

In this section we will establish some basic relations between Weyl and Majorana
spinors. Let’s start with lagrangian terms without derivatives. We have already seen
in Section 4.7 that

WyWy=x-x+X X (4.36)

(we may drop the label p without causing any ambiguity because there is no
distinction between the antiparticle and particle states for a Majorana fermion).
Keep in mind that the bar over a Majorana spinor denotes the usual Dirac adjoint,
GM = \IJL)/O

Obviously, we need a second relation if we want to be able to isolate x - x and
X - X in terms of the Majorana spinor. What we are looking for is provided by
sandwiching y°> between two Majorana spinors. It is easy to check that

UV, =—x x+X X (4.37)

Inverting Egs. (4.36) and (4.37), we obtain

X -x=V¥,PVY,
X-x=W,Pr¥, (4.38)

where the projection operators are defined in Eq. (2.18). Actually, it is straightfor-
ward to generalize these relations to products involving distinct spinors. Consider
a second left-chiral Weyl spinor A. Let’s represent the Majorana spinor built out of
A as A,,. Then the generalizations of Eq. (4.38) are

M

X-A=W, P A
A=V,

X-h=V,PA,
Recall that the order in spinor dot products does not matter; i.e., x - A = A - x and

¥ - A = A - . Thisimplies that the order in the corresponding Majorana expressions
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does not matter either, i.e.,

=A, PV,
M Pg \IJM
which can be checked easily.

The next obvious thing to try is to sandwich y* and ysy* between Majorana
spinors. One can show that

U, yHA, = xiaha —alghy
YA, = X6 A+ ATy

which imply

x'GFA =W, Pry"A,
Maty = =W, PLy"A,

Note that no o* matrices appear here. These would appear if we were expressing
all the spinors in terms of right-chiral states.

Of course, all these relations also can be verified explicitly by using Eq. (4.20)
for a Majorana spinor in terms of Weyl spinors.

4.12 Quiz

1. What is the CPT conjugate state of a right-chiral particle?

2. What is the difference between a Dirac mass term and a Majorana mass term
(after they are both expressed in terms of Weyl spinors)?

3. What is the difference between the theory of a Majorana spinor and the theory
of a Weyl spinor?

4. Is it possible to write a Dirac spinor in terms of left-chiral fields only? What
about in terms of right-chiral fields only?

5. Write down the mass term of a left-chiral Weyl spinor. Prove that it is real.

6. What symmetry, is a symmetry of a Dirac spinor but not a symmetry of a Majo-
rana spinor (in the sense that a Dirac spinor has a well-defined transformation
under this symmetry, whereas a Majorana spinor doesn’t)?



CHAPTER 5

Building the Simplest
Supersymmetric
Lagrangian

We are finally ready to construct our first supersymmetric theory! This is where the
fun really begins. It took a while to get here, but it was necessary to become familiar
with Weyl and Majorana spinors and the notation used to describe them before we
could attack supersymmetry (SUSY). This chapter will be short and sweet. The
lagrangian considered truly will be the simplest one we could possibly imagine:
There will be no mass terms and no interactions. Still, it will be sufficient to learn
the essential concepts and to see SUSY in action (no pun intended).
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5.1 Dimensional Analysis

Before building our first supersymmetric lagrangian, it will be useful to review how
one works out the dimensions of the various quantities we will need. In natural units,
both the speed of light and Planck’s constant are set equal to 1. This implies that
dimensions of time and length are equal, i.e., [T'] = [L]. It also implies that mass
and energy have the same dimensions because E = mc? becomes E = m in natural
units. In addition, since Planck’s constant had dimensions of energy multiplied by
time, setting it equal to 1 tells us that [T] = [L] = [E]~!. We now can express the
units of everything as powers of energy. Instead of writing [ E]" for some exponent
n, it is simpler to give the exponent. We therefore have the following dimensions
for the fundamental scales of time, length, and mass:

[L]=[T]= -1 M] =1

Note that this implies that the dimension of a derivative 9, is 1.

The action § = —i([ d*xL) is a dimensionless quantity which implies that
lagrangian densities (which we often simply call lagrangians) must have dimen-
sion 4. Using this, we can work out the dimensions of the fields we will deal with.
For example, the kinetic energy of a scalar field is given by

0, 0" (5.1)

which tells us that a scalar quantum field has dimension 1 (because [9,,] = 1). The
quantum electrodynamic (QED) lagrangian density is given by

- 1
Loep = V(P,y" —m)W — ZF’“’FW

which tells us that a spinor quantum field has dimension 3/2. We worked out the
dimension of a Dirac field but of course Weyl and Majorana quantum fields have the
same dimension. We also see that the energy-momentum tensor F),, has dimension
2. Since it is defined as

F, =0,A, —0,A,

we also find that the gauge field A, has dimension 1. The result is the same for
nonabelian gauge fields such as the gluon fields.
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Let us summarize our results:
[0.] = [¢] = [A¥] =1

3
[(Wpl =[Yul=I[xI=[nl=

3 5.2)

5.2 The Transformation of the

The simplest supersymmetric model we may consider is composed of two free
massless fields, with one bosonic and the other one fermionic. We therefore consider
a Weyl spinor and a complex scalar field. By free, we mean that there is no interaction
between the two fields. We could take the Weyl spinor to be either right- or left-
chiral, but the convention is to use a left-chiral field. Our starting point therefore is
the lagrangian

L=20d,¢0"p" + xTic" d,x (5.3)

Now we are finally ready to introduce the SUSY transformations of the fields!
At this point, we could simply throw at you the transformations of the fields, and
we could check that they leave the lagrangian invariant (up to total derivatives).
However, the transformations are quite complicated, and it’s not obvious why any-
one would have chosen these particular expressions in the first place. Since the
goal of this book is to demystify SUSY, we will devote a fair part of this chapter to
understanding the logic behind the choice of the supersymmetric transformations.

Consider first the transformation of the scalar field. We consider an infinitesimal
transformation proportional to a small parameter ¢. Again, there is no standard
notation for this parameter, so always check first the convention used when looking
at a new reference. It might seem that € would be a better choice of notation, but as
we saw in Section 3.4, this letter is also used in most SUSY references to represent
the matrices +io?.

In the following calculations, always keep in mind that ¢ is infinitesimal, so we
will drop terms of order ¢ or higher in all our equations. Another important point
is that we take ¢ to be spacetime-independent; i.e.,

9, =0
a relation we will use repeatedly. We are therefore considering global SUSY trans-

formations, as opposed to local transformations, for which ¢ would be spacetime-
dependent (another expression commonly used in the literature for global SUSY is

Fields
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rigid supersymmetry). Making ¢ spacetime-dependent—in other words, gauging
SUSY—forces one to introduce a gauge field that turns out to have the properties
of a graviton (the force carrier of gravity), the same way that gauging the global
U (1) symmetry of the Dirac lagrangian leads to electromagnetism. For this rea-
son, theories with local SUSY invariance are called supergravity theories (SUGRA
for short). However, supergravity necessitates familiarity with general relativity, in
particular the tetrad formalism, and is beyond the scope of this book.

We postulate that the variation of the scalar field is proportional to the Weyl
spinor y (this is, after all, the whole idea of SUSY: Bosonic fields, are transformed
into fermionic fields, and vice versa). Let us then write, tentatively,

¢ —> ¢ =¢+38¢ (5.4)
with
dp >~ x

We used the symbol =~ because this relation is still qualitative. We need a bit more
work to make this precise.

When we write down transformations of fields, we must ensure two things: the
two sides of the equation must have the same dimension, and they must have the
same Lorentz transformations. Let’s consider the second requirement first. Since ¢
is a scalar field, we must somehow build a Lorentz invariant out of ¢ and y. Since
x is a Weyl spinor, it is clear that we have no choice other than taking ¢ to be a
Weyl spinor too! This is a key result, so let us emphasize it:

The parameter of a global SUSY transformation is a (constant) Weyl spinor

What does this mean? It means that ¢ is a two-component quantity, namely,

-(2)
2
that takes different values in different frames. We must now decide whether we
should take ¢ to be a right-chiral or a left-chiral spinor. We do have the choice,
but again, the convention is to take it to be left-chiral. This tells us that if we do
a Lorentz transformation, ¢ transform as x, in Eq. (2.32). Note that ¢ is not a
quantum field, even though it is a spinor, so there is no particle associated to it.
Going back to the transformation of ¢, we therefore must write down a Lorentz
invariant made out of the two left-chiral spinors ¢ and x. But we already know

how to do this; we simply take the spinor dot product ¢ - x! Recall that the order
does not matter, so we could as well have used x - ¢. We can finally write down the
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precise expression for the transformation of ¢:

&

Now let us turn to the question of the dimensions. Since ¢ has dimension 1 and
x has dimension 3/2, we obtain that

1
The infinitesimal SUSY parameter ¢ has dimension — 3

Let’s now consider the transformation of . We want it to be linear in ¢ and
¢ or ¢ (it would be extremely difficult to build a consistent theory with fields
transforming nonlinearly). We will use ¢ for a reason that will become clear in an
instant. So we take

Sx ~Crot (5.6)

where C is an arbitrary constant that we will have to determine. The reason we did
not include any such constant in the transformation of ¢ is that it could have been
reabsorbed into the definition of ¢. However, once the normalization of ¢ is fixed
by the transformation of ¢, we have no freedom left to get rid of the constant in the
transformation of x, and we will indeed see that C is not equal to 1.

Before going any further, we need to check whether the right-hand side of Eq.
(5.6) has the same Lorentz transformation properties as the field x (since the vari-
ation 8 must, of course, transform the same way as x itself). In this respect,
everything is fine: Since ¢ is a scalar, the right-hand side of Eq. (5.6) transforms
like a left-chiral spinor because ¢ is left-chiral.

But there is a problem: The left side has dimension 3/2, whereas the right side
has dimension 1 — 1/2 = 1/2. So we need to increase the dimension of the right
side by one. We do not want to put in another factor of ¢ because we want the
transformation to be linear in the fields. The only other quantity with dimension 1
at our disposal is 9,,, so we try

Sy ~Ccd,0"

Now the dimensions are right, but the Lorentz properties do not match! We need
to contract the ¢ index with something, and it has to be something dimensionless.
The only possible terms fitting the bill at our disposal are o* and 6*. Looking at
Eq. (2.44), we see that when applied to a left-chiral spinor, it is the matrices 6*
that have well-defined Lorentz transformations. We therefore try

Sx ~C&"¢ 0"
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but unfortunately, this still doesn’t work! To see the problem and how to fix it, let’s
move B,Ld)'r in front (which we can do because it’s not a matrix),

Sx ~C 39" ¢ (5.7)

Recall that the quantity 6+ 9, x, transforms as a right-chiral spinor [see Eq. (2.44)].
The fact that the derivative is acting on a scalar field instead of the spinor does not,
obviously, affect the behavior of the expression under a Lorentz transformation, so
(auqﬁ)&“; also transforms as a right-chiral spinor!

Thus the right-hand side of Eq. (5.7) transforms as a right-chiral spinor, whereas
what we need is something that transforms as a left-chiral spinor. From Chapter 2,
however, we know how to do make something out of a right-chiral spinor that will
transform as a left-chiral spinor! The rule is to take the hermitian conjugate and
transpose of the right-chiral spinor and then multiply it by —io? [see Eq. (2.40)].

Applying this to the first line of Eq. (5.7), we finally take the transformation of
X to be:

Sy = —io?(C (3,0" 6" ¢)"

This has the right dimension and also transforms as a left-chiral spinor.

Recall that the operation | applies a hermitian conjugate both in the quantum
field operator sense and in the matrix sense (a transpose followed by complex
conjugation). Obviously, the transpose has no effect on the scalar field, so

@HT =@H =¢

The only reason we chose to use ¢ in our initial guess for the transformation of the
spinor was so that the final expression would contain ¢. Of course, this is purely a
matter of taste; there would have been nothing wrong with having ¢ in the final
result instead!

On the other hand, the effect of {7 on anything that is not a quantum field,
including the spinor ¢, is to simply apply a complex conjugation. We therefore get

Sx = —ic? C*(3,9) 5" ¢*
= —C*(u¢)io? 5" ¢*

. (e
¢ ‘(43*)

where
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Using the fact that ** = "7 and (¢2)? = 1, we may write
—C* () ic? " ¢* = —C* (B,p)io* 6" a? o ¢*

which, after using Eq. (A.8), gives our final result for the transformation of the
spinor:

Sx = —C*(3,¢)0"ic** (5.8)

5.3 Transformation of the Lagrangian

We haven’t even really started yet! All we have done is to write down transforma-
tions of the fields that have the correct dimensions and correct behavior under the
Lorentz group. What we want to do now is to see if there is a choice of constant C
such that the preceding transformations will leave the action invariant. Recall that
the action is the integral of the lagrangian density:

S=/d4x£

The action is invariant if S5 = 0, which implies

/fwﬁzo

This does not imply that § £ itself must be zero. If we assume that the fields van-
ish sufficiently rapidly at spatial infinity, the action will be invariant if either the
variation of the lagrangian density is zero or if it is a total derivative of the fields:

8L =0, F(p.x....)

where F is some function of the fields, and the dots are included because later on
we will have other fields in our lagrangians.

Now let us build our first supersymmetric theory! Again, the goal is to see if we
can find a value of the constant C such that the variation of the lagrangian density
will be zero after dropping any total derivative. The variation of the lagrangian
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density Eq. (5.3) is
8L =8,(80) 0" p" + 0,0 3"8(p") +8(x")ig" dux + xTic" 8,8
= 3,(8¢) "p" + 8,0 3" (8" + (Sx)Tic" 8 x + xTic" 9,8x (5.9)

where we have used § (¢) = (8¢)" and 8(x)T = (8x)'. To see that this is true, let’s
take the dagger of Eq. (5.4):

¢! — o'+ (39)'
On the other hand, by definition, we have
¢l — o' +8(oD
so, clearly, § (qu) = ((qu)T, and we may simply write 8¢T without any ambiguity.

So the variation of ¢! and x ' are simply the hermitian conjugates of Egs. (5.5)
and (5.8). One finds (see Exercise 5.1):

P =x-T=x"GioaH¢* (5.10)
and

Gl =Cc@upHelico" (5.11)

EXERCISE 5.1
Prove Egs. (5.10) and (5.11).
Using Egs. (5.5), (5.8), (5.10), and (5.11) into Eq. (5.9), we get
8L = (3" xNio® ¢* 9.0 —(0"¢") ¢ (o) 8,x
I il

+C@upNH ¢! (0% 0" i6" B, x —C*xTiG" 6" (8,0,)(ic* ") (5.12)

111 v

Note that in all the expressions we will write down, derivatives always will be
acting only on the field that is immediately to their right. To make this explicit, we
will always group together a derivative and the field itis acting on inside parentheses.
For example, instead of writing 9,,¢ x, which could cause confusion, we will write

(0uP) X -
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Keep in mind that the scalar field (or the scalar field with any number of deriva-
tives acting on it) can be moved freely through spinors and matrices. Also recall that
two lagrangian terms differing by a total derivative are to be considered equivalent.
These points are important to remember if you do some calculations and obtain a
result that seems at first sight to be different from the one given in this book or
in any other SUSY reference. In addition, several spinor identities we have seen
in previous chapters, the most important of which are listed in Appendix A, may
be used to rearrange expressions. It takes some practice to be able to tell quickly
whether or not two apparently different expressions are actually equivalent.

Coming back to Eq. (5.12), we observe that the first and last term contain ¢*,
whereas the second and third term contain ¢. Thus each pair of terms must cancel
separately (up to total derivatives).

Consider the first and last terms. At first sight, these two terms look very different:
The last term contains 6* and ¢, whereas these matrices do not appear at all in
the first term. However, we have already shown how the two are related! Indeed, in
Eq. (4.34) we proved that

05" 0,0,x = 0", x

The proof makes it evident that the identity also holds if the derivatives are acting
on a scalar field, so we have

0" &Y 0,0,¢ = 0,0"p
= ¢ (5.13)

In Section 4.9 we proved this using the identity (A.9). It also can be proven by
directly contracting the Lorentz indices, as you are invited to do in Exercise 5.2.

EXERCISE 5.2
Prove Eq. (5.13) by expanding explicitly the Lorentz indices (i.e., by writing 6”0, =
009, + ¢'9; and so on).
Therefore, the sum of the first and last terms of Eq. (5.12) is
[+1V = (8" xNio? ¢* 8,0 —iC*x" ¢ic?¢*

Of course, we can move ¢ around because it is not a matrix quantity and write

14+ 1V = @ xNio? ¢* 8,¢ —iC*xTioc? ¢* ¢
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We cannot make those two terms cancel because the derivatives act on different
fields. But we have a trick to move derivatives around: integrations by parts! If we
integrate by parts the derivative acting on x| and use the fact that 9,,¢* = 0, we get

[+1V=—xlioc?¢* ¢—iC*xlio?c* ¢ (5.14)

where, as usual, we have dropped the surface term. We see that this vanishes if we
take C = —i.
Now consider the sum of the second and third terms of Eq. (5.12):

410 = —@3*pNH ¢Tio? 8, x + C@,9N ¢Tio? oV ic" 8,

which, after integrating the derivatives acting on the spinor field by parts and using
Eq. (5.13), may be written as

N+ =( ¢H¢elio’x —iCc( ¢NHTio%y (5.15)

which again vanishes if we take C = —i!
We have therefore achieved our goal: We have introduced a SUSY transformation
that leaves our action invariant! We have shown that the lagrangian

Liree = 8,00 3"pT + xTi5" 9, x (5.16)

is invariant under the SUSY transformations

dp=¢-x

¢t =2 %

Sx = —i(d,¢)0"io*¢*

Sxt=—i@pHeTio? ot (5.17)

Building our first supersymmetric theory was not so hard after all! Unfortunately,
there is one subtlety that will require us to modify these results significantly in two
ways: we will need to include a new field in the lagrangian (with its own SUSY
transformation) and modify the transformation of the spinor. To understand why
anyone would want to do that, we will first need to review the concept of symmetry
charges and their algebra.
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5.4 Quiz

1. What is rigid supersymmetry?
2. What is the dimension of the infinitesimal SUSY parameter ¢ ?

3. We want the transformation of the spinor field to be linear in the scalar field ¢
and in the SUSY parameter ¢. Using dimensional analysis alone, what form
must the variation of the spinor field §x take (the answer does not have to
have the correct Lorentz transformation property)?

4. What is SUGRA?
5. What would be wrong with the transformation § x = C(9,¢)6"¢?
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CHAPTER 6

The Supersymmetric
Charges and
Their Algebra

When a lagrangian is observed to possess some continuous symmetry, the natural
thing to do is to find the charges generating the symmetry, also called the generators
of the symmetry. Actually, as we will see, what really matters is the algebra obeyed
by the charges, i.e., the commutation or anticommutation rules, not the charges
themselves (as an aside, when the algebra involves anticommutators, it is often
referred to as a graded Lie algebra). We will start by reviewing some elementary
results concerning charges and their algebra before tackling the supersymmetry
(SUSY) algebra in Section 6.5. We will be led to modify our supersymmetric
theory of the preceding chapter substantially in order for the SUSY algebra to be
well-defined for off-shell fields (see Sections 6.6 to 6.8).
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6.1 Charges: General Discussion

To explain what charges are, let’s go back to the field transformations ¢ and § x,
which leave the action invariant. We have written these variations explicitly in terms
of the fields and of the infinitesimal spinor ¢. Now, if we think in terms of canonical
quantization, ¢ and y are operators, and the calculation of any physical process
always boils down to the evaluation of expectation values of some combination of
the fields.

To simplify the discussion, consider for now a scalar field operator ¢ (unrelated
to the scalar field ¢ that appeared in our supersymmetric lagrangian). If a certain
transformation is a symmetry of the theory, it must leave unchanged the expectation
value

(alg|b) (6.1)

We will be mostly interested in spacetime transformations and, later, the implemen-
tation of the supersymmetric transformations as transformations in superspace. Let
us then focus for now on spacetime transformations. Transformations that leave a
classic scalar field unchanged should leave the expectation value (6.1) unaffected
as well. To be specific, we should have

(@'|¢(x)ID") = {alg (x)|b) (6.2)

Note that there are two differences between the two expressions: The field operator
is evaluated at different spacetime points, and it is sandwiched between different
states. We now introduce a new field operator ¢’ that we define by

(d'|p(x)|b") = {alg'(x)]b) (6.3)

In other words, the effects of the change of states is contained in the definition of
the new field operator. If we substitute the right-hand side of Eq. (6.3) back into
Eq. (6.2), we get

(alg’(x")|b) = (alg(x)|b)
Since the states are arbitrary, we must conclude that
¢'(x") = ¢p(x)

This is not surprising, this is exactly how a classic scalar field behaves under a
Lorentz transformation!
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Let’s write x” as x — x (the reason for the choice of sign of dx will become
clear shortly). This gives us

¢'(x —8x) = ¢ (x)

or

¢'(x) = p(x + 8x) 6.4)

We see that our choice of a negative sign of the variation in x” was so that we would
get a positive sign on the right-hand side of Eq. (6.4).

We will use this in a moment, but first, let’s talk about what happens if the field
is not a scalar. Let’s consider instead a field operator F that transforms under some
representation of the Lorentz group (a vector, spinor, etc.). Then, Eq. (6.2) will be
replaced by

(@'|FE&HID') = S(A) (alF(x)]b) (6.5)

where S(A) is the Lorentz transformation matrix corresponding to the representa-
tion of the field operator. Correspondingly, Eq. (6.4) is replaced by

F'(x) = S(A) F(x + 8x) (6.6)

We will need to apply this result to the case of a spinor field later in this chapter.
Now we will work out a different expression for the left-hand side of Eq. (6.2),
an expression that will allow us to establish a connection with the charges.
Physically meaningful transformations preserve the norm of states and therefore
can be written in the form of unitary operators (or antiunitary operators in the
case of time reversal), namely, operators satisfying UT = U~!. We will take the
transformation of the states to be

la) — U'la) by — UT|b) (6.7)
so the left-hand side of Eq. (6.2) takes the form
(@'|p(xNID) = (alU¢(x"\UT|b)

It is, of course, arbitrary whether we define the states to transform with the matrix
U or with the matrix UT, and you will encounter both conventions in the literature.
Now, using Eq. (6.3), we can relate this expression to the primed field ¢’

(alg'(x)|b) = (alU¢p(xHU'|b)
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which implies
¢'(x) = Up(xU'
or

¢'(x) = Up(x)U' (6.8)

Now we are ready to introduce the charges generating the transformations.
Assume that the transformations we are interested in are parametrized by a set
of n infinitesimal parameters €1, €;, . . ., €,, in which case there are necessarily n
charges Q1, Q», ..., Q,. The charges are defined through

U = exp(£ie; Q;) = exp(Lie - Q) (6.9)

where we introduced a shorthand dot notation for the sum ¢; Q;. We allowed for
two possible signs in the argument of the exponential because we will encounter
both cases in our calculations.

It is important to keep in mind that here the € could either be ordinary (commut-
ing) constants or Grassmann quantities, such as the Weyl spinor ¢ that we intro-
duced to parametrize supersymmetric transformations. The corresponding charges
are then, respectively, bosonic or fermionic.

Substituting Eq. (6.9) in Eq. (6.8) and expanding to first order in €, we get

p'x)~ (1tie- Qo) (1 Fie- Q)
=¢(x)LTie-Q¢d(x) Fipx)e- Q
=¢() xile- 0, 9(x)] (6.10)

Let’s define

P'(x) = p(x) + 8¢ (x) (6.11)

By comparing Egs. (6.10) and (6.11), we obtain a very useful result:

| *le - 0. ¢] = —i 50| (6.12)

where the sign on the left-hand side is the same sign as the argument of the expo-
nential in the operator U.

In the case of spacetime symmetries, Eqs. (6.4) and (6.11) imply the obvious
relation

8¢ = ¢(x +6x) — ¢(x) (6.13)
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For a general field F, we have instead
SF(x) = S(A) F(x 4+ 6x) — F(x) (6.14)

Equations (6.12) and (6.4) [and its generalization, Eq. (6.6)] are the key results of
this section. They show us how to relate the transformation of a field to a commutator
with a charge and to the transformation of the coordinates, respectively.

As a very simple example, consider a lagrangian density that is a function of a
single real scalar field £(¢). The action § =i f d*x L is obviously invariant under
a translation of the field

Pp(x") —> ¢'(x") = p(x" +a") (6.15)

where a” is a constant-displacement four-vector. Therefore, the variation of the
field 6¢ under this symmetry transformation is

Sp(x") = p(x" +a") — p(x")
~ a"d,¢ (6.16)
This is an obvious invariance because the lagrangian density is integrated over all

spacetime, so we can always do a shift of the integration variable x* — x* + a”,
which implies that

/ d*x L(¢) = / d*x L(¢)). (6.17)

Since there are four parameters, the four a,, we introduce four charges that we
suggestively call P#, and write the unitary operator as

U = exp(ia“P,) (6.18)
Substituting Eqgs. (6.16) and (6.18) into Eq. (6.12), we get
a"[P,, ] = —ia"9,¢ (6.19)

Since this must be true for an arbitrary infinitesimal four-vector a,, we conclude
that

[Pp.a ¢] = _iau¢ (620)

a relation that will soon prove useful.
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As an aside, the charges of a symmetry sometimes are also called the genera-
tors of the transformation. For example, the P, are often called the generators of
translation in spacetime.

As a second simple example, consider a theory containing a single complex
scalar field and which is described by a lagrangian density that is invariant under
a U(1) transformation, ¢ — ¢'*¢, with « being a constant parameter. This is an
example of an internal symmetry, i.e., a symmetry that is not related to a change
of coordinates but to an equivalence between different fields at the same spacetime
point. In this case, the variation of the field is §¢ = ia¢. Writing U = exp(ic Q),
Eq. (6.12) simply gives

[Q.¢]1=1¢ (6.21)

A less trivial example is the object of Exercise 6.1.

EXERCISE 6.1
Consider the Lorentz transformation

x* — AR xY
For an infinitesimal transformation, we may write
oy I T
A x" = x" + ol x
=x" + o"x, (6.22)

where o’ is antisymmetric, "’ = —w"*. Because of this antisymmetry, it is
important to keep track of which index is the first one and which is the second one
when we write w*, which is why the lower index is shifted to the right.

We write the unitary operator implementing Lorentz transformation on a scalar
field as

U = e 5" M

where the charges M*” are also antisymmetric. The factor of 1,/2 is included to allow
the sum to be over all values of the indices without double counting (since @M, =
w?' M5, , for example). Note the sign in the exponent! It is natural to take the Lorentz
transformation to have the opposite sign to the translation transformation by analogy
with classic physics (see Section 2.5 of Ref. 20 for more details).

The transformation of the field is given by

8¢ = (" + ""xy) — p(x")
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First, prove that we may write
1
¢ = wa”(xvau — x,,0,)¢ (6.23)

Then prove that the commutation relations between the charges M*” and a scalar
field are

[M;ws @] = i(xvau - xuav)¢

The combination of the Lorentz transformations introduced in Exercise 6.1 and
the translations generated by the P, form the Poincaré group. You will work out
the Poincaré algebra, the set of commutation relations obeyed by the Lorentz and
translation generators, in Exercise 6.3.

There is unfortunately no standard in the literature for the signs used in the expo-
nents of the operators U, i.e., for the choice between U and U T in the transformations
of the states (6.7) or for the choice between active and passive transformations in
the change of coordinates (which affects the sign of dx). A difference of conven-
tion in any of these aspects affects the signs of some of the equations containing
charges. Because of this, it is typical to see equations differing in signs from one
book to the next. I have chosen a set of conventions that maximizes agreement with
most introductory references on SUSY, but it’s impossible to agree with all of them
because they don’t even agree with one another!

Note that Egs. (6.20) and (6.21) are formal expressions in the sense that they tell
us what the commutations of the charges with the scalar field are without giving us
explicit expressions for those charges. It is possible to obtain explicit representations
of the charges, as we will discuss in the next section, but what is even more useful is
to work out the algebra of the charges, a topic to which we now turn our attention.

6.2 Explicit Representations of the Charges
and the Charge Algebra

Given that we already have figured out the SUSY transformations of the fields,
it might seem like there is no point in finding the charges. However, the charges
associated with a symmetry provide a powerful tool to learn a great deal about
theories having this symmetry without even writing down any lagrangian! Actually,
we don’t even need to work out the explicit charges; all we really need is the
algebra of the charges, i.e., the commutation rules (or anticommutation rules) they
obey.
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As an example of how the knowledge of mere commutation rules may be so
useful, think about the harmonic oscillator in quantum mechanics. Given only the
commutation rules of the raising and lowering operators, it is possible to find the
allowed energies of the system without even working out any explicit wavefunc-
tion! Or consider the spin operators S1 and S;. Using only the algebra between
those operators, it is possible to show that particles must have either integer or
half-integer spins and that for a given spin s there are 2s + 1 states. In a similar
vein, the algebra of the SUSY charges will reveal many general properties of su-
persymmetric theories, such as the types of particles that must be grouped together
in order to form SUSY-invariant theories without us having to write down any
lagrangian.

Now that we have motivated the usefulness of knowing the algebra of the charges
generating a symmetry, let us turn to the question of how to actually determine it.

One approach is to build explicit representations for the charges and then to
compute by brute force their algebra. It is difficult to use Eq. (6.12) to guess the
correct expressions for the charges because of the commutator on the left-hand
side. Fortunately, a systematic way to obtain the charges is available. It consists
of building a set of currents J;i associated with the symmetry from which the
corresponding charges are found by integrating over space (not spacetime) the
zeroth component of the currents:

0 = /d3x JO@&, 1)

It is important to note that in this approach, the charges (and the currents) are
themselves quantum field operators. The algebra of the charges then can found
using the equal time commutation relations of the fields present in the theory.

We will review the use of currents in detail in Section 7.7. For now, let us simply
summarize the strategy underlying this approach. The starting point is a set of field
transformations leaving the action invariant (i.e., leaving the lagrangian density
invariant up to total derivatives). From that, one can work out the algebra of the
charges through the following steps:

Field transformations = currents = charges as quantum fields = algebra

(6.24)

Of course, as a double-check that the charges are correct, one then can use Eq. (6.12)
to recover the transformations of the fields.

In the case of spacetime symmetries, there is a second explicit representation of
the charges available: as differential operators acting on the fields. In this chap-
ter we will use carets over the differential operator representation of the charges
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to distinguish them from their representation as quantum field operators. Let us
now see how these differential operators can be found. The differential operator
representation of the charges is defined via

¢ (x)) = exp(Lie; ;) ¢ (x)
~¢(x) £ie Qi p(x) (6.25)

where now we think of the field ¢ as an ordinary function of spacetime. If we
know explicitly the transformation of the coordinates, we simply write x” in terms
of x and Taylor expand ¢ (x’) to first order in the change of coordinates, which
allows us to read off the charges Q directly. Once we have differential operators
representations for the charges, it is a simple matter to compute their algebra.

As an example, consider again spacetime translations, Eq. (6.15). Using IA’M to
represent the differential operator representation of the charges associated with this
symmetry, we write

U = exp(—ia"P,) (6.26)

Note the sign difference with respect to Eq. (6.18). There is much freedom in the
choices of signs in most formula we deal with in this chapter, which makes it quite
frustrating to compare equations from different references that typically do not use
the same conventions. The absence of standard notation means that the signs of the
commutation relations and the signs in the definitions of the charges will vary from
one source to another. This must be kept in mind when consulting the literature.

With our convention, we find

¢(x) +a"d,p(x) = p(x) —ia"P,g(x) (6.27)
which leads to
P, =id, (6.28)

Note the difference between Egs. (6.28) and (6.20). It goes beyond the difference
of sign on the right-hand side! In Eq. (6.20), the charge P* is a quantum field
operator, not a differential operator.

EXERCISE 6.2
Define the action of the differential operators M, on a scalar field through

1

d(x') = exp (2a)“Mﬂ) o (6.29)



110 Supersymmetry Demystified

with the change of coordinates given again by Eq. (6.22). Show that

A

My = i(x,0, — X,0,,) (6.30)

Be warned that most books do not use a different notation for the charges rep-
resented by quantum field operators and the charges represented by differential
operators, which can lead to some confusion. Even worse, the same symbol is often
used to represent the eigenvalues of the charges. For example, consider again P*.
Depending on the context, this may represent a differential operator, a quantum
field operator, or the actual four-momentum of a state! Always make sure that you
know which of these meaning is implied when looking at an equation that contains
a charge. In this chapter we use a caret, as in f)ﬂ, for the differential operator repre-
sentation and a simple capital letter, as in P*, for the quantum field operator. Later,
when we will need to represent the eigenvalues of the momentum operator, we will
use a lowercase letter, as in p,,.

Once we know the representation of the charges as differential operators, it is a
trivial matter to work out the algebra they obey (see Exercise 6.3 for the example
of the Poincaré algebra).

To summarize, the strategy is to start from transformations of the coordinates
that leave the lagrangian density invariant (up to total derivatives) and from there
to go through the following steps:

Transformation of coordinates = charges as differential operators = algebra (6.31)

Atfirst, it may seem as if this approach is irrelevant to SUSY, a symmetry relating
boson and fermion fields. However, as already mentioned in Chapter 1, and as we
will show explicitly shortly, there is a deep connection between SUSY and Lorentz
transformations, a connection that can be formalized by defining an extension of
spacetime called superspace, which contains Grassmann coordinates in addition
to the usual spatial and time coordinates. One then can write the SUSY charges as
differential operators acting in that extended space. This approach will be pursued
in Chapter 10.

If the algebra of the charges is known, one actually can reverse the steps illustrated
in Eq. (6.31). One may use the algebra to work out the transformation of the
coordinates. This is how we will use Eq. (6.31) in Chapter 10, where we will start
from the algebra of the SUSY charges to work out the SUSY transformations of
the superspace coordinates.

We have so far discussed two ways to obtain the algebra of the charges by building
explicit representations for them. It turns out that it is also possible to obtain the
algebra without ever writing down any explicit representation of the charges. In
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other words, one may start from the transformations of the fields leaving the action
invariant and obtain the algebra directly:

Field transformations = algebra (6.32)

There is also a shortcut in the case of spacetime symmetries: One can start from
the transformation of the coordinates and obtain the algebra of the charges directly:

Coordinate transformations = algebra (6.33)

In the case of SUSY, the only information we have so far is the field transforma-
tions that leave the action invariant, so the only two routes available to us to find
the algebra are Eqgs. (6.24) and (6.32) (as noted earlier, the representation of SUSY
transformations as changes of coordinates will have to wait until Chapter 10, where
we introduce superspace). In the next section we will work out the algebra using
the shortcut of Eq. (6.32).

EXERCISE 6.3
Using the representations of the operators P#* and M"" as differential operators
[as given in Eqgs. (6.28) and (6.30)], show that they obey the so-called Poincaré
algebra, i.e.,
[p/u i)v] =0
[M;w, PA] = i(nvkpu - nkupv)
[M,w, Mpo] = i(nvap.o - nvaMup - nuvao + nuanp) (6.34)

Warning: Again, several different conventions are used in the literature, which leads
to commutation relations differing by an overall sign.

6.3 Finding the Algebra Without
the Explicit Charges

We will now show how the knowledge of the field transformations can be used to
obtained the algebra of the charges directly, following Eq. (6.32). In this section,
all the charges have to be thought of as quantum field operators, not differential
operators.
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To find the algebra of the charges generating a symmetry, we clearly need to
consider two transformations in order to obtain an expression with a product of two
charges. Let us then consider two successive transformations applied to a field ¢: a
first transformation with parameters «;, followed by a second transformation with
parameter ;. We will use a dot-product notation for the combinations o; Q; and

B;iO;.
We have

Up Uy ¢ UL U} = exp(iB - Q) explia - Q) ¢ exp(—ia - Q) exp(—if - Q)
Np+ilf- Q.91 +ila- Q. 9]
—[B-Q.la-Q.01]+- (6.35)

where we neglected all terms of order o> or 82 but kept the term bilinear in o and .
By definition, Eq. (6.35) is simply a variation with parameter « followed by a
variation with parameter 8 so that we can, of course, also write

Up Ua pUS UL = 8554 ¢ (6.36)
We now consider the commutator of two transformations, more precisely
880 —0840p¢ (6.37)
This is equal to

Up Uy p UL UL — Ua UppU Ul ~=[B- Q. - Q. ¢1] + [a- Q.8 Q. ¢]]
(6.38)

Setting Eq. (6.38) equal to Eq. (6.37), we get

85800 —8udpp=—[B-0Q.la-Q.,9l]+[c-0.[B-Q.0]] (639
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If we expand this out, being careful about the order of all the quantities involved,
we find that half the terms cancel out, leaving

8pbap—0udpp=0a-Q - Qbdb—-p-Qa-Q0d—-¢pa-0 -0
+¢B-Q a-Q
=(a-Q0B-Q0—-p-Qa-0)¢
—¢p(a-Q B-Q—-p-Qa-0)
=la-Q0.B-0l¢—-¢la-0,5-0]
=[la-0, B-01, 4] (6.40)

The same result, of course, can be obtained using the Jacobi identity, which may
be written in the form

[A,[B.C]] - [B,[A,C]] =[[A. B], C] (6.41)

Applying this to Eq. (6.39) gives right away the last line of Eq. (6.40).

The next step is to factor out the infinitesimal parameters, but the details depend
on whether the charges are bosonic, which is the case for all continuous symmetries
encountered in introductory quantum field theory classes, or fermionic, as is the
case in SUSY. When the charges are bosonic, Eq. (6.40) leads to the commutation
relations between the charges, whereas for fermionic charges, the equation yields
anticommutation rules, as we will see explicitly soon.

6.4 Example

Before tackling the more complex SUSY case, it might be useful to pause and do
a couple of examples with more familiar symmetries.

We will illustrate the use of Eq. (6.40) in the case of the algebra between the
charges P*. First, consider the left side of the equation. If we apply a second
translation to 8,¢ (x,) with an infinitesimal displacement b,, this time, we get

(Sb 8a ¢(xp.) = 8}) (¢(xu + au) - ¢(xp,))
= 517 ¢(xu + au) - 51) ¢(xu)

= ¢(xu + a, + bu) - ¢(xu + au) - d)(xu + bu) + ¢(xu) (642)
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This result is symmetric under the exchange a, <> b,, which is not surprising
because the order of the two translations does not matter. This implies that

8 8a P (xp) = 84 8p P (xy) (6.43)

so the left-hand side of Eq. (6.40) is zero.
Now let us work on the right-hand side of Eq. (6.40). We take the first transfor-
mation to be

U, = exp(ia“ P,) (6.44)
and the second one to be
U, = exp(ib"P,) (6.45)

In Eq. (6.40) we therefore replace o - Q by a* P, and 8 - Q by b" P,, so Eq. (6.40)
is finally given by

[[a"P,,b"P,), ¢] = a" b" [[Py. P,],¢p] =0 (6.46)
which implies
[[P.. P,].¢] =0 (6.47)

Now we want to obtain from this the commutator [P,, P,]. Obviously,
[P, P,] = 0is a possible solution, but is it the most general one?

This is one difficulty in using Eq. (6.40): The final step involves extracting from
an expression of the form [[Q,, O], ¢] the commutator between the charges (or
the anticommutator for fermionic charges). This is not always trivial. One must
make sure that one writes the most general commutator satisfying Eq. (6.40), and
there is, at first sight, always more than one possible answer. However, symmetry
arguments are usually sufficient to pin down the solution.

For example, one could argue that taking the commutator [ P,,, P, ] tobe aconstant
still would satisfy Eq. (6.47). But we need to have something with two Lorentz
indices, so we could try

[Pp.’ Pl = CNpy (648)

This obviously satisfies Eq. (6.47), but there is a problem: The left-hand side of Eq.
(6.48) is antisymmetric under the exchange of the two Lorentz indices, whereas the
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right-hand side is symmetric. This forces us to set ¢ = 0, giving
[P., P,I=0 (6.49)

which is indeed the correct answer.

The key point of this example is that we obtained the commutation relations of
the charges P, without ever writing them down explicitly! As aless trivial example,
you are invited to prove again the second equation of Eq. (6.34), i.e.,

[M/J.Va PA] = i(nvAP/L - n)»u.Pu)- (650)

EXERCISE 6.4
Prove the commutation relations (6.50) using Egs. (6.40) and (6.20).

6.5 The SUSY Algebra

We will now use Eq. (6.40) to find the algebra of the SUSY charges!

But first let us ask: how many charges do we have? Well, how many infinitesimal
parameters are involved in SUSY tranformations? There is the two-component
spinor ¢ and its complex conjugate g“* for a total of four parameters. We therefore
need four charges Q1, O, Ql, and Q2, which we obviously (see below) can group
into a Weyl spinor, that we will simply call Q, and its hermitian conjugate Q.
These SUSY charges are also often referred to as supercharges (what a surprise).
Until now, we have used Q to represent charges in general, but for the rest of this
book it will be used to specifically represent the SUSY charges.

The argument of the exponential in the unitary operator U must be Lorentz-
invariant, so we must combine Q and Q' with ¢ and ¢* in a Lorentz-invariant way
(which is why it was obvious that the supercharges had to be combined into a Weyl
spinor). We choose to make Q a left-chiral spinor. We know from Chapter 2 that
the two possible invariant combinations are then

0-¢=0Q(—ioc?)¢
and
0-¢=Qlic®¢

(recall that ¢ is not a quantum field operator, so we may write ¢/ simply as ¢*).
Written in terms of the supercharges, the unitary operator U generating SUSY
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transformations therefore is given by
U =exp(iQ- ¢ +iQ ) (6.51)

If we apply Eq. (6.12) to the SUSY transformations of ¢ and x given in Eq.
(5.17), we get

(- 0+C-0,¢l=—i¢-x
[£-Q+C-0,x]1=—i(@¢)o"a*¢*

which implies

[£-Q,¢l=—iC x
[Z-0,x]1=—i(d,¢)c"a’*

[£-0.¢1=[;-0,x1=0 (6.52)
We now consider two successive SUSY transformations of the fields in order to
use Eq. (6.40). We will use § as the infinitesimal parameter of the second transfor-

mation. Therefore, the first transformation is generated by the operator (6.51), and
the second transformation is generated by

Up =exp(iQ-B+iQ-p)

Let’s apply Eq. (6.40) to the scalar field ¢ of our supersymmetric lagrangian (we
will consider the spinor field x later); we get

8p8:d—8:8p¢0=[0-¢+0-L, Q-B+0Q-Bl ¢]
+[[0-2. 0-Bl. ¢]+[[0-%. OBl ¢] (6.53)

Right-Hand Side of Eq. (6.53)

The right-hand side of Eq. (6.53) can be brought into a much more useful form by
writing all the commutators of the charges with the infinitesimal parameters factored
out (it will become clear shortly why this is a useful thing to do). Let’s consider the
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first commutator, which we rewrite explicitly in terms of the components:

[0-¢, 0-Bl=[0(—ic?) ¢, O(—ic?) B]
= —[Q4 @™ &y, Qc () Bd] (6.54)

where it is understood that the whole expression is acting on the field ¢.

The indices on the o> have been chosen so that the usual summation convention
of relativity is respected (if you have read Chapter 3, this should be familiar; if not,
don’t read too much into it, it’s just a convention and these o2 matrices will drop
out of our final result anyway).

Now we have to be careful. The ¢; and g; are Grassmann numbers, but the Q;
are Grassmann operators! Thus we can move the 8; and ¢; through each other and
through the Q; on the condition of adding a minus sign, but we cannot switch the
order of the Q; (for the same reason that we cannot switch the order of X and P in
quantum mechanics). As for the components of the o2, these are simple numbers,
so we can move them anywhere we wish with no fear. We therefore can write

—[Qu (@) &4, Qc (03 Ba] = —(0H)* (03 (Qu &b Qc Bi — Oc Ba Qu &)
= (06" (6 ¢y Ba (QuQc + 0 Qu)
= (0 (M) ¢ Ba {Qus Qc) (6.55)

Note that we started with a commutator of Q - ¢ and Q - 8 but ended up with an
anticommutator of the charges. This is obviously due to the fermionic (Grassmann)
nature of the infinitesimal parameters.

Equation (6.55) is a useful form because it is written explicitly in terms of the
anticommutator of the charges, which will make it easier for us to isolate them in
the next section.

We still have three commutators to work out in Eq. (6.53). Consider the second
one:

[0-¢, 0-Bl=[0s(—icH™ g, Ol (i6™) B]
[Q. (D ¢, QL () B]

If you have read Chapter 3, you know that, strictly speaking, we should be using
dotted indices on the second o2, but again, this will not matter for the present
calculation. Now we can simply repeat the steps that led to Eq. (6.55) to get

[0-¢,0-Bl =~ 0GB 0!} (6.56)
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The remaining two commutators of Eq. (6.53) are now just a repeat:

[0-2,0-Bl=—(H)" (02 Ba{0), O}
[0-Z,0-Bl= ()" > ¢ pi1ol, of) (6.57)

Putting it all together, we see that Eq. (6.53) may be written as

8p8cp — 8:8p0 =[O, @] (6.58)

with the operator O being given by the sum of Egs. (6.55) and (6.56), and the two
expressions of Eq. (6.57)

O = (0 (062 (¢ Bi{Qu, Oct — & B {Qu, O}
— ¢ BalOl, 0 + & B (08, o)) (6.59)

Left-Hand Side of Eq. (6.53)
Using the SUSY transformations (5.17), we find

8p8c¢ = 85(=¢"iox)

=T 0?8 BX

=¢Tio%iotio?B* ¢

=—itTo’cto?B* 0P

=—it'6""p* 3,4  using Eq. (A.5)

=iplahe ) using Eq. (A.36) (6.60)
where we have used the fact that 0,¢ is not a matrix, so we are free to move it
around.

The last line in Eq. (6.60) is clearly the most condensed and most elegant way
to write the result, but the form shown two lines above (with the o2 still explicit)
will be more useful to compute the SUSY algebra because Eq. (6.59) contains o>
matrices too.

By switching 8 and ¢, we obviously have

8:85¢ = —ifT oo o’ c* 8,0
=i¢'6"B 0,0
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Therefore, the left-hand side of Eq. (6.58) is equal to

858:9 — 8859 = —i(¢ 0?0t 0B — BT o0 0?c*) 0,6
=—i(¢'e"p — Bi6")d,e (6.61)

Again, the first form will be the one we will use to obtain the SUSY algebra, but
the second one is the most elegant (and will prove useful later on).

What we now have to do is to set this equal to the right-hand side of Eq. (6.58). In
order to be able to extract explicit expressions for the anticommutators of the SUSY
charges, we need to write Eq. (6.61) in the form of the commutator of something
with the scalar field. The trick is simply to use Eq. (6.20), namely, 9,,¢ = i[ P, ¢1,
which allows us to write the first line of Eq. (6.61) as

5,38;(]5 —8§6ﬂ¢) — (g.TO_ZO.MO_ZIB* _IBTO_ZO_;Lo,Zé.*) [P/ud)]

= [({TUZO”G2,3* _ ,BTGZGV'UZC*)PM, ¢:| (6.62)

where the last step is possible because ¢, 8 and the sigma matrices commute with ¢.
Finally, comparing Eq. (6.62) with Eq. (6.58), we get

[0.9] = [ 0% o’ B* = pT o0 Py, @] (6.63)
with O given by Eq. (6.59). It is tempting to conclude that this implies
O = (t"o?0"o*B* — BT 0’0" 0% P, (6.64)

but we have only proved Eq. (6.64) when the two sides are applied to the scalar
field ¢. Before concluding that it is a valid identity in our theory, we must prove
that it is also satisfied when applied to the spinor field y. It turns out, as we will
demonstrate in the next section, that Eq. (6.64) is not valid when applied to the
spinor field. This will lead us to modify our lagrangian to ensure that Eq. (6.64)
does apply to all fields. Since the end result is that Eq. (6.64) will be satisfied, let’s
go ahead and use it to work out the SUSY algebra.

The right-hand side of Eq. (6.64) is not yet in a suitable form for comparison
with Eq. (6.59) because we still need to factor out the infinitesimal parameters and
write explicit indices on everything. To facilitate the comparison, we will assign
the same indices to ¢ and S as they have in Eq. (6.59), i.e., b for ¢ and d for 8. We
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therefore write

¢To?ot o’ = 5, (01" (0")ac(0) B (6.65)
and

BTo’0"oc* = Ba(0®)(0")a(0®) Gy (6.66)
Note that in Eq. (6.59) the indices of the two o2 matrices are, respectively, ab and
cd. We would like to have the same indices in our two o> matrices in Egs. (6.65) and
(6.66) because then we will be able to cancel them out in Eq. (6.64). This is easy to
achieve because o' is antisymmetric, so (62)* = —(0?)* and (62)4¢ = — (o).
In addition, we will move the ¢, to the left of the B, in Eq. (6.66) because this is
the order in which these appear in Eq. (6.59). Using the fact that the components of
the o matrices are simply numbers that can be moved around freely, we can rewrite
Eq. (6.65) as

tTolata’* = =570 (0°) (0" )ac (6.67)
and Eq. (6.66) as

Brorata?c* = ¢f Ba(a )P (0% (M) ea

Using these last two results in Eq. (6.64), we obtain

O = —(0%)" (%)™ (;bﬁ;;(o“)ac + ;;ﬁd(a%) P, (6.68)

Using Eq. (6.59) for O and canceling out the components (o2)%? (o?)“?

on both sides, we finally get

appearing

6Bl Qus Qe — GoBi{Qus Q1Y — &7 B4 0L, 0} + ¢ B3 0L, 0F)
= _g‘bﬂ;(aﬂ)acpu - g[;kﬂd(o_ﬂ)capu (6.69)

Since the spinors ¢, 8 and their complex conjugates are arbitrary, Eq. (6.69)
actually contains four independent equations. The terms in ¢, 8; and in ¢, 8 lead to

{Q4, 0p} =0 (6.70)
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and

{ol, 0ly=0 (6.71)

If you have read Chapter 3, you know that using the dotted and bar notation, this
also can be written as

{Qa» 0} =0
Now, if we consider the terms in ¢, 8 in Eq. (6.69), we find
{Qa» Qi} = (O'M)acpu,

which is usually written with the index on QT labeled b:

(Qa, O}} = (") s Py (6.72)

Again, using the bar and dotted notation of Chapter 3, this may be written as

{Qas 04} = (") Py (6.73)

It is important to point out that the normalization of the supercharges is arbitrary,
so we are free to rescale Eqs. (6.72) and (6.73) by a constant. Another way to
put it is that we could have multiplied the supercharges in the exponential of U,
by an arbitrary factor. A normalization that is used often in the SUSY literature
corresponds to rescaling our supercharges by Q — Q/+/2, which then transforms
Egs. (6.72) and (6.73) into

{Qa, O}} = 2(6")ap Py
{Qa, 03} = 2(0") 5 Py (6.74)

We will use the normalization Eq. (6.72).
Let’s finish with the terms in ¢, 8, in Eq. (6.69). These yield the relation

{Ql» Qc} = (Ju)caPu (675)

It is easy to see, however, that this is equivalent to Eq. (6.72). By the definition of
an anticommutator, we may exchange Q) and Q. (without picking up any minus
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sign) and write Eq. (6.75) as

{QC’ Q;} = (Gu)caP;L

which, after renaming the indices, is exactly the same as Eq. (6.72).

The commutation relations (6.70), (6.71), and (6.72) are what we were seeking:
the algebra of the SUSY charges. The fact that the anticommutators (6.72) contain
the four-momentum operator is a crucial aspect of supersymmetry, and we will
discuss this in more detail shortly.

To complete the algebra, we need to work out the commutators of the SUSY
charges with the Poincaré generators P* and M*". It is easy to see that the super-
charges commute with the momentum operator because the SUSY transformations
do not generate any function of x on which the derivatives of P could act, so

[Qa’ PM] =0

[0}, Pu]=0 o

Things are a bit more interesting when it comes to the commutator with the
Lorentz generators M,,,. To work this out, we first need to write down the Lorentz
transformation of Weyl spinors. The Lorentz transformation of a spinor field has
two contributions: The argument transforms in the same way as for a scalar field
[see Eq. (6.23)], but in addition, the spinor gets multiplied by the matrices shown
in Eq. (2.32).

Our first step is to write down a covariant expression for the transformation of
the spinors given in Eq. (2.32) in terms of the parameters w"”. For a left-chiral Weyl
spinor, the answer is that Eq. (2.32) may be written as

x' = exp (%w‘“’a,w> X (6.77)

where the matrices o, are defined as

O = ﬁ:(m — 0,5,) (6.78)

Note that o,,, is antisymmetric under the exchange of the indices © and v. The
exponential can be shown to reproduce the transformation of y given in Eq. (2.32),
with an appropriate choice of the coefficients w"".
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As for a right-chiral spinor », it transforms as in Eq. (6.77) but with o, replaced
by

i
Oy = Z(_;Lav - 6—\;0—“) (6.79)

The complete Lorentz transformation of a left-chiral spinor therefore is
x = x'(x) =exp (%w‘”%u> X (xH + ox,)
~ i 7y 1 nv
~ox 4 T + 7% (x00x — X0, x)
1
=x+ Ea)’”(ia,wx + x00, X — X,0uX) (6.80)
so the variation of the spinor is given by
|
S = ¢ (iouwx + X0 x — x,0,x) (6.81)

To work out the commutation relation of the supercharges Q, with the Lorentz
generators M,,,, we start again from Eq. (6.40), which now takes the form

1
—5[[§ -0, "My 1, 9] = 8,8:¢ — 880 (6.82)

where the factor of —1/2 is the one that accompanies the generators M,,, (see
Exercise 6.1). It is then a simple matter to show that

[Qu, My, = (0,),7 Qb (6.83)

the proof of which is the subject of Exercise 6.5. The indices of o, are chosen
this way in order to satisfy the usual summation convention. The matrices o, are
antisymmetric, which is why we need to use spaces to indicate clearly that the upper
index is the second index.

The only tricky aspect of the derivation is that we need at some point the com-
mutator of the supercharges with the scalar field. This is easy to find by going back
to Eq. (6.12), which, using the SUSY transformation of the scalar field §¢ = ¢ - x,
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becomes

[£-0,¢l=—i-x (6.84)

This immediately gives us

[Qa, @] = —ixa

or, suppressing the spinor indices,

[Q. 9] = —ix (6.85)

Using this result, it is a simple matter to prove Eq. (6.83) starting from Eq. (6.82).
This calculation is the object of the first part of Exercise 6.5.

The calculation of the commutation relation with the charges QZ and Q%' is
much simpler using the van der Waerden notation of Chapter 3. We will simply
quote the result and leave the derivation to the second part of Exercise 6.5. If you
haven’t covered Chapter 3 yet, you may skip this exercise for now and come back
to it later. The final results are

[Qd» M,uv] = _Qb (6uv)ba

. o (6.86)
[Qa’ M,uv] = (6uv)ab Qb

We have achieved our goal of obtaining the complete algebra of the supercharges.
However, as mentioned earlier, we have cheated in the step from Eq. (6.63) to Eq.
(6.64) because we have not shown that Eq. (6.64) was valid when applied to the
spinor field as well as to the scalar field. We will remedy this lapse in the next
section.

EXERCISE 6.5

a. Prove the commutation relation (6.83).
b. Prove Eq. (6.86) to be done after you have gone through Chapter 3.

Hint: In order to get an expression for the supercharges Q, which are related to
the hermitian conjugates of the supercharges Q, we use Eq. (6.40), but with the
transformations on the left side applied to ¢ instead of ¢. So the starting point
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will be

1

—5[[Q 0" M), 9] = 8,801 — 88,0 (6.87)

It will then be straightforward to prove the first commutator of Eq. (6.86). You can
then use € symbols to obtain the second commutator from the first. You will need
to show that

€€ (™) = ("), (6.88)

6.6 Nonclosure of the Algebra for
the Spinor Field

As mentioned earlier, the SUSY algebra we have just obtained is, strictly speaking,
valid only when applied to the scalar field. To prove that the algebra is valid in
general, we have to check if we would have obtained the same result starting from
the transformation of the spinor field. We will now see that it will not work without
modifying the theory in a nontrivial way.
Consider the variation of the spinor field. Using Eq. (5.17), we get
8pdc x = 8p(—ic"ic?C" Bu¢)

= (0"0%¢") 3,(559)

= (O-ILU2;-*) B - 8/4)(
where, obviously, B - 9, x stands for the usual spinor dot product between B and
oux:

B dux =B (—io?)d.x

Note that what we have is really two identities, one for each component of x. To
make this more clear, we can write

888; Xa = (6"07¢*)a B+ dux (6.89)
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To simplify the notation, let’s define
a=oto’c* (6.90)
so that we may write Eq. (6.89) as
88 Xa = a B+ ux 6.91)

Our ultimate goal is to check if the commutator of two SUSY transformations on
the spinor is of the same form as what we obtained for the scalar field in Eq. (6.61).
To compare, we need to rewrite Eq. (6.91) in the form of something times 9, x4,
i.e., we want the index a to be on x. We can move the index using the following
identity, valid for any three spinors «, § and y:

aa(B V) + Baly - @) + ala - B) =0 (6.92)

Note that the spinor dot products are commuting quantities, so we are free to move
them around. For example, o, (8 - ) = (B - ).

EXERCISE 6.6
Prove Eq. (6.92). Hint: Expand out all the terms in terms of the components of the
spinors, and check explicitly that the identity is satisfied for botha = 1 and a = 2.

Obviously, to apply Eq. (6.92) to Eq. (6.91), we simply have to define 0, x = y.
We then obtain [using Eq. (6.90)]

855{)(11 = —(8/,,)() - ,Ha — - ,3 8/LXa
= _(8;/.)() - ,Ba - :3 ‘o a;LXa
= —(@u0)" (—io?)o"0?c") po — (BT (mio?)o"0?¢") duxa
= i((aux)Tcrzo“o*zC*),Ba + i(,BTazcr”ozg“*) O Xa
where in the second line we have rewritten « - 8 as 8 - « only so that the transpose
would be applied to 8, not to the complicated « [defined in Eq. (6.90)]. Note that
the expressions inside the two parentheses in the last line are commuting quantities.

We can freely move B, or 9, x, through these parentheses without picking up any
minus sign.
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Using Eq. (A.5) and then Eq. (A.36), we can simplify the result greatly:

8p8c xa = (000" 0% 0’ B +i(B" 070" 0°C") By
= i((0x)"6" ") Ba + (BTG E7) Buxa
= —i(¢'6"8,x)Ba — (16" B) Buxa

The second term on the right-hand side is what we wanted, something proportional
to d,, X4, but the first term will cause us some grief.
Obviously, by switching ¢ and 8, we get

8:8p%a = —i(B16"8,x) 80 — i (B16"C) 8 Xa

so that

(858§ - 855/3))((1 = _i(gj[&#aMX)ﬂu + i(ﬁjfo_'ﬂau)()ga
—i(¢'6"p — B'6"¢) 8.xa (6.93)

Note that the last term is identical to the transformation we had for the scalar field
(6.61) with ¢ replaced by yx! Unfortunately, the first two terms of Eq. (6.93) spoil
the fun.

Note thatif i6c#9, x = 0, the two unwanted terms drop out. But this is nothing
other than the Weyl equation! In other words, if the spinor satisfies its equation of
motion (i.e., if it is on-shell), then we recover the algebra we had obtained previously
using the transformations of the scalar field. However, for an off-shell spinor, one
cannot write the algebra of the SUSY and Poincaré charges in terms of those same
charges, as we did in Section 6.5. The conclusion therefore is that the algebra on
the spinor field closes only on-shell.

What we would like to do now is to modify the theory so that the algebra on the
spinor field will close off-shell, i.e., even if the spinor does not obey its equations of
motion. Why do we want that? This is a subtle issue. There are SUSY theories that
have no off-shell formulations, i.e., whose algebra closes only on-shell, so it would
not be the end of the world if we would not modify our toy theory to close off-shell.
However, when the algebra does not close offshell, SUSY transformations become
nonlinear (they contain products of the fields) and depend on the coupling constants
present in the theory. This makes it much more difficult to design lagrangians that
are invariant under SUSY. We will therefore modify the theory to enforce that the
algebra closes off-shell.
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6.7 Introduction of an Auxiliary Field

There is a simple argument requiring no calculations that we could have used to
predict that the SUSY algebra would not close off-shell. SUSY requires the number
of bosonic and fermionic degrees of freedom to be equal (this will be demonstrated
in the next chapter). A Weyl spinor has two complex components and so four
degrees of freedom when it is off-shell. On-shell, the equation of motion imposes
two constraints, reducing the number of degrees of freedom to two. A complex
scalar field has two degrees of freedom, so we see that on-shell, the number of
bosonic and fermionic degrees of freedom match. However, off-shell, the number
of bosonic and fermionic degrees of freedom do not match anymore. This explains
why the SUSY algebra only closes on-shell if we have a single complex scalar field
and a Weyl spinor.

But the argument also suggests a solution. We need to add a bosonic field that
will provide two degrees of freedom off-shell but no on-shell degrees of freedom!
A field that has no on-shell degrees of freedom is called an auxiliary field, so what
we need is to add to the theory a complex scalar auxiliary field, commonly called
F. How do we get the field F to have no on-shell degrees of freedom? The trick
is to make sure that the equation of motion for this field is F = F = 0! This will
clearly be the case if we add a term in the lagrangian that contains a product of F
and FT; i.e., we do not include a kinetic term for F.

The simplest real term depending on F and F' is FF'. So our lagrangian now
takes the form

L=20,00"¢" + x1ic"d,x + FF' (6.94)

Note that despite being a scalar field, the field F is of dimension 2! This is something
important to remember, so let’s emphasize it:

[F]=2

What should we take for the transformation of F under SUSY? Since it has
a different dimension than ¢, we cannot use the same transformation. We want
a transformation that is linear in the SUSY parameter ¢ and linear in one of the
fields. Recall that ¢ has dimension —1/2, so it must be multiplied by something
of dimension 5/2 (because F has a dimension equal to 2). This means that the
transformation must contain the spinor field x, so our starting point is

SF ~(Cy
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Since the dimensions of y and ¢ add up to 1, we need to include something with
a dimension equal to 1. We don’t want to use the scalar field to avoid a nonlinear
transformation. What else do we have with dimension equal to 1? A derivative, of
course! So let’s try

OF ~¢a,x

which has the right dimension. But, of course, it does not have the right Lorentz
transformation because F is Lorentz-invariant. We need to include something that
is dimensionless and yet carries a Lorentz index. Obviously, we want either o or
6. We know, from the Dirac equation [see Eq. (2.26)] that it is the matrices 6
that must be applied to a left-chiral spinor to yield an expression with well-defined
Lorentz properties. So let’s consider

~ 5",

Unfortunately, this still does not have the correct behavior under Lorentz transfor-
mations. From Eq. (2.26) again, we know that %0, x transforms like a right-chiral
spinor. On the other hand, ¢ is a left-chiral spinor. So we must recall how to com-
bine a left- and right-chiral spinor to form a Lorentz invariant. The answer is that
we must contract the hermitian conjugate of either spinor with the other spinor [see
Eq. (2.42)]. It will be easier here to take the hermitian conjugate of ¢ and contract
it with %9, x, so we finally take

SF =Kc'6"a,
where K is some constant that we will determine shortly. This has the correct
dimensions and Lorentz properties.
By taking the dagger, we get
SF' = K*(3,x"ha"¢

What we must now find out is whether it is possible to add the term FF' without
spoiling the invariance of the lagrangian under SUSY. The variation of FF' is

S(FF'y = K¢16M @, ) FT + K*(8,x NG ¢ F (6.95)
which is not a total derivative, so we are in trouble. What we need to do is to

modify the SUSY transformation of either ¢ or x in such a way that the extra
terms generated will cancel Eq. (6.95). Note that the variation of the spinor kinetic
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energy is
8(xTi6"d,x) = BxNic"d,x + xi6"8,(5x) (6.96)

which looks a lot like Eq. (6.95)! To make the similarity more apparent, let’s rewrite
Eq. (6.95) in the form (after doing an integration by parts on the second term)

S(FF'y = (K*¢F) "8, x — x'6" 8, (K*¢ F) (6.97)
It is now obvious by comparing Eqs. (6.96) and (6.97) that if we take
8x = —iK*¢ F + previous transformation

the variation of the kinetic term of the spinor field will cancel out the variation of
FF' (modulo a total derivative).

We see that the value of the constant K is left completely arbitrary. The con-
vention is to make the new term in the transformation of x as simple as possible,
namely,

—iK*(F=(F

which fixes K = —i.
Our final result is that the lagrangian

L=2d,00"¢" + x'ic"d,x + FF' (6.98)

is invariant (up to total derivatives, as always) under the following SUSY transfor-
mations:

3p=2¢-x
8x = —ioc™(io?c*) 3,0 + F¢ (6.99)
8F = —ic'a"d, x




CHAPTER 6 The Supersymmetric Charges 131 7%

6.8 Closure of the Algebra

Let’s not lose track of the original motivation for introducing an auxiliary field,
which was to ensure that the algebra closes off-shell for all the fields! What we now
need to show is that for all three fields ¢, x, and F, the commutator of two SUSY
transformations gives the same result, without recourse to any equation of motion.

We should start by repeating the calculation that led to Eq. (6.61) for the scalar
field. Since we have modified the transformation of the spinor, there is no guarantee,
at first sight, that we will recover the same result. However, it’s easy to check that the
new term present in the transformation of xy does not change the result of Eq. (6.61).
Not only that, but now we do obtain the same result for all three fields without using
the equations of motion; i.e., we get (see Exercise 6.7)

858: X — 8:85X = —i(¢16"B — pl6"¢) 9,X (6.100)

where X stands for any of the three fields ¢, x, or F.

This finally proves that the introduction of the auxiliary field allows closure of
the algebra off-shell on all the fields of the theory. And the consequence of this is
that the algebra we found for the SUSY charges holds in general.

EXERCISE 6.7
Prove that Eq. (6.100) is satisfied by all three fields ¢, x, and F.

6.9 Quiz

1. Do the supercharges commute with the momentum operator? Do they com-
mute with the Lorentz generators?

2. What is the definition of an auxiliary field?

3. Explain how we could have predicted that the SUSY algebra would not close
off-shell before the introduction of an auxiliary field, even before doing any
calculation.

4. Without looking at the text, write down the most general transformation law
of the auxiliary field F that is linear in the fields, of the right dimension,
and with the correct Lorentz property. Of course, it must contain the SUSY
parameter ¢. Recall that F' is of dimension 2.

5. How many supercharges did we need to introduce (count two charges related
by hermitian conjugation as independent). Why did we need to introduce that
many?
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CHAPTER 7

Applications of the SUSY
Algebra

We have spent a considerable amount of energy working out the supersymmetry
(SUSY) algebra, so it better be useful to something! Indeed, it proves to be a
powerful tool for establishing general properties of supersymmetric theories without
the need to ever write down any lagrangian! We will work out several such general
properties in this chapter, but it seems like a good idea to first review how some of
this works in the familiar context of the Poincaré group.
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7.1 Classification of States Using the Algebra:
Review of the Poincaré Group

Let’s briefly review some basic facts about the representations of the Poincaré
group (no SUSY here) on one-particle states. The details were worked out by
Wigner in 1939°2 in what has become a classic paper. Here, we simply highlight
some key results.

Casimir operators are operators that commute with all the generators of the group.
These operators are of key importance in building representations because their
eigenvalues can be used to classify the representations of the group. One Casimir
operator of the Poincaré group is the squared momentum operator P* P,,. This
obviously commutes with the momentum generators, and the proof that it commutes
with the Lorentz generators as well is straightforward. The eigenvalue of P, P* is
m?, which is therefore one of the parameters used to classify one-particle states.

The second Casimir operator is not as obvious. It is built out of the so-called
Pauli-Lubanski operator W,,, defined as

1
Wi = Z€ My, P, (7.1)

where €79 is the totally antisymmetric Levi-Civita symbol in four dimensions.
We will use the normalization

€o123 = 1
which implies
0123 —
With this normalization, it is clear that
eVik = _¢lik (7.2)

where €/¥ is the usual three-dimensional Levi-Civita symbol. Note that we auto-
matically have

WHP, = €e"""" M,, P, P,
=0 (7.3)

which is obvious because P, P, is symmetric under the exchange of those two
indices, whereas the Levi-Civita symbol is antisymmetric. It is not as obvious that
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P,W* is also equal to zero (recall that P, and W* are operators), but it turns out
to be true, as you will show in Exercise 7.1. Therefore,

[P, WH] =0 (7.4)
EXERCISE 7.1
Prove that P, WH* = 0.

With some effort, one can show that W, W* also commutes with all the generators
of the Poincaré group, so that’s our second Casimir operator.

To uncover the physical signification of the Pauli-Lubanski operator, consider
first massive particles. In that case, we can choose to work in the rest frame of the
particle, where its four-momentum is simply

P = pu = (m,0) (1.5)

We will be careful to distinguish the operator P* from its eigenvalues, which we
will write as p*.
For the state with four-momentum given by Eq. (7.5), we then have

P,|p) = Pylp) = m|p) (7.6)

Let us now apply the Pauli-Lubanski operator to this state:

1
W p) = S€"" Mpq Py | p)
1 n0po
= EE MpaP0|p>

m o
= EGMOP MpalP)

Because of the antisymmetry of the Levi-Civita symbol, all three indices u, p,
and o must be spacelike, so we conclude that

WO p) =0 (7.7)
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and

Wp) = 36'0-”‘M,-k|p>

= _%GOi'iijHP)

m ..
= EEleMjkLD)

where we have used Eq. (7.2). It turns out that the operator %e"j kpm jk 1s simply the
total angular momentum of the particle, i.e.,

1 ijk i i
e M =L+ (7.8)

EXERCISE 7.2
The differential operator representation M,,, of the Lorentz generators acting on a
spinor is defined as

i .
exp <§w““M,w> X=X+0ux

with §, x given in Eq. (6.81). This immediately leads to
My = 0y + i (x,0, — x,9),)
= O +xMIA-"V — xle’M

Use this to prove Eq. (7.8). HINT: You may assume that the two sides of Eq. (7.8)
are applied to a one-particle state of definite momentum so that you can replace the
operators P, and P, by the actual four-momenta p, and p,.

We therefore have
W'lp) =m(S" + L"|p) (7.9)
which, in the rest frame, reduces to
W |p) =mS'|p)
So the Casimir operator W, W# acting on this state gives

W, WH p) = WOW0|p) — WiW!|p) = —m?S|p) = —m3s(s + 1)|p) (7.10)
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We now see that the second property that can be used to specify the massive
representations of the Lorentz group is the spin (or total angular momentum, if we
are not working in the rest frame). Let’s classify all the possible states of a massive
particle at rest. For this, we need a complete set of commuting observables. In
addition to the four-momentum squared (whose eigenvalue is just m?) and the
square of the spin, we also may use the component of the spin along the z axis, S,
because this operator obviously commutes with P, P* and with S (a fact familiar
from quantum mechanics). Note that

W3=m(L.+S.) (7.11)

which, in the rest frame of the particle, reduces to W3 =msS..
Therefore, massive states are labeled in their rest frame by three quantum num-
bers: p, s, and 5., with
PM|P, S, sz) = mlpv S, SZ>
W, W p, s, 50) = —m>S’|p, s, s.)

= —m’s(s + DIp. s, s2)
W3
?|p’sa sZ) = Sz|p’sa SZ) = Szlpv S’SZ>

As we all know from quantum mechanics, s, may take 2s + 1 values, ranging from
—s to +s in integer steps.

Now consider massless particles. In this case, we obviously cannot go to the
rest frame of the particle, but we may choose to work in a frame where the four-
momentum is given by

p*=(E,0,0,E) (7.12)
We will denote the corresponding state by |p),. We then have

P p), = (P°, P', P2, PH)|p),
= (E,0,0,E)|p), (7.13)

or

P'lp), = P*Ip), =0
P%p), = P?|p), = E|p),
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We can use these results to write
P*|p), = (P,0,0, P*)|p), (7.14)

The reason why this is a useful thing to do will become clear in a moment.

It turns out that like P*P,, WHW, gives zero when acting on a massless one-
particle state. The proof of this result is a bit subtle. Obviously, we cannot simply
let m go to zero in Eq. (7.10) because that equation had been obtained with the
assumption that we could work in the rest frame of the particle. A detailed proof
can be found in Wigner’s original paper>? or in Section 2.7.2 of Ref. 28.

The fact that W,, W# gives zero when applied to a one-particle massless state,
together with Eq. (7.3), implies that when acting on such a state, the operator W*
is proportional to the four-momentum operator

WH|p), = h P"|p), (7.15)

(the meaning of the constant 4 will be elucidated shortly). To prove Eq. (7.15),
consider

WEP,p), = (WOP? —W'P! — W?P? — W’ PY)|p),
= (WP — WP p),
= EW" = W)p),

where we have used Eqs. (7.13) and (7.14). But this must be zero because of
Eq. (7.3), so we conclude that

Welp), = W’lp), (7.16)
Using this result, we have

W, WH p), = (WOW? — W'W! — W2W?2 — W*W3)|p),
= —(W'W!'+ W*W?|p), (7.17)

Since WH#W,, is zero when acting on a massless state, we obtain

w!'lp), = W3p), =0 (7.18)
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Therefore, when acting on the state, the action of the operator W* reduces to
W¥|p), = (W3,0,0, W?)|p), (7.19)

From Eq. (7.4) we know that W3 commutes with P3 (because it commutes with
P3), so we may take |p), to be a common eigenstate of these two operators. This
implies that we may write

W3\p), = h P?|p), (7.20)

Now we see why we wrote Eq. (7.14) in that form. By comparing with Eq. (7.19),
we now may conclude that

W#p), = h P"|p), (7.21)

as we had set out to prove.
From Eq. (7.13) we see that the action of W# on the state is

WH|p), = (hE,0,0,h E)|p), (7.22)
To find out what the constant 4 represents, we need to work out explicitly the

left-hand side of Eq. (7.22). Let’s pick i = 3. The derivation that led to Eq. (7.9) is
still valid if we simply replace Py|p) = m|p) with Py|p), = E|p),. We then obtain

W3p), = E(S. + L.)|p),
- ESle)o

where we have assumed that there is no orbital angular momentum. Using this in
Eq. (7.22) implies that 4 is simply the z component of the spin, i.e.,

h=s, (7.23)

Since our state has its momentum along the z direction, we may, of course, write
h=5-p (7.24)
which is nothing other than the helicity of the particle. By the way, the helicity is

often denoted by A, but we prefer to use & because we will use A to represent a
left-chiral spinor that appears in supersymmetric gauge theories.
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We have obtained this result by considering u = 3 in Eq. (7.22), but we get the
same result if we pick u = 0, as you are invited to confirm in Exercise 7.3.

In contrast with massive states, massless representations of the Lorentz group
are therefore completely specified by only two numbers: their energy (which then
specifies their four-momentum) and their helicity 4! The reason we don’t have
2s + 1 states, as for massive particles, lies in Eq. (7.18), which reveals that we do
not have any ladder operators to change the z component of the spin. Therefore,
there is only one spin state!

Does this mean that massless particles can be observed with only one helicity?
Well, not quite. Recall that a physical theory also must respect CPT invariance. It
turns out that CPT conjugate states have opposite helicities, so a physical theory
necessarily must contain two states, with helicities 4 and —#. The states with the
intermediate values of s, that we encounter for massive particles therefore are absent
for massless particles. This is the reason the photon is observed with helicities +1
and —1 or that the graviton is predicted to have helicities +2 and —2 only.

We will now repeat this exercise in the context of SUSY.

EXERCISE 7.3
Prove that we again obtain & = s - p if we set u = 0 in Eq. (7.22).

7.2 Effects of the Supercharges on States

We will now use the SUSY algebra to determine what states are needed to build a
supersymmetric theory. Of course, we have worked out one such theory explicitly,
the Wess-Zumino model, but we would like to see how the results we obtained there
can be generalized.

We will only consider the classification of massless supersymmetric states. These
are the only states of relevance if we are interested in the minimal supersymmetric
extension of the standard model because in this theory, as is the case in the standard
model itself, all masses are generated through spontaneous symmetry breaking.

As we saw in the previous section, massless states are identified by their four-
vector and their helicity 4. To emphasize this, we will change our notation from
|p)o to |p, k). What we want to now is to work out the effect of the supercharges
on this state.

The supercharges commute with the four-momentum operator but not with the
Lorentz generators, so they can change the helicity of states but not their four-
momentum. Our first step, then, is to compute the commutator of the supercharges
with W#. Actually, we really only need the commutator with W° because of
Egs. (7.16) and (7.18).
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We will first compute [Q,, W°] and come back to the hermitian conjugates of
the supercharges later. Using Eqgs. (7.1) and (6.83), this is given by

1
[Q., WO = 560”“’ [Qa» Myo P]

1
= EEOWU [Qay Mpa] P,

1
= 560“0" (0p0) . Op P,

where we have used the fact that the supercharges commute with the momentum
operator. We will drop the matrix indices a and b in the next few steps to alleviate
the notation; we just need to keep in mind that on the right-hand side, Q is a column
vector on which the Pauli matrices are acting.

The only components of P, that do not vanish when applied to a massless state
are Py and P;. If we take v = 0, we get zero because of the Levi-Civita symbol.
This leaves us with

1
[0, W'l = Z€"70,,0 P
1 03ij
=5€ " 0ij QP
1 3ij
= _56 0ij O P; (7.25)
In Exercise 7.2 we showed that
ijk

i
€ 0jk =0

which allows us to write
1 ... 1
3ij _ 3
—=eV o QPy=—=-0"0P
) ij Q 3 ) Q 3
Reinstating the matrix indices, our final result is therefore is

1
[Q4, W] = —§<a3)2QbP3 (7.26)
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This is also the commutator of Q, with the operator W, because WO = W, with
our choice of metric. The only elements of o3 that are nonzero are

(o)l =—(Hi=1 (7.27)

Using this in Eq. (7.26) we obtain

1
[Q1, Wo] = —5Q1P3 (7.28)

and

1
[Q2, Wo] = §Q2P3 (7.29)

Now let’s find out what this is telling us. Recall that massless states satisfy
Eq. (7.21). In particular, the effect of applying Wy is simply

Wolp, h) = h E|p, h) (7.30)

We’d like to find out what is the effect of applying the supercharges O, and Q>
on |p, h). Consider first

O1lp, h) (7.31)

It’s clear that this state has four-momentum p,, because the supercharges commute
with the momentum operator:

P,Qilp,h) = QiPylp,h) = Qipulp, h) = p.(Qilp, b))

Now let’s determine the helicity of Eq. (7.31). Using a trick familiar from quantum
mechanics, we write

Wo(Qilp, h)) = [Wo, Qillp, h) + Q1 Wolp, h)

1
= §Q1E|P,h) + OQ1hE|p,h)

1
:E(h+§) 011p. )
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The end result is
1
Wo(Qilp,h)) = E | h+ 2 O1lp, h)

which, from Eq. (7.30), tells us that

1
Qllp,h>='p,h+§>

Therefore the action of the supercharge Q1 is to raise the helicity by one-half. Note
that this implies that supercharges transform bosons into fermions and vice versa,
as expected.

From Eq. (7.29) it is clear that O, has the opposite effect of Q;; i.e., the super-
charge Q5 lowers the helicity by one-half:

1

Oalp, h) = }P, h — §>

It is natural to expect that the hermitian conjugate QI and Q; will have the

opposite effect of O and Q5. One indeed can show that this is the case using

the commutator (6.86). The calculation is almost identical to the one we followed

from Eq. (7.25) to Eq. (7.29) except that it involves supercharges with upper dotted

indices. Since Chapter 3 was not prerequisite material for this chapter, we will only

quote the final result, leaving the derivation to Exercise 7.4, which you are invited

to do when you have become familiar with the van der Waerden notation. The end
result is

1
[0 Wo] = 5 01 Py

1
[0} Wo] = —2 0} Py (1.32)

By comparing with Egs. (7.28) and (7.29), we see that, as expected, QI and Qg
lower and raise the helicity by one-half, respectively.

EXERCISE 74
Once you have become acquainted with the van der Waerden notation of Chapter 3,
prove Eq. (7.32) using Eq. (6.86).
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7.3 The Massless SUSY Multiplets

Now that we know the action of the supercharges on one-particle states, we will
use the information to build irreducible representations of SUSY, also called SUSY
multiplets or supermultiplets for short. To find these, we will work out the minimal
set of states connected by the application of the supercharges. These states will
represent the particle content necessary to build supersymmetric theories. Again,
we restrict ourselves to massless states.

Our starting point is the SUSY algebra, Eqgs. (6.70), (6.71), and (6.72). Using
once again a frame in which

P'ip,h) = P*|p,h) =0
P?|p,h) = P°|p, h) = E|h) (7.33)

we have
w 0._0 3.3 0 0

Recall the anticommutation relations (6.72):

{Qar O} = (6")ap Py (7.35)

Using this and Eq. (7.34), we conclude that

{01, 01}Ip, ) = {01, QW}Ip, h) = (s, Ol}Ip, h) =0 (7.36)

whereas

{02, ON)Ip, ) = 2P°|p, h) (1.37)

The first relation in Eq. (7.36) is particularly useful. Its expectation value in a state
|p, h) is
(p. hl{Q1, O}}p, h) = (p. K1 Q1 Q]p, h) + (p, hI Q] Qilp, )

= eilp. B)|* +11QlIp, WII?
=0
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Since we are working with physical states whose norm is positive definite, this
implies that

Qilp.h) = 0Qllp,h) =0

We therefore only need to concern ourselves with the supercharges Q, and Q;.
What general statements can we make about the states forming a supermultiplet?
They will all have the same four-momentum because the supercharges commute
with the momentum operator, but they will, of course, have different helicities. It
is clear that each supermultiplet has a state of minimum helicity because Q5 is the
only operator at our disposal that lowers the helicity, and Q% = 0. Let us then start
with the state in a supermultiplet with the lowest helicity, which we will denote by

|p, Nmin)

By definition, acting with O, on this state gives zero. On the other hand, acting
with Q; gives

. 1
Q|2|P7 hmin) = ‘P, Nmin + §>

We cannot generate states of higher helicity because (Q;)2 = 0. So this is it! A
massless supermultiplet contains only two states of the same momentum but with
helicities differing by half a unit (and therefore, one state is a boson, whereas the
second is a fermion).

To be precise, our result applies to the so-called N = 1 SUSY, which involves
only one Weyl spinor of charges Q (and its hermitian conjugate Q). One can
write down a supersymmetric with any number N of spinor charges, and these are
often referred to as extended supersymmetries. We will briefly discuss extended
supersymmetries at the end of this chapter.

As far as N = 1 SUSY is concerned, we therefore need only two states to build
a theory. But it would not be physical because it would not be CPT-invariant.
Recall that CPT changes the sign of the helicity, so the two members of a massless
supermultiplet cannot be CPT conjugate states. A physical supersymmetric theory
then must contain a supermultiplet plus its CPT conjugate, for a total of four states.
To be precise, here we are counting only physical, on-shell states.

In the next section we will discuss in more details the massless supermultiplets.
We will not discuss massive representations. The analysis is only slightly more
involved, but for our purposes, only the massless representations will matter. Of
course, except for the photon and the gluon, all particles are massive, but in the
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minimal supersymmetric standard model, we build the theory using massless multi-
plets and then incorporate their masses through the spontaneous symmetry breaking
of the SU (2), x U(1)y group, as is done in the standard model.

7.4 Massless SUSY Multiplets and the MSSM

In this section we discuss only the multiplets of N = 1 SUSY. Let us first consider
a state with A, = 0, which corresponds to a scalar field. Then SUSY requires the
presence of an & = 1/2 state as well, which is a right-handed Wey] spinor. Since for
a massless spinor handedness and chirality are equivalent, this is also a right-chiral
spinor. CPT invariance further requires the introduction of a second & = O state as
well as an h = —1/2 state. The two & = 0 states can be assembled into a complex
scalar field, whereas the two fermion states correspond to a left-chiral Weyl spinor
and its antiparticle. Of course, it is arbitrary which state is called the particle and
which is the antiparticle, so we could just as well talk of a right-chiral particle
together with its left-chiral antiparticle. In any case, the end result is that we obtain
a scalar field plus a Weyl spinor and their antiparticles.

This type of multiplet is referred to as a chiral multiplet because the spin 1/2
fermion appears in only one chiral state (with the antifermion having the opposite
chirality, of course). This is obviously the multiplet appearing in our model in
Chapter 5. Note that the states we discuss here are the on-shell, physical states. Off
shell, there are, of course, more degrees of freedom, but our discussion pertains
only to physical states.

In the minimal supersymmetric standard model (MSSM) all the known fermions
are taken to be members of chiral multiplets. Therefore, each fermion is paired up
with a spin 0 supersymmetric partner. The accepted notation is to add a prefix s
to the names of the known fermions to designate their spin O partners. So each
fermion is paired up with a sfermion. The quarks are paired up with squarks, and
leptons are paired up with sleptons. This terminology is even used with individual
particle names, the scalar partner of the electron being called the selectron, whereas
the supersymmetric partner of the top quark is referred to as the stop! This whim-
sical notation sometimes causes problems (The scharm, anyone? What about the
sstrange?).

The Higgs field is also part of a chiral multiplet, being, of course, the scalar
component. Actually, the Higgs content of the MSSM is more complex than in
the standard model, as we will discuss in detail in Chapter 15, and requires the
introduction of two SU(2) doublets of complex Higgs fields, as opposed to the
single doublet of the standard model. In any case, all these scalar fields belong to
chiral multiplets and therefore have spinor superpartners. The convention for the
names of spin 1/2 supersymmeric partners of standard model bosons is to add the
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suffix ino at the end of the name. The spin 1/2 partners of the Higgs fields therefore
are referred to as Higgsinos.

Next, let’s consider supermultiplets with A, = 1/2. SUSY requires a second
state with 27 = 1. CPT then requires states with 4 = —1 and 7 = —1/2. We can
think again of the two fermion states as a left-chiral Weyl spinor together with
its antiparticle. The states # = =1 obviously correspond to the two helicity states
of a massless vector boson. This type of multiplet is therefore referred as a vector
multiplet or sometimes as a gauge multiplet when the vector particle is a gauge field.

All the gauge bosons of the standard model belong to vector multiplets. Following
the convention described earlier, their spin 1/2 superpartners are generically called
gauginos. More specifically, the superpartner of the photon, gluons, and weak-
interaction bosons are, respectively, called the photino, the gluinos, the winos, and
the zino. I am not making this up!

For hyin = 1, the four stateshave h = 1, £3/2. Again, we have the two helicity
states of a massless vector particle. As for the massless spin 3 /2 state, it is sometimes
referred to as a Rarita-Schwinger field.

For hmin = 3/2, we get four states with helicities 4 = £3/2, +2. The massless
spin 2 particle is, of course, the famous graviton, and its spin 3 /2 partner is called the
gravitino. These are, of course, crucial elements of supergravity (SUGRA) models
and string theory.

7.5 Two More Important Results

We have seen how the algebra can be used to construct the massless irreducible
representations of N = 1 SUSY without ever writing a lagrangian! We will now
prove two additional important results using only the algebra.

First, we will prove that the number of boson states must be equal to the number
of fermion states in a supermultiplet. The proof will be valid for massive as well as
massless representations and for any value of N.

The first step is to introduce the fermion number operator N ¢, which is defined,
as its name suggests, to give the number of fermions present in a state when it
is applied to that state. Now consider the operator (—1)"7. Applied to a bosonic
state, this gives +1, and applied to a fermionic state, it gives —1. If we sum the
expectation value of this operator over all the states belonging to a supermultiplet,
we will get for an answer the number of bosons minus the number of fermions
appearing in this multiplet. Let’s carry out this calculation.

First, since the supercharges change a fermion into a boson, or vice versa, we
have the obvious relation

=DV Q, = — Q. (- DN (7.38)
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The same relation holds if we replace Q, by Ql. This implies that the product of
two supercharges commutes with (—1)"7.
The trick now is to sum the expectation value of

(- {Q., O})

over all the states belonging to a supermultiplet. In other words, we will take
the frace of this operator over the members of a supermultiplet. A few simple
manipulations then give

Tr((=1D"{Qu, O}}) = Tr((=D Q. 0} + (1) 0}, 0.)
=Tr((-D"' Q. 0} + 0} Qu(~DY")
= Tr(— Qu(— D™ 0} + 0} 0. (—)™)
where we have used Eq. (7.38) in the last line. Now we use the invariance of the
trace under cyclic permutation of the arguments, Tr(ABC) = Tr(CAB), to obtain

Tt(— Qu (DY 0 + 0} 0u (= 1)M) = Tr(= 0} Qu (=D + 0] 0 (—1)V7)
=0

On the other hand, using the anticommutator (6.72), we also have that

Tr((— 1DV {Qu. O}}) = Tr((=DM o P,)

Since we have proved that the left-hand side vanishes identically, independent of
the four-momentum, we must have

Tr(—1)M =0

in a SUSY supermultiplet, which implies that the number of fermions must be
equal to the number of bosons. This is a general result and a well-known property
of supersymmetric theories.

As a second proof, we will work out a condition on the expectation value of the
hamiltonian in supersymmetric theories. This leads to a result that is a hallmark of
SUSY, a result that will play a significant role in our discussion of SUSY breaking
in Chapter 14.

The hamiltonian is the operator P°. To isolate it in Eq. (6.72), we may use a
simple trick. The trick becomes more obvious if we expand out the sum over Lorentz
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indices in Eq. (6.72):

{Qar O} = (6%)ap H — (0)ap P

where ¢ is simply the 2 x 2 identity matrix. What sets apart ¢° from the Pauli

matrices is that its trace is not zero. We therefore can isolate the hamiltonian by
taking the trace of both sides, which means summing over a and b with the condition
a = b. This leads to

{01, 01} + {02, 0}y =2H

Consider now calculating the expectation value of the two sides in an arbitrary state

[¥):

(W01 011¥) + (W01 01 1¥) + (¥ Q2001¥) + (W01 0a1v) = 2(y |H|y)
(7.39)

Each term on the left-hand side is semipositive definite because it represents the
norm squared of a state. For example,

W10 011¥) = 1011112

Since the left-hand side of Eq. (7.39) is semipositive definite, we have

(WIH|Y) =0

If we consider the special case of the state being the vacuum, then Eq. (7.39) gives
the vacuum expectation value (vev) of the hamiltonian:

(01Q1 Q1Y) + (010} Q110) + (0]Q20510) + (010} 02(0) = 2(0|H|0)  (7.40)
and we find again that

(0lH]0) = 0 (7.41)

with the inequality saturated if the supercharges annihilate the vacuum. If they do

not annihilate the vacuum, then we have a spontaneous breaking of SUSY, and we

get a strict inequality, i.e.,

(O|H|0) > 0 (7.42)
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Therefore, a necessary and sufficient condition for SUSY to be spontaneously
broken is that the vacuum expectation value of the hamiltonian is nonzero (and
necessarily positive). We will come back to this issue in Chapter 14.

7.6 The Algebra in Majorana Form

Many references give the SUSY algebra in Majorana form instead of the Weyl
form we just worked out. We will now show how to translate all the commutation
relations involving the supercharges into the Majorana language.

The first step is to group the supercharges into a Majorana spinor. Recall from
Eq. (4.20) that a Majorana spinor can be built out of a left-chiral Weyl spinor x and

the hermitian conjugate x ' via
;24T
io°x
Wy, =
Y ( X )

We therefore can assemble the supercharges into a Majorana supercharge

_ iaZQTT)
ou= ("

which, written explicitly, is

QET

On = ‘QQ I (7.43)
1
0>

Let us define the components Q 1, Quz, - .. through

Owmi
Owm
Owms
Oma

Oum =

Then all the anticommutators among the supercharges can be shown to be repro-
duced by the single expression

{QMcu QMb} = (yﬂ)abpu (744)
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Here, the bar over Q represents the usual Dirac adjoint, so Q stands for

(@4 Y.

If we define the matrices y,, by

Y = (mv M)
then the commutation relation of the supercharges with the Lorentz generators are

[QM(U M/w] = (Vuv)ab QMb

It is not difficult to show that this expression reproduces both Eqs. (6.83) and (6.86)
using the fact that y,,, may be written as

Guw O
Vi = (7.45)
0 ouw

We will now obtain the SUSY charges from the supersymmetric currents, fol-
lowing Eq. (6.24). But first let’s review the general approach.

EXERCISE 7.5
Verify that Eq. (7.44) reproduces the anticommutators (6.70), (6.71), and (6.72).

7.7 Obtaining the Charges from
Symmetry Currents

To see explicitly how to construct the currents, consider the theory of a single
complex scalar field. If the field is varied by an amount §¢, the lagrangian varies

by

aL

SL(h, ¢1) = —8¢+ 3G,

¢ 3(9.9)

5(0,9) + o — = 50! + 539"

d¢

This is simply an application of the chain rule from ordinary multivariable calculus
(a similar trick is used to determine the equations of motion of the fields).

If this transformation is a symmetry of the theory, it leaves the action invariant,
which, as we have discussed previously, implies either that the lagrangian density
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is invariant or that it changes by a total derivative. To be general, let’s assume that it
changes by a total derivative, which we will write as 9, K*, with K* some function
of the fields. We then have

Y L L
3550+ 09 0,(59) + 50700 +

oL
30,07

3,(8¢") = 9, K" (7.46)

where we have used 6(0,¢) = 0,(5¢) and § (3M¢T) =0, (8¢"). Now, assuming that
¢ and ¢' obey the equations of motion, we have

%—a ( oL ) (7.47)

ap " \9(0,9) '
and

oL oL

agi = <a<au¢ﬂ>) T

Substituting Egs. (7.47) and (7.48) into Eq. (7.46), we get

s oL .
oy [a(au(ﬁ) 3¢ + 50,9 3¢ ] =0, K" (7.49)

The quantity in brackets is called the Noether current j*,i.e.,

Y L
5 +

S i
250,00 T 30,00 "

"=

so Eq. (7.49) may be written as
. j" =09,K"
Therefore, the quantity
Jh = (" — K" (7.50)
is conserved, in the sense that it satisfies

9, J" =0
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Of course, in a theory where there are several fields, such as the supersymmetric
theory we built in Chapters 5 and 6, we have to add terms such as Eqgs. (7.47) and
(7.48) for each field. We will illustrate this later in this chapter.

Now we get to the key point. The claim is that the charges generating the trans-
formations are given by the spatial integral of the zeroth component of the currents:

0= / x J° (7.51)

We won’t prove that the charges are indeed given in general by Eq. (7.51) (see any
textbook on quantum field theory for a derivation).

As an aside, the Q are often described as conserved charges because they are
time-independent.

As already emphasized, itis important to keep in mind that the currents, and hence
the charges constructed via the currents, are functions of the quantum fields appear-
ing in the theory, so they are themselves quantum field operators. Once the charges
are found using Eq. (7.51), their commutation (or anticommutation) relations can
be worked out explicitly using the equal time commutation/anticommutation of the
fields.

Let’s now apply this to SUSY!

7.8 Explicit Supercharges as
Quantum Field Operators

Now let us build the SUSY current and find explicit expressions for the supercharges
in terms of the fields of the theory.
In the case of SUSY, Eq. (7.51) is replaced by

We work with the free supersymmetric lagrangian, which we will repeat here:

L=20d,00"¢" + x'iG"d,x + FF'
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First, let’s find the SUSY Noether currents. In order to do this, we need

oL

8¢ = (3"p"H)s 7.52
a(au¢)¢ (0" p"égp (7.52)
= (0N x - ¢ (7.53)
oL
— yiign
a(aux)éx = x'ic"dx (7.54)
= x'6"(@,¢)0"ic? (7.55)
oL _
sopf = (0 )% -
50,91 o' =0@"P)x ¢
On the other hand,
L oL oL

= — = - O
(0, F) 9(9, FT) 8(8MXT)
The Noether current is therefore
J*=@uNx ¢+ @up) x5 0viocr + (3" )X - ¢

To find 9, K*, we simply have to add up the total derivatives we dropped when
we calculated the supersymmetric transformation of our lagrangian. These total
derivatives can be found by comparing Eqs. (5.14) and (5.15) to the equations
preceding them, giving us (recall that we showed that the constant C appearing in
those equations was equal to —i)

K" =3,(x-C0"p —i(@pN ioc% 0 ic" x + (39N - x)  (1.56)

where we have used xfio?¢* = - ¢ and ¢Tio?x = —¢ - x. So K* is simply the
expression inside the parenthesis. Using the fact that the order in spinor dot products
does not matter, the supersymmetric current is simply

jslﬁsy = j* - K"

= () x5 0 ic*t* — (3,9 io?a e (7.57)
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We can then use this to find the charges:
(-0+0-=¢"(~ic)Q + Qlio?¢*

= /d3x((avd))xf600”i02§* — (av(bT)CTiUZO'V&OX)

On the left-hand side we chose to write ¢ - Q as Q - £. This was simply in order to
get ¢* to appear on the right of the o> matrix, as in the current.

The matrix 5 is simply the identity matrix. Since the infinitesimal parameters
¢ and ¢* may be treated as independent, we can read off the charges Q and Q. We
find

0= f (0,8 ()0 1 (x) (7.58)

and

of = f dxx(x)8,0(x)a” (7.59)

which is simply the hermitian conjugate of Q.

This is what we were looking for: explicit expressions for the supercharges
as quantum field operators. It is then easy to verify explicitly that these charges
indeed generate the SUSY transformations of the fields given in Eq. (6.52). This
will be left as an exercise. All we will need are the equal time commutators and
anticommutators familiar from quantum field theory:

[¢G. 1), !5, 0] =i’ — )
a0, XN G5, 1)) = 808> F = 7) (7.60)

where a dot indicates a derivative with respect to time. All other commutators and
anticommutators are equal to zero. For example, [¢, d&] =0.

The commutators of the supercharges with the Poincaré generators also can be
verified, but this requires that we first work out P, and M,,,, as quantum field opera-
tors. We will not pursue this here because, although straightforward, the calculation
is a bit lengthy and is in any case similar to usual quantum field theory calculations.
The interested reader will find the detailed calculation in Ref. 31.

EXERCISE 7.6
Obtain the commutators (6.52) using the quantum field operator representations of
the supercharges (7.58) and (7.59) and the equal time commutators (7.60).
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7.9 The Coleman-Mandula No-Go Theorem

A book on SUSY would be incomplete if it did not mention one of the most famous
no-go theorems of particle physics. Now that we have worked a bit with charges
and their algebra, the theorem will be easier to understand.

Since the discovery of relativity, it has been clear that particle states should belong
to representations of the Poincaré group. On the other hand, it is natural to also group
particles into multiplets of some additional “internal” symmetry group, and this
viewpoint, of course, has been very successful in the construction of gauge theories.
An obvious question to ask is whether such a symmetry group actually could “mix”
nontrivially with the Poincaré group. To make this rather vague statement more
precise, the question is whether the generators of the internal symmetry group
could have nonzero commutators with the generators of the Poincaré group.

Let us write the charges (or generators) of the internal symmetry group as 7T
and their algebra as

[T¢, TP = ifebere (7.61)

The question is whether it is possible to write down some physically meaningful
theory where the charges 7 do not commute with the generators of the Poincaré
group M, and P, (another way to put it is to say that the 7“ should carry some
Lorentz index). This is an interesting question because such a theory then would
mix spacetime transformations with “internal” transformations and would lead to
a highly nontrivial extension of gauge theories.

What Coleman and Mandula proved in 1967'! (a derivation also can be found
in*") was that for an algebra of the form of Eq. (7.61) and under a few very reasonable
conditions, e.g., that elastic scattering amplitudes must be analytic functions of the
Mandelstam variables and that plane waves must in general scatter, the answer is a
resounding no! In other words, the generators 7% cannot carry spacetime indices.
Exercise 7.7 illustrates the theorem in the simple case of a symmetric second-rank
tensor charge S,,, = Sy,

EXERCISE 7.7

Consider a symmetric tensor S, that is conserved. Then its eigenvalue will be
conserved in a collision. Consider the scattering process a + b — a + b. Denote
the four-momenta of the particles p/, pl.b . Pf,and p fb.. Show that the conservation
of the eigenvalue of S,,, together with the conservation of total momentum implies
that either there is no scattering at all, p¢ = p;* and p.? = pib , or that the particles
exchange their momenta, pji = pf-’ and p'} = p{. No other direction of scattering
is possible! This is clearly unphysical.
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Hint: Write the most general eigenvalue for this operator for a one-particle state.
Then use that the corresponding eigenvalue for a two-particle state is simply the
sum of the one-particle state eigenvalues.

This seemed to be the kiss of death for the idea of building theories mixing
spacetime transformations and internal symmetries nontrivially. One might think
that physicists would have been eager to find some way to circumvent this no-go
theorem as soon as it came out, but this was not how SUSY was first discovered.
We won’t get into the history of SUSY here; interested readers are invited to read
the first chapter of Ref. 47 for a very informative historical summary.

Of course, SUSY does circumvent the theorem in a very simple way: The su-
percharges do not obey a set of commutation relations as in Eq. (7.61) but instead
obey anticommutation relations. Another way to carry the same information is that
supercharges transform as a spinor representation of the Lorentz group instead of
transforming as vector (or more generally, tensor) representations.

The theorem is still useful because it tells us that no other symmetry with charges
obeying commutation rules could mix nontrivially with spacetime transformations.
But are the supercharge anticommutators we wrote down the most general possible
ones? The next section addresses this question.

7.10 The Haag-Lopuszanski-Sohnius
Theorem and Extended SUSY

The discovery of SUSY raised another obvious question: Is the algebra we wrote
down the most general algebra that evades Coleman and Mandula’s theorem? The
answer was provided by Haag, Lopuszanski, and Sohnius in 1975,%% and the answer
again was a resounding no. Not only did they show that other possibilities exist,
but they also worked out the most general algebra possible.

To write it down, we first introduce a set of N copies of the supercharges, i.e.,

I Al ot At
Q]?QZan 2

where [ is an extra label ranging from 1 to N. The SUSY we have considered
so far in this book corresponds to N = 1 and therefore is referred to as N =1
supersymmetry. The most general algebra satisfied by these charges is

{05, 0]} = (—ic®)wZ"
101, 0]} = (6" 8" P,

{081, 0) ") = (—ic?aw(2")* (7.62)
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where the Z;; are called the central charges of the algebra (a central charge refers
to a quantity which commutes with all the generators of an algebra) and always can
be made antisymmetric, Z// = —Z’!. In the case of N = 1 supersymmetry, the
unique central charge Z!! is therefore necessarily zero, and the algebra Eq. (7.62)
reduces to what we obtained earlier in this chapter.

Extended SUSY is beyond the scope of this book, but one important point to make
is that from a purely phenomenological point of view, only N = 1 is attractive, at
least in theories describing physics at the low energies that will be accessible to the
Large Hadron Collider (LHC). The reason is that starting with N = 2, supersym-
metric theories are necessarily nonchiral; i.e., they must treat left- and right-chiral
states on equal footing. For N = 2, the chiral supermultiplet contains both a right-
and a left-chiral fermion, with 4 = 1/2 and h = —1/2 (as well as two states with
h = 0). But the members of a supermultiplet all transform the same way under a
gauge symmetry, so for N = 2 (and any larger value of N as well), the two chiral
states must be treated on an equal footing by any gauge force. But this conflicts
with what we know about weak force of the standard model, which treats differently
left- and right-chiral states; hence only N = 1 SUSY is relevant to phenomenology.
This is true if we think of the MSSM as some effective field theory to be used with
energies on the order of a few TeV. A more fundamental theory could have a very
different structure, and who knows how symmetry may be broken down to what
we observe at small energies relative to the Planck scale. But even if we set aside
the issue of chirality, other problems arise, if we increase too much the value of N
because it does not seem possible to write down consistent quantum field theories
containing fields with spin larger than 2.

More details on extended SUSY may be found in Refs. 8 and 47.

7.11 Quiz

1. What is the effect of the supercharge O on the four-momentum and helicity
of a state?

2. For N = 1, how many states are required to form a SUSY multiplet?
3. What is extended SUSY?

4. What can we say about the vacuum expectation value of the hamiltonian in a
supersymmetric theory?

5. How does SUSY evade the Coleman-Mandula no-go theorem?



CHAPTER 8

Adding Interactions:
The Wess-Zumino Model

So far we have considered a rather uninteresting theory: All the fields are massless,
and even more boring, there are no interactions at all. What we would like to do now
is to see if we can include masses and interactions that will preserve supersymmetry
(SUSY). The answer is obviously yes because SUSY would never have become
such a hot topic if interactions could not be included. However, as you surely expect,
this will prove to be a highly nontrivial undertaking.

In writing down possible interaction terms, we will follow certain rules:

o We will not consider terms of dimension above 4. This requires some expla-
nation. Of course, any term in a lagrangian density is of dimension 4. What
we mean here is that if we ignore all the constants, the dimension must not
be more than 4.

Consider for example the four-fermion interaction x - x X - X. Since the
dimension of fermion fields is 3/2, this term has dimension 6 and must be



€ 160 Supersymmetry Demystified

rejected. Note that if we insisted on including this term in our lagrangian
density, we would have to divide it by a constant having the dimension of
energy squared:

1
Line=—X"XX"X 8.1
w

=

where © would be a free parameter with dimension of energy. Therefore,
another way of saying that we reject terms of dimension more than 4 is that
we will not consider any term in the lagrangian that contains a dimensionful
constant in the denominator.

The reason for this condition is that any interaction of dimension 5 or higher
leads to a nonrenormalizable theory. There is nothing intrinsically wrong with
nonrenormalizable theories if they are treated as effective field theories, but
we won’t consider these in this book.

¢ All the terms we add must, of course, be Lorentz-invariant. This obviously
implies that any upper (contravariant) Lorentz index must be contracted with
a corresponding lower (covariant) Lorentz index. But this is not all. We also
must ensure that spinors are combined into Lorentz-invariant combinations.
This is where all our work of Chapter 2 will come in handy.

* The lagrangian must be real, £/ = £, in order to have CPT invariance.

¢ And finally, of course, we will insist that the lagrangian is invariant (up to total
derivatives) under the SUSY transformations of the fields, which we repeat
here for convenience:

S¢p=¢-x=¢"(=io?)x

8" =x - = xlio?t*

Sx = —ioc™(d.¢)io*c* + F¢

8F = —ic'a"d, x (8.2)

8.1 A Supersymmetric Lagrangian With
Masses and Interactions

Let’s begin. We want to write new terms built out of the fields ¢, x, F, and their
hermitian conjugates that will respect our four criteria. Consider first interactions
that depend only on ¢ and its dagger ¢'. To keep things general, let’s just write this
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interaction as
Ly =G(¢, ¢ (8.3)

This is automatically Lorentz-invariant because ¢ is a scalar field. We use a calli-
graphic G instead of F for this function in order to avoid possible confusion with
the auxiliary field F. To satisfy the criterion of renormalizability, we may only
consider functions of at most four scalar fields. Without loss of generality, we may
take G to be real, G = G (if it weren’t, we would simply add to it its hermitian
conjugate and rename the sum G).

What else can we write down? Well, we can consider some arbitrary function of
¢ times the auxiliary field F. We will write this term as

Wi(p, ¢HF (8.4)

The notation W is a standard one. The reason for the subscript 1 is that we are
dealing with a single set of fields ¢, x,and F'. Later on we will extend our discussion
to consider several sets of fields, and the 1 will be replaced by an index i.

The lagrangian Eq. (8.4) is automatically Lorentz-invariant because both ¢ and
F are scalar fields. For this to be of dimension 5 or less, W must contain the product
of at most two ¢ or ¢ fields. However, Eq. (8.4) is not real. To get a real lagrangian,
we must add to Eq. (8.4) its hermitian conjugate, so we will consider instead

L, =W F+WF! (8.5)

Note that there is no reality condition imposed on Wj.

Next, we also can consider a general function of the scalar fields multiplying a
Lorentz-invariant combination of the spinor field x. We have seen that a possible
Lorentz invariant made of x is x - x, so we write this new contribution to the
lagrangian as

1
—3 Wi (9,001 - x (8.6)

Once again, we are using a standard notation for the name of the function of the
scalar field, and the factor of —1/2 is purely conventional and chosen to simplify
a later result. There is no a priori relation between Wy, and Wy, although we will
later find that they must indeed be closely related in order for the theory to be
supersymmetric.
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Again, Eq. (8.6) is not real, so we need to consider instead the real combination
[using Eq. (A.44)]:

1 1
Ly=—=Wnx x— —WL(X 0!

2 2
1 1
oo
= _EW”X X~ EWHX "X (8.7)

There is no reality condition imposed on Wj;.

Next, we might think about considering terms containing a function of the aux-
iliary field F times x - x, but this is necessarily of dimension 5 or higher. For the
same reason, it is impossible to write any term that contains ¢ (or o1 and two
auxiliary fields or to write terms containing all three types of fields (these start at
dimension 6).

Denoting by L, the free supersymmetric lagrangian obtained in Chapter 6, the
most general lagrangian that is real, renormalizable, and Lorentz-invariant is there-
fore

Lot = Lo+ L1+ L2+ L3
= 8,09"¢" + xTicd" 8, x + FF' + G+ W, F + W/ F!

1 1
=Wk x = WK - X (8.8)
where one must keep in mind that G, Wy, and Wy, are functions of ¢ and qﬁT. We did
not include any coefficients in front of the new terms because they can be absorbed
into a redefinition of G, Wy, and Wy;.

Our goal now is to see if we can find expressions for those three functions of the
scalar fields such that the total lagrangian is supersymmetric. We already know that
Ly is invariant under SUSY so we only need to impose that £; + £, + £3 must
be supersymmetric. From now on we will call the sum of these three terms Ly
because they contain interactions between the different fields, i.e.,

Li+ Ly + L3 = Lin (8.9)
Let us write the variation of L, under SUSY explicitly:
8Lin = 8G + 8(Wi F) + 8(W[ FY)

1 1
— 5 8(Wii x - x0) = 56(WL X %) (8.10)
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At first sight, it may seem like we will need to write down explicit expressions
for Wy, Wiy, and G before we can calculate the supersymmetric variation of our
lagrangian, but this won’t be necessary. For example, we can simply write the total
variation of G(¢, ¢') under a SUSY transformation as

3G = 99 ¢+ag

t
7 79l 3¢ 8.11)

using the rule familiar from calculus. We therefore get, using Eq. (8.2),

G 1Y
89——¢§ X+ 3¢TX ¢ (8.12)

We can, of course, use the same trick to write down the variation of W; and Wy;.
For example, we have

S(WiF)= (W) F + W SF

aw, aW,
8¢+ ——38¢ | F+ W, SF
(a¢> N FS ¢) o
AW aW,
:_(;g XF+8¢T§ XF—iW ¢l6"0,x (8.13)

The variation of WlT FT is obtained simply by taking the hermitian conjugate of this
expression.
On the other hand, we find that

1 1
—QS(WUX'X) = —§5W11 X-x—Wix-dx

1 /oW oW
= —— ) 1) - W -5
<a¢ ¢+ 001 ¢> X 1nx-0x
_ 13W11§ 13W11— —
= 2 98 X X 2 gl XXX

—i Wi xTio? (@0up) ot ic?c* — Wi Fx-¢  (8.14)

and again, the variation of —W]T] X - x /2 is simply the hermitian conjugate of the
preceding.

Before writing out Eq. (8.10) in gory detail, let us make a key observation: The
first two terms (containing G) cannot be canceled by anything arising from the last
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four terms (containing W and Wy). This is clear because the variation of the terms
in W; and Wy, contains either a derivative, an auxiliary field F, or three spinors .
But none of these appear in the terms in G. Therefore, if we want the theory to be
supersymmetric, G must be a constant, which always can be chosen to be zero, i.e.,

G=0 (8.15)

This leaves the more manageable form [using Egs. (8.13) and (8.14)]

1
8Ling = S(W1F) — 55(W11 X x)+ he.

8W1€_ F—i—anE _F W ;T_Ma 1 anlé’
= — . R . —i 5 . ) )
T gt © % ! hX T3 e SAXX
I
I II e
1 oWy -
2 8¢>1Tl £ X X'X_iW11XTi02(8u¢)Gﬂi02§*— Wi Fy - ¢ +hec.

VI VII
v

where we have labeled the terms with roman numerals in order to make it easier
to refer to them later. We did not write down the hermitian conjugate expressions
explicitly because all we really need is to make the terms shown here cancel each
other; if they cancel out, their hermitian conjugate will cancel out as well. Thus our
task is now to see if there is any choice of the potentials W; and W;; such that the
terms shown cancel each other out (modulo total derivatives, as always).

First, let us concentrate on the two terms that contain four spinors. Term IV is
the only term that contains ¢ - x x - x. However, this expression is identically zero
because it necessarily contains the square of a Grassmann number, so we get no
constraint on d Wy, /0¢.

On the other hand, the quantity ¢ - ¥ x - x, which appears in term V, is not zero,
and since there are no other terms that could possibly cancel this one, we must
impose

aW
1 _9 (8.16)
Yy

This is a result that deserves to be emphasized: The potential Wy, depends only on
@, not on ¢'. A common way to express this is to say that Wi, is a holomorphic
function of ¢. This expression comes from complex analysis, where a complex



CHAPTER 8 The Wess-Zumino Model 165

function that depends only on the complex variable z and not on Z is said to be
holomorphic.

Next, let us turn our attention to II. There are no other terms of this form, so it
must be identically zero, which implies that W, is also holomorphic in ¢:

oW,

Fw =0 (8.17)

This leaves us with four terms (plus their hermitian conjugate). Two of these terms
contain derivatives, so they must cancel each other (or vanish separately). These
two terms are Il and VI:

M+ VI=—i W, £16"8,x —iWy x" io? (8,9) 0" ic* ¢*

In the second term, we can move the 0,,¢ in front and then use Eq. (A.5) to simplify
to

M+ VI=—i W, 6 0, 4+ i (3,¢) Wiy x 6" ¢*
which, using Eq. (A.36), may be written as
I+ VI=—i W, 216", x —i 8,¢) Wi ¢T 6" x

In order to have the same spinor product in both terms, let us do an integration
by parts on the first term (keep in mind that W is a function of ¢, so it is a
spacetime-dependent quantity):

I+ VI=i@,W)¢'a"x —i (8.0) Wi tTa"x
Now we set this equal to zero and obtain the condition
0, W1 = (0,9) Wiy (8.18)

You see now why a factor of —1/2 has been included in Eq. (8.6); it was chosen in
order to make the relation between W, and Wy, as simple as possible.

Equation (8.18) provides a relation between W and Wy, that can be made more
explicit by noting that, through an application of the chain rule,

oW
3, W = aTsl 3,6 (8.19)
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which, when used in Eq. (8.18), yields

Wi = W (8.20)

We have canceled all the terms except terms I and VII, i.e.,
IW,
I+VII=%§~XF—W11F)(-§

aw
_ <aTsl - Wu) Fiox (8:21)

where we have used ¢ - x = x - ¢. Obviously, this vanishes because of Eq. (8.20)!
We therefore have constructed a supersymmetric interaction lagrangian

1
Ling = Wi(¢) F — > Wi (@) x - x +h.c.

B 1 9Wi(¢)
= Wi(¢) F — 3 W X - x + hec. (8.22)

where we made explicit the fact that W; and W;; may only depend on ¢.
To have a renormalizable lagrangian, W; must be at most a quadratic function
of the scalar field. The most general form is therefore

Wi () = m¢ + %yqﬁz +C (8.23)

where m has dimension of a mass, y is dimensionless, and the factor of 1/2 is
purely conventional.

The model we considered in this section is extremely simple. In the next section
we will generalize to a set of n multiplets with fields ¢;, x;, and F;, where i runs
from 1 to n. Most of what we did here will apply verbatim, but there will be a few
nontrivial complications owing to the presence of several fields. We will see that it
proves convenient to introduce a new function of the scalar field denoted by W(¢)
and related to W; by

w, = 2% (8.24)
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which, using Eq. (8.20), implies

*W

2

W is called the superpotential because it also will appear as a function of the

superfields that will be introduced in Chapter 11. The superpotential corresponding
to the W, given in Eq. (8.23) is obviously

Wi =

1 ILINE 1
W=§m¢ +6y¢ +Cod+ f(oh) (8.25)

In terms of the superpotential, the interaction lagrangian (8.22) is given by

W 1 32w
F

Liw=—F—=-—=x-x+hc. 8.26
‘= 08 2 a2 X X +he (8.26)

The function f(¢') appearing in the superpotential plays no role because only
derivatives of VV with respect to ¢ appear in the lagrangian, so we may drop it and
take the superpotential to be holomorphic in ¢. The linear term in ¢ usually is not
included but plays a role in the spontaneous symmetry breaking of SUSY, as we
will see in Chapter 14.

8.2 A More General Lagrangian

We now generalize the free lagrangian to a set of n copies of the fields. Such
a generalization will be useful when we consider the minimal supersymmetric
standard model (MSSM). The obvious generalization of the lagrangian is

. L 1
Lwz = 0,9, 3"¢i + X;za“ Ouxi + FiT Fi + (Wi Fi— -

5 Wi xi - Xxj —i—h.c.)

(8.27)

where the indices i and j are summed from 1 to n. We won’t require that this
index appear in the upper and lower positions to be summed over because it is not
a spacetime index. The functions W; and W;; are a priori arbitrary functions of all
the scalar fields ¢; and their hermitian conjugate

Wi = Wi, 9!, ..., ¢n d]) (8.28)

and similarly for W;;.
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We take the fields of each multiplet to transform exactly as in Eq. (8.2):

S =10 xi=—t"io%x

8] =%i-T =xio "

Sxi =—ic"ic? ¢* 3. + Fi ¢

8F=—i T 6" d,x (8.29)
Note that even though there are » fields of each type in the lagrangian, there is still

only one spinor ¢ appearing in the transformations.
The variation of the functions W; is generalized to

ow; ow; .
SWi (¢, 9" = 875}(8@ + aTﬁ‘w (8.30)
k
oW, ow; -
=0t 8 X (8.31)
Lo A,

with a similar expression for the variation of W;;.
We therefore have

n BWl 8W, = _
S(Wi(¢v¢)Fi+h-C~):_g'XkE+_T§’XkFi+Wi8E+ h.c.
IPx dg,

oW, ow; - _
= ¢ kit —=¢ xki
dPx dg,
—i W; ¢T 6" 3,0 +hec. (8.32)
and, similarly,
5 1W +h 1 oW;; 18W,75 _
—_— ii i . .C. —_ —— = . i P— - — . i .
5 jXit Xj Zad)k{ Xk Xi® Xj 23(]5]1 Xk Xi © Xj
1
—5 W,‘j 6()(,‘ . Xj) + h.c. (833)

We are looking for conditions on W; and W;; such that the sum of Egs. (8.32)
and (8.33) vanishes, modulo total derivatives. We will focus on the terms written
out explicitly and not worry about their hermitian conjugates because if they cancel
out, their hermitian conjugates will too.
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Terms with Four Spinors
Consider the first term of Eq. (8.33):

19W,;
2 O

C Xk Xi* Xj (8.34)

There is no other term of this form. When the three indices are equal, i = j =k,
it is identically zero because it contains the square of spinor components. What
happens when the indices are different? Do we have to set W;; equal to a constant?
Actually, this would be too restrictive. To see this, consider identity (A.53). In order
to use this identity, we must keep in mind that the indices i, j, and k are summed
over. Consider, for example, the three terms

8W12 8VV31 3W23
. . . . 2. . 8.35
a¢3§X3X1 Xz+8¢2§X2X3 X1+a¢1§ X, X, X3 (8.35)
Identity (A.53) tells us that
XX X%te XXX+ X % x3=0 (8.36)

so the three terms of Eq. (8.35) will cancel out at the condition that

oW, OWs  0Was
003 09, 09

(8.37)

It’s clear that if we assume cyclic symmetry of 9 W;;/d¢; under the permutation of
the three indices i, j, and k, we will have automatic cancellation of Eq. (8.34), all
the terms canceling in groups of three.

As for the second term of Eq. (8.33), there is no identity to save us this time, so
we must impose

oWy
)

(8.38)

that is, W;; must be a holomorphic function of the ¢.
In order for W;; x; - x; to be of dimension 4 or less, the most general holomorphic
W;; we can write down is

Wij = mij + yijk P« (8.39)
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If we impose that d W;; /d¢ be invariant under cyclic permutation of the indices, we
must take the couplings y;;x to have cyclic symmetry, whereas there is no required
symmetry on the constants m;;. The end result is that the part of L;, containing
W;; is given by

1 1
T Mij Xi Xj 5 ik Gr Xi* Xj (8.40)

But because x; - x; is symmetric under the exchange of i and j, we can always
make m;; symmetric too. Thus, from now on, we take m;; to be symmetric. With
this choice, W;; is symmetric under the exchange of its indices.

Now comes the key trick: We can automatically make W;; symmetric if we write
it as the second derivative of another function of the scalar fields, i.e.,

>W

Wij vy
3¢ 06;

(8.41)

where W is, of course, the superpotential we encountered previously. Its most
general form is

1 1 ,
W =~ mij i) + 2 ik $idhjbi +cij $ ) + i i + @) (8.42)

where f is an arbitrary function of the d)iT (at most cubic). We will show below that
the constants ¢;; actually must be equal zero. The term linear in ¢ cannot be ruled
out, and it is actually considered in certain forms of SUSY breaking.

Last Term of Eq. (8.33)

This term is

1 .
—3 Wi 8 - x) = = Wij 8(xiox;)

D= N =

Wi (—(io“ io?¢* a,m-)r io? i+ F¢lio? y;

—xiotiotio?* 3,0 + Fj x! io—2;> (8.43)
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Now we use identity (A.36) applied to the first term. For an arbitrary matrix A, this
identity allows us to write

(AD" (o) = (0?0 Ac = —x" (10 At = x"i0c® Ar  (844)
Therefore, the first term may be written as
(ic® io?* Bu(b,-)T io?y; =i XjT io? ot ioc?* 9,9 (8.45)
Substituting this into Eq. (8.43), we get

W..
Wij x] io? ot io” ¥y + —+ Fi¢Tio” x;

1 i
—5 Wi 8(xi - xj) =—53 >

2
i T+ 2 s 2 ox% Wij T. 2

5 Wi xj ic”o"io” " 0,0 + TF’ Xi 10°¢  (8.46)

We see that the first and third terms are identical (since the indices i and j are

summed over).

It turns out that the second and fourth terms of Eq. (8.46) are also identical. This
is obvious if we recall that

¢lio? xj=—¢-x; (8.47)

whereas xio?t = —x;-¢and ¢ - x = x - L.
Using this, we obtain

1 . . . 2k
=3 Wiy 8- xj) = =i Wiy xj io? 0" io™C" dugi = Wiy Fig - x;  (8.48)
This can be simplified even further using Eq. (A.5) and then Eq. (A.36) to write
xjototol et =x/ @) ¢*
=ty

so that Eq. (8.48) simplifies to

1 . _
=5 Wiy 80k - x) = =i Wiy €1 6% x5 0u¢hi = Wiy Fi 8- x; (8.49)
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Remaining Terms
We are left with the terms of Eqs. (8.32) and (8.49):

—i Wy 16" xj 0t — Wij Fi & - X;

ow; ow; _ -
+ o= Ce B+ — X B — iWi 1GR9, (8.50)
GLons I
All these must cancel out, modulo total derivatives.
Consider first the terms that contain derivatives acting on some field, which are
the first and last terms. These are very similar. To show even more clearly their
relationship, we may use the fact that

*W
Wi = (8.51)
00;0¢;
to write
Y oW
W;; 0, = ——— 0,¢; = 0 (—) (8.52)
P agiag T \og,
So the sum of the first and last terms of Eq. (8.50) is
aW 4
—id, (—) ¢taty; —iWicta  dun (8.53)
00;
This is a total derivative at the condition that
ow
W, = — 8.54
00, (8.54)

We see that both W;; and W; are given in terms of the superpotential [see Eq. (8.41].
Now we are left with three terms in Eq. (8.50):

oW, oW,
Wiy Fil-xj+-—¢-ubFi+—=¢ ki (8.55)
el de)

Note that Egs. (8.54) and (8.41) imply that

AW,

W, = 0 (8.56)
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so the first two terms of Eq. (8.55) cancel out. We are left with the last term.
Since we can’t cancel this with anything and it is not a total derivative, W; must be
independent of ¢, i.e.,

oW,

— =0 (8.57)
00!

If we plug the most general form of the superpotential Eq. (8.42) into Eq. (8.54),
we get

1
Wi = mij §; + 5 yije &5 b + i) + (8.58)

We see that Eq. (8.57) implies that ¢;; = 0.
Since the lagrangian contains only derivatives of the superpotential with respect

to the fields ¢;, we also may set the function f (qu ) = 0 in Eq. (8.42) so that the
most general superpotential is the holomorphic function

1 1
W= 5 Mij i P +6)’ijk¢i @ b +ci @ (8.59)

And we are done! We have obtained a supersymmetric interacting theory. We
will summarize our results in the next section.

8.3 The Full Wess-Zumino Lagrangian

We have found that the following lagrangian, referred to as the Wess-Zumino la-
grangian, is supersymmetric:

y L I
Lwz = 8,0 0" ¢ + x]i6 9,5 + F} F; + (WiFi ) Wijxi - Xj +h-C->

R 1 3w
—F - = X
lof 2 0¢p; 09

= au¢jau¢i + X,-Tlﬁﬂaﬂxi + FiTF,- + ( e +h.c.>

(8.60)

where we have used Eqs. (8.54) and (8.41).
Let us now eliminate the auxiliary fields. Using the equation of motion for F;,
dL/OF; = 0, we get
ow

Fi=—Wi=——"
o
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On the other hand, the equation of motion for FiT gives

F.__WT__MT
o o

so the two terms containing the auxiliary fields combine to form

2
(8.61)

i

T
FiTFl.+MFi+ 244 FT:_M
Glon do; elog

Substituting this expression in the lagrangian, we get a different representation
for the Wess-Zumino lagrangian:

ow

21/ W h
— i X .C.
0 Ki

“ 2\ 80, 00

Lwz = au(ﬁjaﬂqbi + X,’Tio_—ﬂap.)(i - ‘

(8.62)

We see that the potential of the scalar fields is given by (recall L = K — V)

2

ow
Vgi) = |— 8.63
(i) 00, (8.63)
Here, we are including the mass terms of the scalar field in the potential.
Using the general superpotential Eq. (8.59), we have
1
Wi=mijp;+ = yijxdj dr +ci (8.64)

2
and W;; = m;; + y;jx@x so that the lagrangian is

2

Yijk
it +ci

Lwz = aud’jaﬂ‘ﬁi + XiTi&MauXi — |mij¢; + 2
1
5 (mij xi - Xj + Yijk $ xi - xj +hc)

The coefficients ¢; are usually set to zero, although they play a role in SUSY
breaking, as we will discuss in Chapter 14.

We see that the spinor and scalar masses are equal as expected. Also, we see
that there are three types of interactions: a cubic scalar interaction, a quartic scalar
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interaction, and a scalar-fermion interaction whose coupling constants are related
in a very specific way in order to ensure invariance under SUSY.

8.4 The Wess-Zumino Lagrangian
in Majorana Form

In Chapter 9 we will carry out explicit calculations in the Wess-Zumino model.
Although it is, of course, possible to carry out calculations with Weyl spinors (see
in particular Ref. 13), most references use Majorana spinors for calculations of
scattering amplitudes, as well as real scalar fields. We will therefore rewrite the
Wess-Zumino model in terms of Majorana spinors and real fields. Let’s consider
for simplicity the case of a single multiplet, for which (setting the linear term c¢
in the superpotential equal to zero)

w="Tg¢12

: ~ 0’ W1=m¢+§¢2 Wi=m+yp  (8.65)

If we don’t get rid of the auxiliary fields, the lagrangian is

1
Lwz =8,¢"3"p + x'ic" 8, +FFT+m¢F+§y¢2F+m¢TFT

+§(¢>*>2F*—§(X-x+x-x)—§(¢x-x+¢>*x-x) (8.66)

where we have taken the parameters m and y to be real. If we use the equations of
motion of F and FT to get rid of them, we get

2
Lz =0,0' "¢+ x'ic" 0,0 —m> @ ¢’ = == (826 +¢9) — I (@41’
—%(x-erX-X)—%(¢x-x+¢*>‘<-7<) (8.67)

It is conventional to rewrite the complex scalar field in terms of two real scalars
conventionally named A and B according to

¢ = %(A +iB) (8.68)
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Using this and the identities of Sections 4.7 and 4.11, we find that the free part
of the lagrangian can be written as

1 r 5, , 1 r 5 5 11—
(8.69)
whereas the interactions are
Liw=Ln+Lpn+Liz+ Ly (8.70)
with
1
Lp=—5g A7+ B
Lpop=-mg (A’ 4+ AB?)
Liz=—gAVy¥y
where we have defined
y
g=—= (8.72)
V38

8.5 Quiz

1.

What is the scalar field potential in terms of the superpotential in the Wess-
Zumino model?

What do we mean when we say that the superpotential is holomorphic in the
scalar fields?

What is the relation between W;, W;;, and the superpotential V?

. Using the answer of the third question and the fact that the lagrangian contains

aterm W; F;, what is the maximum number of scalar fields that may enter the
superpotential?

. Write down the most general superpotential for a single scalar field.



CHAPTER 9

Some Explicit
Calculations

In this chapter, we will consider the Wess-Zumino lagrangian with only one mul-
tiplet. It turns out that most calculations in the literature are carried out using the
Majorana form of this lagrangian, given in the last section of Chapter 8.

Our only purpose in this chapter is to exhibit explicitly the cancellation of all
quadratic divergences in the Wess-Zumino model in a few simple amplitudes. Some
logarithmic divergences do not cancel out, and a more detailed analysis would show
that these all can be canceled by a common wavefunction renormalization for both
the scalar and fermion field. However, owing to a lack of space, we will not go into
this in this book.

Calculations of scattering processes with Majorana spinors involve a few sub-
tleties not present in calculations with the more familiar Dirac spinors. In addition,
because our theory contains cubic interactions of the scalar field, we will encounter
so-called tadpole diagrams that may not be familiar to some readers. For these
reasons, the Feynman rules and Feynman diagrams for calculations with the Wess-
Zumino lagrangian probably would look unfamiliar. We have therefore made the
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choice to not throw at you the Feynman rules for the Wess-Zumino model but in-
stead to go back to the fundamental formula for the calculations of n-point functions
in the canonical quantization approach.

9.1 Refresher About Calculations of Processes
in Quantum Field Theory

Recall the the fundamental quantities of interest in quantum field theory are the
so-called n-point functions, which, if we consider for simplicity the theory of a
single real scalar field, take the form

OIT (61 ()11 (y) ... eli [ 2'<Lmld1 @) )

(Q|T(¢(X)¢()’) cee )|Q> = <O|T(e{id4z£im[z]})|0>

9.1)

where T denotes the time-ordering operator, and the dots stand for some product
of fields that depends on the process we are interested in (we will see some explicit
examples soon). The brackets and braces are used instead of parentheses only
to make the expressions easier to read. The state |2) is the vacuum of the full
(interacting) theory, whereas |0) is the vacuum state of the free (noninteracting)
theory. The index I on the fields on the right mean that they are taken in the
interaction picture, so their time evolution is governed by the free hamiltonian. C;p
is the interaction part of the lagrangian (the free part representing the kinetic and
mass terms). The division by (0] exp(i [ Lin)|0) has for only effect to remove all
disconnected diagrams from the calculation.

These n-point functions are the fundamental quantities in perturbative quantum
field theory. The amplitude of any process can be calculated in terms of the n-point
functions using the Lehmann-Symanzik-Zimmermann reduction formula, and from
the amplitude, one can calculate physical observables such as cross sections and
decay rates. In this chapter, we will consider only n-point functions.

In case the use of this equation is not fresh in your memory, let’s do a quick
example. We will simply illustrate how the equation is used to calculate processes,
leaving the proofs of why it works to textbooks on quantum field theory.

Consider, then, the simplest interacting field theory one can write down: the
famous A¢* theory:

L= %awam - %m2¢2 — 9.2)
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We consider a real scalar field for simplicity (this explains why there is a factor of
1/2 in the kinetic and mass terms, a factor that is absent when the field is complex).
For this theory, the interaction lagrangian is

Lin = —2¢" 9.3)
Let’s look at the 2-point function, in other words, the propagator:

(OIT (¢ )P (y)e '/ 22°) j0)
(O (1) «*=74°)0)

(QUT (¢ ()¢ (»)IRQ) = 9.4)

Let’s focus on the numerator (again, the effect of the denominator is simply
to remove all disconnected diagrams). To order A°, we simply set the exponential
equal to 1 and get

OIT (¢ ()¢ (»)10) = (0l ()9 ()10)

which is simply the free propagator, often denoted D (x — y). This can be calculated
explicitly using the expansion of ¢ in terms of creation and annihilation operators.
The Wick contraction symbol means that all creation operators have to be moved
to the right of the annihilation operators. The result (see any textbook on quantum
field theory) is that D(x — y) is the Fourier transform of the familiar scalar field
propagator in momentum space, i.e.,

d*k . ]
Y s T

Q2m)4 k2 —m? +ie
d*k .
= We*’k“*” D(k) 9.5)

where D (k) is the momentum space lowest-order propagator.

For a less trivial example, consider the order A correction to the propagator from
the expansion of the exponential in the numerator of Eq. (9.4) to that order. We will
call this correction D (x — y) because it is of order A':

Dm—wz—MMT@@ww/fw%0w> (9.6)

—t
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Now we must contract all fields in pairs. One possibility is obviously

-4{/fum¢w¢@w@w&@@m@w» 9.7)

however, this corresponds to a disconnected Feynman diagram. We therefore ignore
this contribution [because it is canceled by a term arising from the denominator of
Eq. (9.4)].

In order to get a connected diagram, we obviously must contract ¢ (x) with one
of the four ¢ (z) and ¢ (y) with one of the remaining three ¢ (z). The remaining two
¢ (z) must be contracted together. There are 4 x 3 = 12 ways to do this, so we get

4
Di(x —y) = —12ix / d Z(0|¢(X)¢(y)¢(z)¢(z)¢lﬁ(i)¢lﬁ(z)|0) 9.8)

There is no difference between contractions drawn below or above the fields,
the two forms are used only for the sake of clarity. Now we simply replace each
Wick contraction by the scalar propagator having for argument the difference of
the spacetime points of the two fields and remove the ket and bra:

Di(x —y) = —12iA / d*z D(x —2)D(y — 2)D(z — 2) (9.9)

which corresponds to Figure 9.1. The integral over three scalar propagators with
these spacetime coordinates will occur many times, so let’s have a closer look at it.
Using Eq. (9.5), we have

fd%Du—mD@—mD&—@

/ / —ip-(x—2) d*k je—ik-(v=2) a4 je—ia@=2)
(27T)4p —mz—i-ze Qm)*k2—m?2+ie )] Qun)* ¢2 —m?+ie

z

Figure 9.1 Diagram corresponding to Eq. (9.9).



CHAPTER 9 Some Explicit Calculations 181

The exponentials can be combined, and we can do the integration over z:

/d4zeip~xik~y eiz~(p+k) — e*ip'xfik~y(2n)484(p —|—k)

= e P sH(p + k) (9.10)

where in the last step we have set k = — p in the exponential because this is enforced
by the Dirac delta. We now can use the delta function to do trivially the integration
over k which leads us to

fd4z D(x —2)D(y — 2)D(z — 2)

iy i i d*q i
= | ——e
Qm)* p2—m?+ie p?—m?+ie Q2m)* g2 —m? +ie
d*p . d*q i
_ -ip =) D(p) D / 9.11
Qn)*¢ e e e e ©-11)
If we Fourier transform to momentum space, we obtain
U d*z D(x —z)D(y — 2)D(z — z)] = D(p) D(p) I, 9.12)
FT
where we have defined the quadratically divergent integral
a* ]
I, = 9 : 9.13)

— ] 2n)¢ g —m?+ie

To explicitly show the structure of the divergences arising from this integral, let us
carry out the integration. The integrand has poles at g = +/g% + m? F ie. With
a choice of appropriate contour, it is straightforward to show that

/ d*q i 1 / d*g 1 ©.14)
Qm)* g> —m?+ie  2) @2n)3 /3% + m? '



0 Supersymmetry Demystified

Using an explicit cutoff on the magnitude of the three-momentum, we get

1 A q2
LY L
4% Jo /q2+m2
1 5 | m? ) A ) m?
1 2 2 A 2 c
%g A —m“In - + m* x finite piece 9.15)

This shows that the integral contains a quadratically divergent term that is inde-
pendent of the mass of the particle as well as a logarithmic divergence and a finite
contribution that both depend on the mass. These observations will be important
when we discuss SUSY breaking in Chapter 14.

When it comes to calculations of physical processes, the quantity of relevance
(to use in the LSZ reduction formula) is actually the amputated momentum space
propagator that is obtained from Eq. (9.12) by dropping the two propagators D(p)
associated with the external lines:

AM
|:f d*z D(x —2)D(y —2)D(z — z)] =1 (9.16)
FT
Therefore, the amputated one-loop propagator is
AM
D, (p)=—-12irl, 9.17)

Quadratic divergences are ubiquitous in theories with scalar fields. The beauty
of SUSY is that it rids us of these nasty divergences in a very clever manner, as we
will soon see in simple examples.

9.2 Propagators

Before doing any calculations in the Wess-Zumino model, we need the propagators
of a Majorana fermion. Since we will use Greek subscripts to indicate the compo-
nents of the Majorana spinors, these will be represented by W instead of Wy, to
make the notation less cumbersome.
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As for a Dirac spinor, we have

— d*k .
O (¥ TG )10 = | 555 S0 9.18)
with
Supll) = i —H T M (9.19)

k2 —m? 4 ie

However, unlike Dirac spinors, there are two additional propagators coming from
the contractions of W' ¥" and " U" . These propagators are identically zero for a
Dirac spinor because they contain the vacuum expectation value of the product of
a creation and an annihilation operator for the fermion and the antifermion, which
is zero because those are two distinct states. The corresponding expressions for a
Majorana fermion are not zero because it is its own antiparticle.

It is easy to work out these two extra propagators from the result in Eq. (9.18) if
we recall that for a Majorana fermion [see Eq. (4.2)],

(wMye = yM (9.20)
where the charge-conjugation operation is defined as
=T
ve=Cw 9.21)

and the matrix C, as given in Section 4.1, is equal to

io? 0
C= 5 (9.22)
0 —io
Note that C?> = —1, which implies that C~! = —C. We obviously also have CT =
—C,s0CT = C~!. These relations will be very useful when we calculate scattering

amplitudes.
Showing the spinor indices explicitly, Egs. (9.20) and (9.21) translate to

W' = Cop ()Y (9.23)
Consider the propagator

(OIT (W' ()WE (1))10) 9:24)
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What we want to do is to rewrite this in a form similar to Eq. (9.18) using Eq. (9.23).
Obviously, we simply have to replace W /’3” inEq. (9.24) with Cg,, (\I/)y , which allows
us to express the propagator (9.24) in terms of Eq. (9.18):

d*k

i ¢ oy Say )

o (@ 0)0 = [

However, this is not the most convenient form. When we will calculate diagrams,

we will want to calculate the traces of the matrices acting on the spinors, and for

this reason, it is more useful to have the index y in the C matrix to appear in the
.. . . . _ T

first position, which we can do simply by using Cp, = C, 4, to finally get

d*k

OIT (W' )W ())10) = o)

e O S, (k) CL, (9.25)

This way, the matrices C” and S form a matrix product equal to SC.
Following the same approach, it is easy to show that

d*k

—M, —M
OIT (¥, ()4 ())10) = )

e el S, (k) (9.26)

When drawing Feynman diagrams involving Majorana spinors (and Weyl spinors
too), one has to distinguish among the three different types of fermion propagators.
This is done by drawing on the fermion lines two arrows flowing in opposite
directions (either toward one another or away from one another) to represent the two
new types of propagators, Eqs. (9.25) and (9.26), in addition to the usual propagator,
Eq. (9.18), which is represented, as usual, with a single arrow. We won’t introduce
this notation for the very few calculations we will do. We will simply use the same
diagram to represent all three types of propagators. The double-arrow notation is
very useful for drawing general conclusions about the types of counterterms that
can be generated by a given lagrangian. A simple illustration of this notation for
Majorana spinors can be found in Section 1.3 of Ref. 8.

Let us note that we could, of course, carry out all the calculations using two-
component Weyl spinors instead of four-component Majorana spinors. In Ref. 13,
a detailed explanation of the Feynman rules and diagrammatic notation for Weyl
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spinors (which also involves the double-arrow notation) is presented, as well as a
large number of detailed calculations.
The propagator of a scalar field is, of course, the usual

d*k
OIT(AWAM)I0) = | =5 ¢ Dath) (9.27)
where
Dak) = g 9.28)

Note that we don’t put any label on the masses because all the particles have the
same mass.

For the rest of this chapter we will not include a label M on the Majorana spinors.
It will be understood that all spinors ¥ will represent Majorana spinors, not Dirac
spinors.

9.3 One Point Function

As a warm-up exercise, consider the one-point function of the A field in the Wess-
Zumino model:

(©2[A(x)[€2) (9.29)

This turns out to be much simpler than the zero-point (vacuum energy) calculation.
If we work to order g in the coupling constant, the calculation involves only three
simple diagrams. Despite its simplicity, this is still an interesting calculation to work
through because it will exhibit clearly the clever way in which a supersymmetric
theory takes care of the quadratic divergences.

To be explicit, the one-point function is given by

(01T (A(x)e! [ 4'2£@)|0)
(0| (et [ 4'2£/@))|0)

(QIT(AW))IQ) = (9.30)

where the interaction lagrangian of the Wess-Zumino model is given by the sum of
the four terms of Eq. (8.71). Note in particular that L is of order gz, whereas the
other three interactions are of order g.
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To lowest order (order g%), we get
(QIT (A(x))|2) = (0]A(x)|0) =0 9.31)

because A(x) is a sum of single creation and annihilation operators. The first
nonzero contribution is of order g and is given by

(QIT(AW)IQ)], = / d*z(0IT{i A (L12(2) + L1320 }10)

= _ig/d4z<0|T(mA(x)A3(z)+mA(x)A(z)B2(z)
I

+ A(x)A(z)@IJ) (9.32)
———
111

Note that the interaction L4 does not contribute because it does not contain any A
field to pair up with A(x). We haven’t written the denominator of Eq. (9.30) (whose
purpose is to remove the disconnected diagrams) because it is equal to one at the
order we are working.

In the first term of Eq. (9.32), we have three ways to contract A(x) with one of
the A(z) and only one way to contract the two remaining A(z) which gives us a
factor of 3. The first term is therefore

I= —3igm/d4z Ds(x —2)Da(z — 2)

4 d*q Ak ie—it(x—2) je—ik(@=2)
= —3igm | d
zgm/ ¢ / Qm)* )] Qn)* g2 —m?+ie k2 —m? +ie

_ 3 /d4 d*q d*k  ie”i1TD i 9.33)
- e ¢ Qm)* ) Qn)* g2 —m?+ie k2 —m? +ie '

which is illustrated in Figure 9.2.
Carrying out the integral over z gives (2r*)8*(g), which allows us to trivially
integrate over g, finally giving us

3ig [ d*k 1 g
[= 2% — 35 9.34
m ] Qm)* k2 —m?+ie m @ ©.34)

with I; given in Eq.(9.15).
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Figure 9.2 Diagram corresponding to Eq. (9.33).

Now look at the second term of Eq. (9.32). There is only one way to contract the
fields, so this contribution is simply

= —igm/d4z D,(x —2)Dp(z — 2)

ig d*k 1 g
__8 —_% 9.35
m ] Qo) k2 —m?+tie m° ©-39)

with the corresponding diagram illustrated in Figure 9.3.

Figure 9.3 Diagram corresponding to Eq. (9.35).
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Finally, there is the third term of Eq. (9.32). It is equal to
I = —ig/d4z Da(x —2) (0|7 (Wa(2) W (2))]0)
=ig f d*z Da(x —2) (OIT (Va(2) Wa(2))10)

= lg/d4Z DA(x —Z) Tr(S(Z —Z))

zg/d4 d*q dk  ie”' 07D iTr( + m)
Q2m)* ) Q2n)* g2 —m?+ie k2 —m? +ie

4 /d4 / d*k  ieTir—d) i
= 4a41gm
¢ (2)* (27r)4 g* —m? +ie k> —m?+ie

d*k
=4i < 4
! /d /(271)4 k2—m2—|—le

— 458 ~y (9.36)

where we have used the usual trace identities for gamma matrices (which are
summarized in Appendix A). The corresponding Feynman diagram is shown in
Figure 9.4.

The three terms in Eqs. (9.33), (9.35), and (9.36) are seen to cancel out exactly.
More specifically, the contribution from the fermion loop cancels out exactly the
contribution from the two scalar loops.

Figure 9.4 Diagram corresponding to Eq. (9.36).
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Note that this works only because the same coupling constant g appears in both
L, and L3 and because the three particles have the same mass, which is also equal
to the parameter m appearing as a coupling constant in L ;.

9.4 Propagator of the B Field to One Loop

We consider now

OIT (BO)B(y)e'[=£@)|0)
(OIT (¢! / *<£@)]0)

(QUT (B(x)B(»)IR) = (9.37)

Let us recall that the effect of the denominator is to remove the disconnected
diagrams from the perturbation expansion.

The lowest-order (order g°) contribution is simply the free-particle propagator
Dpg(x — y). There is no distinction between the free propagators of the A and B
fields because they have the same mass. However, we will still distinguish the two
by calling them D4 and Dp because it will be useful to distinguish the contribu-
tions of the two fields when we discuss SUSY spontaneous symmetry breaking in
Chapter 14.

The only way to have a nonzero result in the expansion of the exponential in the
numerator is to have an even number of A and B fields (if there is an odd number of
fields, there will always be a creation or annihilation operator that will be unpaired,
which, when sandwiched between the vacuum, will give zero). Because of this, we
can see that there is no order g contributions.

O(g?) contribution comes from the L;; term in the first order of the expansion
of the exponential, i.e.,

/ d*2(01T (i BC) B L11(2))10) 9.38)

and six contributions from the second order of the expansion of the exponential,
1.€.,

1 1
/ d*z f d*w(0|T {B(x)B(y) [—ELIZ(@Ln(w) — S L@Li(w)

1
- §L14(Z)L14(W) — L) Liz(w) — Lpp(z)Lis(w) — L13(Z)L14(W)]} |0)

(9.39)
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A Few More Useful Integrals

The integral in Eq. (9.13) will be useful several times in this chapter. There are two

more integrals that will show up repeatedly. We will evaluate them here to alleviate
the presentation in the next few sections.

One of these integrals is

/d4z d*wD(x — 2)D(y —w)D(w —z2)D(w — z)

_ / d4 Zd4w d4p iefip~(xfz) d4q ie*iq~(y7w)
Q2m)* p2 —m? +ie Q2m)* g2 —m? +ie

d4k l-e—ilv(w—z) d4l ie—il-(w—z)
Qm)* k2 —m? +ie Qm)* lz—m2+ie:|

Doing the z integration gives a factor (27)*8*(p + k + ). Integrating then over /,
over w, and finally, over ¢, we finally get

4 . .
d°p_ —ipx-y) ! !
2m)* pr—m?+ie p?—m?+ie
d*k i i
9.40
X[ Q2m)* k2 —m? +ie (p—l—k)z—mz—i-ie] ©-40)

whose amputated Fourier transform is

AM

= liog (9.41)

FT

|:/ d4zd4wD(x —z2)D(y —w)D(w —2)D(w — Z)]

where I, is the logarithmically divergent integral between brackets in Eq. (9.40).
The second integral we will often need is

/d4z d*wD(x —2) D(y —2) D(z —w) D(w — w)

_ /« d4Zd4W d4p l-e—ip~(x—z) d4q ie—iq-(y—z)
Qm)* pt—m?2+ie ) 2m)* g2 —m?+ie

d4k ie—ik‘(z—w) d4l ie—il-(w—w)
Q2m)* k2 —m? +ie Q2m)* 12—m2+ie]

(9.42)
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Doing the z integration, we get a factor (27)*8*(p + ¢ — k) that we may use to
integrate over k. Integrating then over w and finally over ¢, we get

i d*p  ie” Py d*l i i
- (9.43)

m?2 ) Q2m)* p?—m?+ie Q)42 —m?+ie| p?—m?+ie

so the Fourier transform of Eq. (9.42) is (after amputating the external lines)

AM

—— L1 (944
m

FT

|:/ d4zd4wD(x —2)D(y —2)D(z —w)D(w — w):|

with I, defined in Eq. (9.13).
Now we are well equipped to calculate the one-loop corrections to the B propa-
gator.

Contribution from L;4
Consider first the contribution from L, [see Egs. (9.38) and (8.71)]. It is

) j g2
/d4z(0|T {B(x)B(y> [_%Bw g AR BR) - %A(Z)4)]} X
(9.45)

In the first term, there are four ways to contract B(x) with one of the B(z). Then
there are three ways to contract B(y) with one of the remaining B(z). The two B(z)
left over must be contracted together. We therefore get

AM

= —6ig*l, (9.46)

—6ig” [/ d*zDp(x — 2)Dp(y — 2) Dp(z — z)]

FT

where we have used Eq. (9.12). This integral corresponds to Figure 9.5.

B B

Figure 9.5 Diagram corresponding to Eq. (9.46).
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B B

Figure 9.6 Diagram corresponding to Eq. (9.47).

In the case of the second term of Eq. (9.45), there are two ways to contract B(x)
with a B(z), leaving only one possible contraction for B(y). The two A fields must
be contracted together, so we get

AM

= —2ig%l, (9.47)

FT

—2ig’ [f d*zDp(x — 2)Dp(y — 2)Dalz — z)]

which is depicted in Figure 9.6.

Now consider the third term of Eq. (9.45). The A fields cannot be contracted
with the external lines, so this produces a disconnected diagram that we must drop.
The total contribution of L, is therefore the sum of Egs. (9.46) and (9.47):

Contribution from L;; = —8ig21d (9.48)

with I; defined in Eq. (9.13).

Contribution from L2,

This contribution is given by [see Egs. (9.39) and (8.71)]

m2g2

/ d*wd*z{0|T (B(x) B(y) A’ (2) A*(w))|0)

m2g2

5 /d4wd4z<0|T(B(x)B(y)A(z)A(w)Bz(z)B2(w))IO)

—m?g? / d*wd*z(0|T (B(x)B(y)A’*(w)A(z) B*(2))|0) (9.49)

The first term produces only disconnected diagrams, so we may ignore it.
Consider the second term. We will have two choices. We may contract B(x) and
B(y) with B fields at different spacetime points, or we may contract both of them
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B
Figure 9.7 Diagram corresponding to Eq. (9.50).

with B fields at the same point. Let’s start by considering contracting them with B
fields at different points.

We can contract B(x) with either one of the B(z) or one of the B(w). Let’s choose
to contract B(x) with one of the two B(z) so we get a factor of two. Now, the re-
maining B(z) must be contracted with one of the two B(w) (otherwise, we get a dis-
connected diagram), and there are two ways to do this. Finally, the remaining B(w)
must be contracted with B(y), and the two A fields must be contracted together.
Thus, in all, there are four combinations. But if we would have started by contract-
ing B(x) with one of the B(w) instead, we obviously would have obtained another
four combinations identical to the first four, so there is a total of eight combinations.
We finally get the diagram of Figure 9.7, which corresponds to the expression

AM

—4m?g* [ / d*zd*w Dg(x — z)Dg(y — w)D(w — z)Da(w — z)]

FT

= —4m2gzllOg (9.50)

using Eq. (9.41). Since this is only logarithmically divergent, we will ignore this
contribution (in a complete calculation, this divergence is taken care of by the
renormalization of the wavefunction).

Now consider the other possibility: contracting both B(x) and B(y) witha B field
at the same spacetime point. Let’s say that we contract both with B?(z). There are
two ways to do this. Then the remaining B fields at w must be contracted together,
whereas the two A fields must be contracted together as well. But we could have
started by contracting B(x) and B(y) with B>(w). Thus the overall factor of this
diagram is 4. We therefore get the diagram of Figure 9.8, which is represented by
the integral

AM

—2m?g* [/ d*zd*wDg(x —z2)Dg(y — 2)Da(z — w)Dg(w — w):|

FT
=2ig’l, (9.51)
where we have used Eq. (9.44).
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B B

Figure 9.8 Diagram corresponding to Eq. (9.51).

Third Term of L?z

Consider now the third and last term in Eq. (9.49). To get a connected diagram, B(x)
must be contracted with a B(z) (two ways), and B(y) obviously must be contracted
with the remaining B(z). A(z) must be contracted with one of the A(w) (three
ways), and the remaining two A(w) must be contracted together (see Figure 9.9).
This gives an overall factor of 6, and we get for this diagram

AM

= 6ig’ly
(9.52)

—6m?g? U d*zd*wDg(x —2)Dg(y —2)Da(z — w)Da(w — w)]

FT

using again Eq. (9.44).

B B

Figure 9.9 Diagram corresponding to Eq. (9.52).
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Contribution from L;, L;3
This contribution is given by [see Egs. (9.39) and (8.71)]

- / d*wd'z(0IT (B(x) B(y){mg* A()W () ¥ (2)(A*(w) + A(w) B>(w))})10)
(9.53)

The A3 term gives a disconnected diagram. In the case of the second term, we must
contract both B(x) and B(y) with the B>(w). There are two ways to do this. The
A(z) obviously must be contracted with A(w), and the ¥ must be contracted with
the W so that the overall factor is simply 2, and we get [the change of sign is due to
the need to move W to the left of W in order to use Eq.(9.18)]

2mg? / d*zd*wDp(x —w)Dg(y — w)Da(z — w)Tr[S(z — 2)] (9.54)

which is represented by Figure 9.10 (we use dashed lines to represent fermion
propagators).

The trace of the fermion propagator involves calculating (using k for the four-
momentum of the fermion)

Tr l— =iTr k/—l-—m
K—m+ie k2 —m? +ie

=T (9.55)

B B

Figure 9.10 Diagram corresponding to Eq. (9.54). The dashed line is the fermion
propagator.
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This is simply 4m times the expression we would have in a boson propagator, so
we may write

Tr[S(z —2)] =4mD(z — 2) (9.56)

Equation (9.54) is therefore
i[\: = —8ig21d
(9.57)

8g2m? [/ d*zd*wDg(x —w)Dg(y —w)Ds(z —w)D(z — z)}
where once more we have used Eq. (9.44).

Contribution from L§4

The integral is [see Egs. (9.39) and (8.71)]

2
/d4wd4Z(0|T {B(X)B(y) (%B(Z)W(Z)Vs‘l’(Z) B(W)@W)VN(W))} 0)
(9.58)

Obviously, B(x) must be contracted with either B(w) or B(z), and B(y) must
be contracted with the remaining B. This gives two contributions. We get, after
contracting the B fields only,

g’ / d*wd*zDp(x — 2)Dp(y — w){O|T (Vo (2) Vsas Vs (2) Ws(w)yss, W, (w))]0)
(9.59)

where the spinor indices are shown explicitly.

If we contract the two spinors at z with each another and the two spinors at w
with each other, we get a disconnected graph. We therefore must contract the two
spinors at w with the two spinors at z. At this point, we must keep in mind that we
are dealing with Majorana fermions, so we have more possibilities than for a Dirac



CHAPTER 9 Some Explicit Calculations 197

fermion. Keeping this in mind, we get

(01T (Vo (2)Vsap V5 (2) Ws(W)yssp ¥, (w))[0)

= (0|7 (?a (Y50 W5 () W50y, (w)) 0)

_ —
+ (0T (‘llfa (@)75apWp (@) Ws(W)yss, ¥, (W)) 10)  (9.60)

Consider the second term first. This is a term we also would get for Dirac
fermions. Recall that in the fermion propagator (9.18), the W appears to the left of
the Dirac conjugate field W, so we must move W, (w) to the left of W, (2). Every
time we move a fermion field passed a W or a W, we pick up a minus sign, so we get

_ 1
(oiIr <‘%’a (2)V5ap¥p(2) ‘I’a(W)Vsap‘llfp(W)) |0)

— —
=—(0|T (‘Pp W)W (2)ysap Vp(2)Ws (W)V55p> 0) 9.61)

Now we can replace the contractions by fermion propagators, which gives us that
the second term of Eq. (9.60) is finally equal to

—SpaW — 2)¥sapSps (@ — Wyss, = —Tr(Sw — 2)ysS(z —w)ys)  (9.62)

We obtain a trace of the matrices because all the indices appear next to one another
except for the index p, which appears at the very beginning and at the very end.

Let us now turn our attention to the first term of Eq. (9.60). This is a contribution
that we would not have if we were considering Dirac fermions. In order to use the
propagators (9.25) and (9.26), we need to move the two W next to one another and
the two W next to one another as well. In principle, we could use any order between
the two W and between the two W, but the calculation will be much simpler if we
arrange the order so that we get a trace. Unfortunately, we can’t quite make it work.
For example, if we move the Wy (w) to the left of W, (z) and W, (w) to the right of
Wg(z), we get

o|T (Wla (z)ysaﬁ\lll,s () I@s (W)ysap\lllp (W)) 0)

S —
=(0[T (‘I’a WWVo(2)YsapVp(2) W) (W))/sap> |0) (9.63)
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We see that the indices are not in order: There is a mismatch because of the indices
of the y5 matrix on the far right. The way out is of course to reverse the indices of
that matrix. This can be done by using the identity (valid for any matrix)

Yo = (Vs )ps (9.64)
However, because ysr = ys5, we see that we are free to switch the order of its indices,
V580 = V5p8 (9.65)

which allows us to write Eq. (9.63) as

. —
(oir (‘I’B(W)‘I’a (D) V5ap¥p(2)¥, (W)y5p8> |0)

= C} SyaW — ) ¥s5apSpu (@ — WICL V505
=Tr(CTS(w — 2)ysS(z —w)CTys)
Now, it turns out that there is always a way to get rid of the CT matrices. The
trick is to use that CT = —C = C~! so that (CT)> = —1. In order to use this,
though, we need to get the two Cr matrices next to one another. We will do this

in two steps. First, we use the invariance of the trace under cyclic permutations,
Tr(ABCD) = Tr(DABC) to write

Tr(CTSw — 2)ysS(z —w)CTys) = Tr(Sw — 2)y58(z —w)CTysCT)  (9.66)

Next, we use the fact that 5 and CT commute; i.e., ysCT = CT y5 (which can be
easily checked using their explicit representations), so we finally obtain

Tr(Sw — 2)y5S(z — w)CTysCT) = Tr(S(w — 2)y5S(z — w)CT CTys)
= —Tr(Sw — 2)ysS@—w)ys)  (9.67)

which is equal to what we had obtained for the second term of Eq. (9.60) [see also
Eq. (9.62)]. Therefore, Eq. (9.60) is equal to

OIT (Yo (2)VsapWp(2) Ws(W)yss W, (w))[0) = —2Tr(S(w — 2)y5S(z — w)ys)
(9.68)



CHAPTER 9 Some Explicit Calculations 199

- ~
7 N
/ \
/ \
9 9
B B
\ /
\ /
N '
~ -

Figure 9.11 Diagram corresponding to Eq. (9.69). The vertices drawn as a cross inside a
circle represent interactions containing a ys matrix.

Plugging this back into the expression for the diagram, i.e., Eq. (9.59), we get
that the contribution of L?, is

—2g° f d*wd*zDp(x —2)Dp(y — w)Tr(S(z — w)ysSw — 2)ys)  (9.69)

which is shown in Figure 9.11 and corresponds to the integral

Qm)* p2—m2+ie )] 2m)* g2 —m?+ie

d*k d‘l jemik@w) jpmilv=2)
Tr —Vs -
em)* ) QCn)* \W—m+ie’” ] —m+ie

)/5) (9.70)

Doing the integration over z gives a factor (2)*8*(p — k + [), which we may
use to integrate over d*I. We get

942 / p d4p je”irx d4q je~i1—w)
— w
8 Q) p2—m2+ic | @t @2 —m?+ie
S ip T i i 9.71)
e r .
Q) Y —mtic "H—p—mtie"

Doing the integral over w and then over g, we get

4
e / P —ipGi-y) i ;
2m)* pr—m?+ie pr—m?+ie

d*k T { K+m)ys —p+m)ys }
T
Qm)* | k%2 —m?)[(k — p)*> — m?]
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To carry out the traces, we simply need touse (y5)> = 1, ysy* = —y*ys, Tr(¢) = 0,
Tr(¢ysl'ys) = —4a - b, and obviously, Tr(1) = 4. This leads us to

4 . .
862 [ P p-ivti-y) ; i
2m)* p2—m?+ie p?—m?+ie
d*k k-p—k*+m?

X Qm)* (k2 — m2)[(k — p)2 — m?] (9.72)

This contains a quadratic divergence, but it is not easy to isolate it in that form. A
standard trick is to write the numerator as

—(p — k)2 + k> + p* — 2k* 4+ 2m?

k- p— K2 2 _
P +m 2

_ _k2 2_k2 2 2
_ (p )+m2 +m*+p 9.73)

so that the integral is

4
_4g2/ P ip—y) ! !
(2m)* p2—m?+ie p?—m?+ie

d*k { 1 N 1 p? }
Qm* |k —p)?—m?  k*—m?> (kK —m?)[(k — p)* —m?]

In this form, it is clear that the quadratic divergence is isolated in the first two
terms. Ignoring the last term and making the change of variable k — k 4 p in the
first integral, we can finally see that the quadratically divergent contribution of this
diagram is

—8g? p e iPx=Y) i i d'k 1 "
§ Qm)4 p?—m?+ie p?—m?+ie Q2m)* k2 —m? |lg
=8ig’ly (9.74)

As an aside, the change of variable we just performed is fine as long as we are only
interested in isolating the quadratic divergent contribution of the diagram. If we
were interested in extracting the finite contribution, we could not be as cavalier.
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The Remaining Terms

There are still three terms we haven’t calculated: the terms in L%, L»L 4, and
L3L ;4. However, none of these terms contribute connected diagrams to the one-
loop B propagator as you can easily verify.

9.5 Putting It All Together

Let us summarize our results. We will group the contributions into two groups:
the tadpole diagrams and the nontadpole diagrams. Our goal is to demonstrate that
quadratic divergences cancel out, so we don’t take into consideration the diagram
of Figure 9.7 which contains a logarithmic divergence.

For the tadpole diagrams, we found

A tadpole = 6ig’l,
B tadpole = 2ig’l,
Fermion tadpole = —8ig?l,

Sum = 0 (9.75)
The results for the nontadpole diagrams are

Aloop = —2ig*l,
Bloop = —6ig*l,
Fermion loop = 8ig*l,

Sum = O (9.76)

As advertised, all quadratic divergences cancel out!

The choice of grouping the contributions into tadpole versus nontadpole diagrams
to show the cancellation may seem arbitrary in this example. For example, we
could have grouped instead the fermion and scalar contributions separately and still
obtained a cancellation. However, there is an accidental symmetry here that obscures
the structure of the cancellations. For this reason, it is instructive to calculate as well
the one-loop quadratic divergent contributions to the A propagator. We will only
quote the results here, which you are invited to double-check (all the tricks needed
to do the calculation have been introduced in the calculation of the B propagator).
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The one-loop quadratic divergent contributions to the propagator of A are, for
the tadpole diagrams,

A tadpole = 18ig*l,
B tadpole = 6ig*l,
Fermion tadpole = —24ig?1,
Sum = O (9.77)

and for the non-tadpole diagrams, they are

Aloop = —6ig*ly
Bloop = —2ig*l,
Fermion loop = 8ig’l,

Sum = O (9.78)

Again, there is one diagram that is only logarithmically divergent and therefore was
not included.

By looking at the results for the A propagator, it is now clear that the tadpole
diagrams cancel separately from the nontadpole contributions. These cancellations
are highly nontrivial. They obviously require a very subtle “conspiracy” between
all the parameters appearing in the lagrangian. Obviously, SUSY imposes very
stringent conditions on these parameters (not only at tree level, as we will discuss
in the next section). This is striking when we realize that there are three particles
and seven interaction terms but only one mass and one coupling constant in the
theory! Thus there are only two parameters, where we could have, in principle, 10
different parameters (three masses and seven coupling constants).

However, if we are only interested in having the quadratic divergences cancel, it
turns out that SUSY offers more constraints than what is necessary. For example,
consider leaving the dimensionless coupling constants in all the interactions the
same, as in SUSY, but let’s assign different symbols to the four different parameters
with a dimension of mass: the masses of the three particles m,, m,, and my and
the dimensionful coupling constant that appears in the interaction L, which we
will denote by m...

The important point to notice is that the scalar masses m , and m, do not appear
at all in the quadratically divergent corrections to the propagator! On the other
hand, if we go over the calculation of the contribution from the fermion tadpole,
we can see that this diagram is actually proportional to m./my, and therefore, for
the quadratic divergences to cancel, it is essential that m,. = my.
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The conclusion is that we can change the masses of the scalar particles with-
out disrupting the cancellation of quadratic divergences! This would clearly break
SUSY because the fermion and the scalar would no longer be degenerate in mass,
but it would not spoil the cancellation of the quadratic divergences. Of course, we
have only shown this for the very specific case of the one-loop corrections to the B
propagator. But a more detailed analysis shows that it is in fact valid to all orders
of perturbation theory and for all processes!

In addition, we also may modify some of the coupling constants of the various
interactions without spoiling the cancellations of the quadratic divergences. Thus,
as long as we are motivated only by the desire to cancel these divergences, we
have actually more leeway with the parameters of the theory than SUSY allows.
We could therefore add terms to the lagrangian that would break explicitly the
invariance under SUSY but which would preserve the cancellation of quadratic
divergences in the theory. Such terms are said to break SUSY softly. We will list all
the possible terms that break SUSY softly in Chapter 14. They will play a crucial
role in Chapters 15 and 16 because they are required to break SUSY in the MSSM.

9.6 A Note on Nonrenormalization Theorems

Unfortunately, we don’t have enough space to explore more in-depth the perturba-
tive properties of supersymmetric theories. The very simple examples we did had
for their only goal to give you a peek at the types of cancellations of ultraviolet
divergences that occur owing to SUSY.

However, this very short chapter does not do justice to the power of SUSY. Given
more space, we would discover not only that all quadratic divergences cancel to
all orders of perturbation theory but also that the only renormalization required
in the Wess-Zumino model is a common wavefunction renormalization of all the
fields (which involves only a logarithmic divergence). The mass m and the coupling
constant g do not get renormalized at all to any order in perturbation theory!

The theorems demonstrating that certain parameters in supersymmetric theories
do not get renormalized at all are known as nonrenormalization theorems. A proof
using a diagrammatic approach was worked out in Ref. 22. Seiberg*? has derived
the same result using a very nifty trick that makes the proof extremely simple. The
basic idea is that the parameters of the theory, such as m and g in the Wess-Zumino
model, are treated as the expectation values of some new fields. Of course, these are
not physical fields but rather simply mathematical tricks to carry out the proof and
therefore are sometimes referred to as spurious fields or spurions. The introduction
of these spurious fields enhances the symmetry of the lagrangian, introducing an
additional U (1) symmetry. Using the superspace approach that we will cover in
later chapters and the holomorphicity of the potential, it is a simple matter to prove
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that some interactions cannot get renormalized to any order in perturbation theory.
A simple illustration of this technique can be found in Section 3 of Ref. 43, and
more details are given in Section 8.2 of Ref. 8.

Let us also add that calculations of Feynman diagrams in SUSY are simplified
greatly by the use of so-called supergraphs. These graphs involve the propaga-
tors (or superpropagators) of the superfields that we will introduce in Chapter 11.
The end result is that the effect of all the field members of a supermultiplet are
taken into account simultaneously instead of having many diagrams with the var-
ious fields. This obviously simplifies the calculations greatly, and is a powerful
tool to build directly into the Feynman diagrams the highly nontrivial relations be-
tween the various terms imposed by SUSY. The supergraph approach therefore not
only simplifies calculations but also facilitates the proof of many results, including
nonrenormalization theorems. This is unfortunately beyond the scope of this book,
but if you are interested, you can find a nice introduction in Ref. 47 and a more
technical presentation in Ref. 49.

9.7 Quiz

1. What is the difference between the propagator of a Dirac fermion and the
propagator of a Majorana fermion?

2. How many different parameters are there in the Wess-Zumino model (for a
single multiplet)?

3. Are supersymmetric theories completely free of all divergences?

4. Give one example of a term we could add to the lagrangian that would break
SUSY but which would not spoil the cancellation of quadratic divergences.

5. What is meant by saying that an interaction breaks SUSY softly?



CHAPTER 10

Supersymmetric
Gauge Theories

The only theory we have built so far contained a spinor and a scalar field. If we are
to apply supersymmetry (SUSY) to real life, we need to deal with gauge theories.
As we saw in Section 7.4, a vector (massless) supermultiplet contains states with
helicities # = 1/2 and h = 1. Together with the corresponding CPT conjugates,
we therefore have four states with 7 = +1/2, +1. The particle content is therefore
a massless fermion and a massless spin 1 particle. If we consider an abelian U (1)
gauge theory, this is all the particle content we need to construct the supersymmetric
version because there is only one gauge field. For nonabelian gauge theories, we
will, of course, need to introduce as many fermions as there are gauge fields, and
these fermions will have to transform in the same representation as the gauge fields.
But let’s not get ahead of ourselves, and let’s start by building a supersymmetric
abelian gauge theory. By the way, the term gauge multiplet is often used to denote
a vector multiplet, and we will use both terms interchangeably.
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10.1 Free Supersymmetric Abelian
Gauge Theory

We consider a U(1) free gauge theory where the superpartner of the photon field
A, will be a left-chiral Weyl spinor that we will denote by A. The spin 1/2 super-
partners of gauge bosons are generically referred to as gauginos. The gaugino for
the supersymmetric version of quantum electrodynamics (QED) is also referred to
as a photino.

Our starting point for the lagrangian is therefore a sum of kinetic terms for the
photon and the spinor

1
L= —ZFWF“”—i—i)»T&”B,Lk (10.1)

But this is incomplete because, as in the case of the Wess-Zumino model, we will
need to introduce an auxiliary scalar field in order for the SUSY algebra to close
off-shell. We will set aside this issue for now and come back to it in the next section.

The members of a SUSY multiplet all must transform the same way under any
gauge group acting on them. Since the photon field is neutral, we take the photino
to be neutral as well so we don’t need to replace the derivative d,, acting on it by
a covariant derivative, and the lagrangian (10.1) is gauge-invariant as it is. Note
that when we say that the photon is neutral, this is a statement about the gauge
invariance of the field strength F),,, not of A, (which, of course, is not gauge-
invariant). In nonabelian gauge theories, the field strength is not invariant, which is
why the gauge bosons are “charged,” i.e., interact directly (at tree level) with one
another. In supersymmetric extensions of nonabelian gauge theories, the gauginos
also will be charged under the gauge group.

Because there is no interaction between the spinor and the vector field, this is a
free theory. We will include interactions later.

Now consider the SUSY transformations of the fields. The gauge field A* is real
(in the sense A*T = AM), so its transformation must be real as well. Let us try

SAM = clgha + ATere (10.2)
where we had to add the hermitian conjugate to make the transformation real. Since

the dimension of A* is equal to 1, and since A has a dimension of 3/2, we get that
the SUSY parameter ¢ is of dimension —1/2 as before.

EXERCISE 10.1
Show that Eq. (10.2) is real.
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Now consider the transformation of the photino. There is a new constraint that
we did not have previously: The transformation must be gauge-invariant. Thus we
can’t use A >~ A,,. Instead, we start with the gauge-invariant combination

8% ~ CCFy,

where C is an arbitrary constant. Since F),, has dimension 2, the dimensions work
out. However, the Lorentz properties are not all right, obviously. We need to contract
the two Lorentz indices of the field strength without changing the dimensions
of the right-hand side. We should use some combination of o* and &* but we
must be careful; we also must make sure that we end up with something that will
transform like a left-chiral spinor. Recall that P,6# x transforms like a right-chiral
spinor, whereas P, 0" transforms like a left-chiral spinor. Therefore P, P,o*6" x
transforms like a left-chiral spinor. So we see that the quantity

§»=CF,,0"3"¢ (10.3)
transforms like a left-chiral spinor, as desired (note that " must be applied on the
spinor first).

Taking the hermitian conjugate of Eq. (10.3), we get

Al = C*F,¢f6v 0"

Let’s now find out if there is some value of C that will make the lagrangian
invariant. Consider first the variation of the Maxwell lagrangian:

1 1
8<—ZF,WF’“’) = S Fun(0"8A" — 376 A1)

= —F,,0"8A"
= —F,,0"(16")) — F,,0"(A16"¢)
= —F,,¢16Y0" % —F,, (0" AN&"¢ (10.4)

I II

where in the second step we used the antisymmetry of F),,.
Now consider the variation of the spinor term in Eq. (10.1):

8(irl6"8,1) = iC*F,, (160169, +iCAI6 015 9, F,,

1 v
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Terms I and III must cancel each other (modulo total derivatives) because they are
the only ones containing ¢ . Likewise, the second and fourth terms must cancel out
because they contain ¢.

Consider III first. We shall use identity (A.11), which we will repeat here for
convenience:

O_'UO'MO_”O — nll-vo—-ﬁ _ nvﬂa-ﬂ + nl’-ﬂa-v _ ie”“p‘sc}g
We use this to write term III as
Il =iC*F,,.T("'G" — nP&" + G — i€ 55)d,A

The first piece is identically zero because n*" is symmetric in the two Lorentz
indices, whereas F),, is antisymmetric. The term with the Levi-Civita symbol also
vanishes, although this is not as obvious. To prove it, we do an integration by parts
and rewrite

€M (M) Fpy = —€"M°00, F,,

= —€""°209,0, A, +€"°10,0,A,

Now we see that this is identically zero because both terms contain a quantity
symmetric under the exchange of two indices (the two derivatives) times the anti-
symmetric Levi-Civita symbol.

We are left with

Ml = —iC*F,,¢'6 0" + iC*F, 16794 A

If we relabel ;© <> v in the first term and use the antisymmetry of the field strength,
we may combine the two terms to get the simple expression

Il = 2iC*F,,; 16 9" (10.5)
This will be canceled by the first term, namely,
I=—F,6"9"x

at the condition of choosing C =i /2.
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Let’s now look at IV. Using the same tricks we used for the third term, we find
that it may be written as

IV =2iC(3"A1)G" ¢ F,,
= —2iC(3"A\)G ¢ F,,

which cancels out II at the condition that C = i /2 once again.
The lagrangian (10.1) is therefore supersymmetric under the transformations

8A, = ¢16" x4+ Aleke

51 = ’5 LA
Sl = _% W;1'6vau

However, as noted at the beginning of this chapter, this is incomplete because
the algebra does not close off-shell. Let’s discuss this now.

10.2 Introduction of the Auxiliary Field

The next step would be to compute the commutator of two SUSY transformations
on all the fields, as we did for the left-chiral multiplet of the Wess-Zumino model.
We won’t do the calculation here but only quote the final result that, again, the
algebra does not close off-shell.

This should not be surprising if we count the fermionic and bosonic degrees of
freedom in our theory. On-shell, A, has two degrees of freedom (the two transverse
polarization states), and so does a left-chiral Weyl fermion, as we have mentioned
several times. Off-shell, a vector field A, has three degrees of freedom, whereas a
left-chiral Weyl fermion has four. Therefore, we need to introduce one extra bosonic
degree of freedom (as opposed to the two needed for the chiral multiplet) in the
form of a real scalar field that is conventionally denoted D. As with the photino
and the field strength, we take D to be gauge-invariant.

We therefore add the following term to the lagrangian:

1
Lax = EDZ
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Like the auxiliary field F', D has dimension 2. For its variation, we may take the
same expression we had for the variation of F, at the condition of adding the
hermitian conjugate of that variation, because D is a real field. This gives

8D = —it'a" 9, +i(d,1) "¢

Note that the transformation is a total derivative. Interestingly, the transformation
of the auxiliary field F is also a total derivative, (which is not a coincidence, as will
be explained in Section 12.5). Since D is real, gauge invariant and transforms with
a total derivative under SUSY, we can include a term linear in D in the lagrangian.
We therefore include a term

Lrr=E&D (10.6)

where the arbitrary constant £ has the dimension of a mass squared because D is of
dimension 2. This term is known as the Fayet-Illiopoulos term (hence the choice of
subscript) and will play an important role in our discussion of SUSY spontaneous
breaking in Chapter 14. Note that we could not have added a term linear in F to
the Wess-Zumino lagrangian because F is not a real field.

Now consider the variation of D? /2,1.e.,

1
8 (§D2> = —iD¢'6" 3,0 +iD@ 1) 6" ¢

As before, to cancel these terms, we introduce an extra piece to the variation of the
spinor field A:

8\ = previous term + D¢

i (10.7)
8,1 = previous term + D¢

where we have used the fact that D is real.

One can check that the lagrangian is still invariant under SUSY (modulo total
derivatives, as always) after including those modifications.

The complete supersymmetric lagrangian of a free abelian gauge multiplet is
therefore

1 1
L=~ FuF" +iM"0,0.+ -D* + €D (10.8)
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with the SUSY transformation of the fields given by
8A, =cla"n + ATate
i =
8A:§ w06 + D¢
8D = —iZlG"d,n +i(3,1)16"¢ (10.9)

Let’s now consider nonabelian gauge theories.

10.3 Review of Nonabelian Gauge Theories

Before discussing supersymmetric nonabelian gauge theories, let’s do a quick re-
view of some basic facts about group theory. We will restrict our attention to
semisimple groups, i.e., groups with no U (1) invariant subgroup. The generators
of a group obey an algebra of the form

[T, T?] = ifebere (10.10)

where the constants f¢ are called the structure constants of the group, and the
indices run from 1 to the order of the group. A basis always may be chosen such
that the structure constants are completely antisymmetric.

It is easy to check that for any generators A, B, and C, the following Jacobi
identity holds:

[[A,B],C] +[[B,Cl], A] +[IC, A, B] =0
This leads to the following identity for the structure constants:
fabefecd + fbcefead + fcaefebd =0 (101 1)

The generators are traceless, but the trace of the product of two generators is in
general nonzero. It is always possible to choose a basis such that

Te(TT?) = C(R)8%

where the coefficient C(R) depends on the representation used for the generators
T“ and on their normalization. However, once the value of C(R) for one particu-
lar representation is fixed, the values of C(R) for all the other representations is
automatically determined.
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We will now focus on SU(N) because these are the only groups [beside the
trivial U (1)] that will be of interest to us in this book. For SU (N), the number of
generators is equal to N> — 1, so the indices in Egs. (10.10) and (10.11) run from
1to N? — 1.

We will be concerned with only two specific representations: the fundamental
and adjoint representations. The fundamental representation is of dimension N
(the generators are N x N matrices) and is the smallest irreducible representa-
tion. There is also an “antifundamental” representation related to the fundamental
representation by complex conjugation. For N = 2, the fundamental and antifun-
damental representations are actually equivalent; i.e., they are related by a unitary
transformation. On the other hand, for N > 2, the fundamental and antifundamen-
tal representations are not equivalent. We will see an explicit illustration of the
difference between the two representations in the next section, where we discuss
quantum chromodynamics (QCD).

It is customary to normalize the generators of the fundamental representation to

ab
Tr(TT") = % (10.12)

As mentioned earlier, this then sets the normalization of all other representations.
For SU(2), the structure constants are given by the Levi-Civita symbol /¥ =
€7¥ ' We won’t make any distinction between upper and lower indices for the SU (N)
indices. The generators of the fundamental representation are taken to be half the

Pauli matrices:
a

If=% forsUQ) (10.13)

where the o are just the usual Pauli matrices. These obey the normalization con-
dition (10.12).

The structure constants for SU (3) can be found in all books on particle physics
(often with typos, unfortunately), and we won’t repeat them here (to avoid writing
them with typos!). The generators of the fundamental representation are half the
Gell-Mann matrices:

A
T! = for SU(3)
2

Do not confuse the Gell-Mann matrices with the components of the photino A
introduced earlier in this chapter!
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In the standard model, all the fermions, as well as the Higgs fields, transform in
the fundamental and antifundamental representations of the gauge groups.

The adjoint representation is also of particular interest because it is the repre-
sentation in which the gauge field strengths transform. The adjoint representation
can be obtained from the structure constants by defining

(1) = —if (10.14)

AD

On the left-hand side, the index i labels the generator with which we are dealing,
whereas the jk denote the specific entry of that generator. Clearly, the dimension of
these matrices is N2 — 1, the same as the number of generators. Using the identity
(10.11), one can show that these matrices indeed obey the commutation relations
(10.10), which proves that Eq. (10.14) is indeed a valid representation. With the
normalization (10.12) for the fundamental representation, the adjoint representation
satisfies

Tr(T4 T ) = N§* (10.15)

Consider now a set of N fields ; (which we take to be fermions but which could
be bosons as well, such as the Higgs doublet of the standard model) that transform
in the fundamental representation of SU (N). They can be assembled into an N-
component column vector . This means that under a gauge transformation, they
transform as

Y — ' =exp[igT A*(x) ]y
= Uy (10.16)

where g is the gauge coupling constant, and the A“(x) are aset of N> — 1 spacetime-
dependent gauge parameters. In this chapter, the symbol U will represent the matrix
implementing the gauge transformation; this should not be confused with the ma-
trices U used in Chapter 6 for Lorentz and SUSY transformations.

We will suppress the x dependence of the gauge parameters in the following to
alleviate the notation. It is also convenient to define

TEA = A
F

and to refer to A as the gauge parameter, even though it is really an N by N matrix
containing a set of N> — 1 parameters.
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We define the gauge covariant derivative on this multiplet to be
Dyy = (3, +igALT )y (10.17)

When we consider the standard model, we will use the notation AZ = Wli for the
SU(2),, gauge fields and A}, = G, for the gluons.

We see that there is the same number of gauge fields as there are generators of
the group, i.e., N> — 1. To simplify the notation, we also define

AT = A, (10.18)

which we shall simply call the gauge field. The transformation of this gauge field
is taken to be

Ay — A, =UAU + Z@,0)U (10.19)
g

With this definition, the covariant derivative D, transforms the same way as
itself:

D, — D' =UD, v (10.20)

For a set of Dirac spinors ¥; transforming in the fundamental representation,
a gauge-invariant lagrangian is obtained simply by replacing 0, by the gauge-
covariant derivative in the Dirac lagrangian:

L=V(iy"D, —m)¥

where, again, W is to be understood as a column vector containing the N Dirac
spinors transforming in the fundamental representation.

We have a similar expression for Weyl spinors. Consider a set of N left-
chiral Weyl spinors y; transforming in the fundamental representation. The gauge-
invariant kinetic energy then is given by

L, = XTi&MDMX

As mentioned earlier, for SU (N) with N > 2, there are two nonequivalent fun-
damental representations. One involves the generators 7, and the second involves
their complex conjugate 7 (we then say that the group admits complex repre-
sentations). It turns out that when we express the QCD lagrangian in terms of the
left-chiral quark and antiquark Weyl spinors x, and x;, we find that they transform
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under the fundamental and antifundamental representations of SU (3) (this will be
discussed in more detail in the next section). This is noteworthy because when we
will write down the minimal supersymmetric standard model (MSSM) in Chapter
15, it will be entirely in terms of left-chiral spinors, and it will be important to
be able to check that the standard model lagrangian will be contained within the
MSSM. We will get back to this point in the next section.

Be warned that there is much freedom in the choice of signs in Egs. (10.19) and
(10.17), and in the exponential of (10.16), the only constraint being the transfor-
mation property (10.20). Many different permutations of the three signs are found
in the literature.

The field strength corresponding to a gauge field is

Fu=0,A, — A, —iglA,, A (10.21)

where it is understood that each A is meant to be the matrix defined in Eq. (10.18).
The commutator is, of course, zero in the case of an abelian gauge theory, and we
then recover the familiar field strength of electromagnetism. Since the field strength
is also a matrix in the Lie algebra, it may be expanded over the generators as

Fyy = F T
Written in terms of components, Eq. (10.21) corresponds to
a a aa aa . b gc b c
FiT" =0,A5T" — 9,A%T" —igA} AS[T", T¢]
Using Eq. (10.10), this leads to
Fyiy = 0u A7 — 0,A], + gf " Aj A]

Using Eq. (10.19), one can show that the field strength transforms as
Fu — F,, =UF,U'
~ Fuo +ilA, Fiul
a a cAbpc b c
= FI‘«UTF + iA FMU[TF ’ TF]
= F,T" — [ A°F;, T (10.22)

from which we can read off the transformation of F}/:

(sz)/ _ F;ju _ fabCAbFliv
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Using the antisymmetry of the structure constants, this can be written as
a) a bac A b e
(FHV)=FP«U+f ATFy,
This step was made because now we can use Eq. (10.14) to write this as
a \/ a . (b \9C A b e
(F;w) = F;w + l(TAD) A FMV
which is the infinitesimal limit of
Fu =exp(iT” A")F, (10.23)

This shows that the field strength transforms in the adjoint representation! Note
however that in Eq. (10.23), F),, is a column vector with N 2 — 1 entries, in contrast
with the F),, of Eq. (10.22) which is an N by N matrix.

As we see, unlike the abelian case, the field strength of a nonabelian gauge theory
is not gauge-invariant, and we cannot simply use —F*"F,, /4 as a kinetic term (of
course we can’t, it’s a matrix!). On the other hand, the trace of this quantity is
gauge-invariant, and the kinetic term is taken to be

»Ckin = —%TI‘(F,WFMU)

The factor of 1/2 is chosen so that the trace reduces to a sum of kinetic terms with
conventional normalization, i.e.,

—%Tr(F,wF’”) = —%FSUFIfVTr(TF“TF”)

1

=~ FiFl (10.24)

where Eq. (10.12) was used.

Note that the field strength F),, contains the coupling constant g, as we can see
from Eq. (10.21). It is sometimes convenient to have all dependence on the coupling
constant made explicit in the lagrangian. This can be done by rescaling the gauge
field in the following way:

A, - —
g
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in which case the field strength is rescaled to

F
F— ny

(10.25)

where the new field strength does not contain the coupling constant anymore. The
kinetic energy of the gauge bosons then is

1

1 v
Liin = =5 FTH(Fu F™) = =7 5 FiuFy (10.26)

EXERCISE 10.2

a. Verify that the generators of Eq. (10.13) obey the normalization condition
[Eq. (10.12)].

b. Construct explicitly the matrices representing the generators, of SU (2) in the
adjoint representation, and verify that they obey Egs. (10.10) and (10.15).

10.4 The QCD Lagrangian in Terms
of Weyl Spinors

Since most of us have been taught the standard model in terms of Dirac spinors, it
may be useful to pause and see what the lagrangian of a nonabelian gauge theory
looks like in terms of Weyl spinors. We will use the example of QCD for a single
quark species (i.e., a single flavor). This is particularly interesting because quarks
and antiquarks belong to two nonequivalent representations of SU (3),, so it will
be instructive to see how this works out in terms of Weyl spinors.

Let us then write the QCD lagrangian in terms of left-chiral Weyl spinors. The
derivation is almost identical to the one we followed in Section 4.6 to write the
QED lagrangian in terms of left-chiral spinors.

We start with the gauge-invariant lagrangian for a quark, i.e.,

ﬁQCD = ED(iVMDM - m)\ljD
where W, actually represents a column vector of the three-color quark states in the
fundamental representation 3. To be more explicit, this is

=Up(iy"d, — g A, —m)¥p (10.27)
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where g is the strong coupling constant, and

A l A

13 2 "
As noted in the preceding section, the A“ are the eight Gell-Mann matrices. Of
course, in the standard model, there are no explicit mass terms, all masses arising
from spontaneous symmetry breaking.

What we now want to do is to write Eq. (10.27) in terms of the left-chiral quark

and antiquark spinors x, and x;. We have already shown in Section 4.5 [see Eq.
(4.14)] that

Wp(iy"d, —m)¥p = ixg(}“am +ix)6 duxg —m(xg - Xg + Xq * Xa)

The two extra terms coupling the Weyl spinors to the gauge field can be obtained
from Eq. (4.12) by replacing 9, withig;A,;:

Terms containing A, = —gSXqTJZG”AMUZXgT — ng;ﬁMAMXq

= 8 g ATG" g — g xJF" Auxy
where we have used Egs. (A.5) and (A.36) on the first term. Note that the spin
matrices 6* and o* commute with the gauge field matrix A* because the former
acts on the spin degrees of freedom, whereas the latter acts in color space.
We see that there is a new twist compared with the situation we faced with the
QED lagrangian: The transpose affects the gauge field A* because it is a matrix.
Using the fact that the Gell-Mann matrices are hermitian, we may write

"
2

. (kcz)*
= AM 2

T _
Ap =4y

so the QCD lagrangian may be written
L. —ixlet|a, - A | xs +ixie"( 0, +i Y
oo = 1Xg0" | O = 78 u( Xg +ix 0" | 0u +igs ns )X
—m(Xg - Xq + Xq " Xg) (10.28)

The fact that a complex conjugation must be taken on the term containing the
gauge field in the kinetic energy of the antiquark tells us that this field transforms



CHAPTER 10 Supersymmetric Gauge Theories 219 (7%

in the representation 3. As usual, we may introduce gauge-covariant derivatives D,
acting on the quark fields and write Eq. (10.28) as

Low = inI&ﬂDuXé + in;(}ﬂDqu —m(xg - Xq + Xq - X3)

with the understanding that when acting on a 3 representation, such as yx., the
covariant derivative is

i

D/L=8M+2

gs A"

whereas, when acting on the representation 3, it is

i

Dy = 8 — S8 AL G

We see that writing the lagrangian in terms of the quark and antiquark Weyl
spinors makes it explicit that they transform under the nonequivalent representations
3and 3.

10.5 Free Supersymmetric
Nonabelian Gauge Theories

Now we are ready to describe free supersymmetric nonabelian gauge theories (free
in the sense that we don’t consider interaction terms beyond those dictated by gauge
invariance). We know that in an SU (N) gauge theory, there are N> — 1 gauge fields
because that’s the number of generators. To make the theory supersymmetric, we
will therefore need the same number of left-chiral gauginos A and auxiliary fields
D?. Our starting point for our lagrangian thus is

L= —iFl‘qu’“’“ + AT DA + %D“D” (10.29)
Be careful about not confusing the D,, of the covariant derivative with the auxiliary
fields D“! And keep in mind that the index a on A labels the N> — 1 gauginos
forming the adjoint representation, not their spinor components.
Note that we cannot write a Fayet-Illiopolos term, i.e., a term linear in the
auxiliary field, in the case of a nonabelian gauge theory because the D“ are not
gauge-invariant.
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As afirst guess for the supersymmetric transformations that leave this lagrangian
invariant (up to total derivatives, as always), it makes sense to try the transformations
that we worked out in the abelian case, Eq. (10.9), applied separately to each of the
N? — 1 fields Fj,, »* and D“.

Unfortunately, things are not so simple. We have one more constraint now: The
SUSY transformations must not conflict with gauge transformations. To see if there
is such a conflict, we first need to know in what representation the gauginos and
auxiliary field transform, if at all. To answer this, consider a generic field X (which
could be bosonic or fermionic) whose transformation under SUSY is, symbolically,

X — X +6,X° (10.30)

If we want this transformation (together with the SUSY transformations of all the
other fields in the theory) to be a symmetry of the lagrangian, it better still hold if
we first perform a gauge transformation of the field X before applying it! And for
this to be true, the two sides of Eq. (10.30) obviously must transform the same way
under a gauge transformation.

Let us see what this implies. As our first guess for the transformation of each of
the gauginos 1“, let’s take the exact same expression we had in the abelian case,
namely,

530 = ’Eaﬂﬁng;jv + ¢ D" (10.31)

For this to be valid in the nonabelian case, we are forced to conclude that the
gauginos and the auxiliary fields must transform like the field strengths under
gauge transformations, i.e., in the adjoint representation. With that choice, the
SUSY transformation (10.31) does not conflict with the gauge transformation, in
the sense that supersymmetry and gauge transformations commute. Of course, it
does not mean that the guess (10.31) is the correct SUSY transformation for the
lagrangian (10.29); that’s another issue. For now, we are simply making sure that
what we’ll try for the SUSY transformations does not conflict with the gauge
symmetry.

Now let’s see if the other transformations we had obtained in the abelian case
cause any problem. Consider next the transformation of the auxiliary field. The
transformation in the abelian case suggests that we take

S§DY = —i;ﬂ?”éﬂ,ﬁ»” + i(aﬂ)ha)T&u;

Is that acceptable? Well, the auxiliary fields transform in the adjoint representation,
as we just saw. Does the right-hand side transform the same way? The answer is
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clearly no, because of the derivatives acting on the gauginos, which will pick up
a derivative of the gauge parameter on transformation. But we know how to fix
that from elementary particle physics; we simply have to replace the derivative
with a covariant derivative! However, since the gauginos transform in the adjoint
representation, we need to use this representation to define the covariant derivative
acting on them.

At this point, expressions become quite awkward if we show all the SU (N)
indices explicitly, so let’s drop the indices on the gauginos A. All we need to do is to
think of each A as being a column vector with N? — 1 entries. With this simplified
notation, the covariant derivative acting on a gaugino is simply

Dy = (8, +ig TS AG)A
In case you are interested, with explicit SU (N) indices, this equation becomes
DAY = 8,00 +ig,(T2)" A%

Therefore, our guess for the transformation of the auxiliary fields is [hiding once
more the SU (N) indices]:

8D = —izl6# Dy + i (D) 64

What about the SUSY transformation of the gauge fields A} ? The transformation
in the abelian case suggests that we take

SAY =¢laMa + a6k (10.32)

However, at first sight, this seems completely wrong. The gauginos transform in
the adjoint representation, whereas the gauge fields don’t. But, there is no need to
despair. Recall that what really matters is that the transformed field A, + §A,, has
the same gauge transformation as A, itself. Let’s have a closer look.

Consider contracting both sides of Eq. (10.32) with Tz. The matrix A, = A} Ty
transforms as in Eq. (10.19):

Ay — A, =UAU + é(aﬂU)UT (10.33)

whereas A = ATy transforms as

A= N =UMUT
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Since § A, contains only the gauginos, we also have

8A, — USA,UT (10.34)

Using Eqgs. (10.33) and (10.34), we find that the quantity A, + §A,, transforms as

A, +8A, — UAU + L (0,U)UT + UsA, U
g

= U(A, +84,)U" + Z(3,U) U
8
which is precisely the gauge transformation of A, itself! This tells us that the SUSY

transformation (10.32) does not conflict with the gauge symmetry.
To summarize, our first guesses for the SUSY transformations of the fields are

i
81=50"5"CFyy+¢D

8D = —iZ'G" D, +i(D, 1) 6" ¢
8A, =¢a"n + alah

Remains the task of checking whether these transformations indeed leave the
lagrangian (10.29) invariant. It turns out that they do! However, we won’t prove
this here because the demonstration is almost identical to the one we carried out
in detail for the abelian case. The interested reader can find the details in Ref. 31.
Instead, it is more interesting to turn our attention to supersymmetric interactions
between vector and chiral multiplets.

10.6 Combining an Abelian Vector Multiplet
With a Chiral Multiplet

Now we consider building supersymmetric theories that couple chiral and vector
multiplets. We start with a free abelian gauge multiplet and a single free chiral
multiplet. By free chiral multiplet, we mean that we will not include any self-
interaction among the fields of the chiral multiplet or any mass terms for y and ¢.
We will come back to the question of interactions of the chiral multiplet at the end
of this section.

We want to build a supersymmetric theory in which the fields of the chiral mul-
tiplet interact with the fields of the vector multiplet. The simplest way to couple the
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two multiplets is to take the chiral multiplet to have a U (1) charge. In other words,
under the U (1) gauge transformation, we take the fields of the chiral multiplet to
transform as

X = expligA(x)]X (10.35)

where X stands for any of the three fields ¢, x, or F, and g is their common charge.
As before, we take the spinor and auxiliary fields of the abelian gauge multiplet A
and D to be gauge-invariant, whereas the gauge field A, transforms as usual.

In order for the lagrangian of the chiral multiplet to be gauge-invariant, we must
replace all the derivatives acting on the fields of that multiplet by gauge-covariant
derivatives; i.e., we must make the replacement

X —> DX = (0, +igAu)X

where X stands again for any of the fields of the chiral multiplet. We therefore have

1 1
L= (D,p)(D'¢p) +ix'6"D,x +F'F— ZF,WF’” +inTa 9,0 + EDZ +ED
(10.36)

This is our starting point. Note that the gauge field A, is already coupled to the
field of the chiral multiplet through the gauge-covariant derivative. We see that we
get three new interaction terms arising from gauging the fields:

(Lin)1 = igpA"3,0" —iqp' A*d,0 — qxA,G" X (10.37)

which provide interactions between the gauge field A, and the fields of the chiral
multiplet. We have included a label 1 because there will be a second interaction
lagrangian.

To be as general as possible, we now look for gauge-invariant interactions com-
bining the fields of the two multiplets that do not arise from gauging the derivatives.
Since the fields of the chiral multiplets transform as Eq. (10.35), gauge-invariant
combinations can be formed if we multiply any two of them as long as we apply a
hermitian conjugate to one of them. Since our goal is to couple these fields with the
fields F,,, A, and D, which have dimensions 2, 3/2, and 2, we need only to retain
combinations of ¢, x, and F with dimension 5/2 at most. The only combinations
of fields in a chiral multiplet that are gauge-invariant and of dimension less than or
equal to 5/2 are

olo  Px
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and their hermitian conjugates. We now combine these terms with the gauge-
invariant fields F),,, A, and D to get interactions. Keeping only terms of dimension 4
or less, we get (we are not worrying about matching indices and Lorentz invariance
for now)

F.o¢'¢  Dop'¢p  d'xr+hc  ¢lpr+he. (10.38)

The first two terms are of dimension 4, whereas the last two have dimension 7/2.

Now let’s worry about Lorentz invariance. The first term contains two Lorentz
indices that we must contract with something. We cannot use derivatives because the
terms are already of dimension 4. The only dimensionless quantities with Lorentz
indices that we have at our disposal are o* and &*, but since F,wqﬁTqS does not
contain any spinor between which to sandwich the Pauli matrices, we are out of
luck, and we must drop that term.

The last term in Eq. (10.38) has a similar problem. In order to get a Lorentz
invariant, we must introduce a second spinor to dot with A, which produces an
expression of dimension 5, so we must drop that term as well.

In the third term of Eq. (10.38), the two spinors can be combined in a Lorentz-
invariant way using the spinor dot products introduced in the Chapter 1, so our final
form is

oI x A +dx-A (10.39)

Recall that in spinor dot products, the order does not matter, which is why we did
not list, say, ¢fA - x as a different possibility.

The second term of Eq. (10.38) is already Lorentz-invariant, so it is fine as it
stands. Thus we finally get the following interaction lagrangian

(L) = c1(@x -2 +¢% - 1) + c20'¢D (10.40)

where ¢ and ¢, are are arbitrary constants to be determined. We have assumed that
c1 is real. Of course, there is no a priori reason why this should be the case, but it
will simplify our calculation, and it will turn out to be general enough for building
a supersymmetric lagrangian. For the same reason, we will also take c; to be real
in the rest of our calculations.

Our total interaction lagrangian therefore is the sum of Egs. (10.37) and (10.40).

EXERCISE 10.3
We have taken the fields of the chiral multiplet to be charged. We also could
have considered them to be neutral. In that case, what would be the most general
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(renormalizable, gauge-invariant, and real) interaction lagrangian mixing fields of
both multiplets?

The goal now is to see if it is possible to find values of ¢; and ¢, for which the
theory will be supersymmetric. Of course, we know that the free lagrangians for the
vector and chiral multiplets are supersymmetric, so we need only to worry about
the interaction terms.

A priori, there is no reason to believe that the vector and chiral multiplets should
both transform with a common SUSY parameter ¢. In fact, we will find that we
cannot make the theory supersymmetric if we use a common parameter for both
supermultiplets. So let’s use ¢ for the parameter of the transformation of the chiral
multiplet and a¢ for the vector multiplet, where a is an arbitrary constant that we
will take to be real (with hindsight, we will see that this was indeed sufficiently
general). Then the transformation we take for the fields of the vector multiplet are
simply

SA* = a(tfeta 4+ Ata™e)
i

5 = ?a WG C +aD¢

ia
st = —3FMU;T5”0“ +al'D

8D = —ial ", r +ia(d,1Né"¢

whereas the transformations of the field of the chiral multiplet have to be modified
by replacing the partial derivatives by covariant derivatives, i.e.,

Sp=¢-x
Spt =% -¢
8x = —i(D,p)otic*c* + Ft
Sx' = —i(Dup)'¢Tio*a" 4 Figt
8F = —it'6" D, x
SFT =i(D,x)'6"¢
These are our “guesses” for the SUSY transformations. It turns out that the

transformation of the auxiliary field will have to be modified to make our theory
supersymmetric.
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Note that because of the covariant derivative, F and x (and their hermitian
conjugates) pick up an extra term compared with what we had previously, when
the chiral multiplet had no charge. To be explicit, these are

8 F = previous terms + q{T6“)(AM
8FT = previous terms + qXTﬁ“;AM

8x = previous terms + quAuor“iorz{*
sxt = previous terms — qd)TAM;Tiazo“

These will generate new terms in the variation of the terms in the free part of
the lagrangian for the chiral multiplet contained in Eq. (10.36) that we did not have
before. Let us use (6 F), to represent the new term appearing in the variation of F
and similar expressions for the other fields, with a subscript A to remind us that

this new term contains the gauge field A,. Then the new terms generated in the
variation of the free part of the chiral multiplet lagrangian are simply

8(Liee) = 1(8x1),6"8x +ix16"9,(8x), + GFN,F+ FI(F),  (10.41)

Now consider the variation of the terms in the first interaction lagrangian,
Eq. (10.37), under SUSY:

8(Lin = iq(8p)AL 0 P! +iqp(8A,) P! +iqpA,d" (54"
—iq(8¢pN)A* 3, — iqp  (8AM)D,p — igpT A", (3¢)
—qBxNALG" Y —q@ADx " x —qxTAG"(Gx)  (10.42)

The variation of Eq. (10.40) is

8(Lind2 = 18N x - A+ c19'@Ex) - A+ ci9'x - (61)
+c1(8P)A - X +c19(BA) - ¥ + c19r - 8%
+¢2(8¢N)PD + 20" (8¢)D + c29'dS D (10.43)

The goal is to see if there is a choice of values for c; , ¢, and a such that the
sum of Egs. (10.41), (10.42), and (10.43) cancel, modulo total derivatives. This
is obviously a huge undertaking! We will not carry out the full calculation here
but simply consider just enough terms to allow us to determine the values of these
three constants. We also will find that one of the SUSY transformations must be
modified.
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Terms Linear in D

Let’s focus on the terms linear in D that must cancel among themselves (modulo
total derivatives, as usual). There are four such terms: the two terms that have
explicit factors of D and the two terms generated by the variation of A and its
hermitian conjugate. These are

c1a(@'Dy -t +¢DE - 3) +c2(@¢Dx - L +¢'DC - x)

Of course, the terms in ¢ and the terms in ¢ must cancel out separately. We see
that the condition in both cases is

104

Terms with Four Spinors

Next, consider terms that are generated with four spinors. One source is from the
next to last term in Eq. (10.42). The other two sources are from the first and fourth
terms of Eq. (10.43). We get

—qay 6" x 6 + M6, + ek - Ix A+l xh- X (10.45)
Using the identity (A.57), we have
(x'6"x)(¢'5,8) =2(x - O(x - B)
so Eq. (10.45) becomes

—2ga(x - O)(x -2 —2qa(x - M (x &) +ei(x - O -2+ @ x)h-x)
= (c1 —2qa)((X - O - M)+ & - 00+ %))

where the parentheses around the spinor dot products have been included just to
make the expression easier to read. We have used the fact that the order in spinor
dot products does not matter; e.g., A - ¥ = X - A.

We therefore get the condition

1046
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Putting together Eqs. (10.44) and (10.46), we see that we can express both c;
and ¢; in terms of a, i.e.,

¢ =2ga ¢y = —2qa® (10.47)

Terms with ¢ and a Derivative of ¢

We have contributions of this form in the second and fifth terms of Eq. (10.42). We
also generate terms like this from the variation of x and x in the second and sixth
terms of Eq. (10.43). Explicitly, these are [using the explicit form for the spinor dot
products, Eq. (A.37)]

iqa(@0,¢" — ¢10,0)(c6" A + 116" ¢) + 19T (=i 9,0) (0"i0%¢")  (—ia?)A
—ciprfio) (iapfeTio%ar)” (10.48)

At first sight, it seems as if there are no other terms of this form. But we have
to remember that terms related by integration by parts must be considered as being
equivalent. Thus we also must include terms of the form ¢¢' times the derivative
of other fields. There is indeed such a term: the last term of Eq. (10.43):

020'9p8D = —2iqa’p'p[ (3,115 ¢ — ¢16"9,]
= —2iga’p'¢d, (Aa ¢ — ¢1ar) (10.49)
where we have used ¢, = —2ga®.

We must find if it’s possible to get the terms in Egs. (10.48) and (10.49) to
cancel, modulo total derivatives. Adding the two terms and taking the transpose of
the pieces in the last two terms of Eq. (10.48), we get

iqa(¢pdd’ — ¢'9,0) (16" A +116"¢) —ic1¢! (,0)¢Tioc? 0  ioA
+icip @ pHrlic?o"Tio?t —2iqga’p'$d, (A'e" ¢ — ¢15"2)

Using the identity (A.5) to simplify the two terms with o> matrices, and setting
c1 = 2qa, we get a much simpler expression:

iqa($d.' + ¢10,9) (16" 1 — AT6"s) — 2iga’ed, (Ae" s — ¢l6+a)
(10.50)
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There is no value of a for which this is zero (other than the trivial and uninteresting
a = 0). However, it is not necessary for these terms to cancel out identically, all
we need is for them to be equal to zero modulo total derivatives! Thus, if there is
a value of a for which the whole thing is a total derivative, we have achieved our
goal. Note that the first parentheses may be written as

(3.0 + ¢T9,0) = 3,(¢'9)

and then it becomes obvious that Eq. (10.50) is a total derivative at the condition
that iga = 2iqa®. This finally gives us

1
1-2>=0=a=——

V2

where the choice of sign is purely conventional. Using this in Eq. (10.47), we finally
get

ca=-2g o=-gq

We have now fixed completely the only three parameters available to us. But there
are still many many more terms to cancel out! It turns out that, quite remarkably,
almost all terms do cancel out with the values of a, c;, and ¢, we have determined.
We won’t carry out the entire calculation here, for lack of space (and of energy),
but we will point out the single set of terms that do not cancel out and show how
the problem is taken care of.

Terms in F

The problem appears in the terms linear in F or F'. Some of these terms are
generated by the variation of x and x| in the seventh and last terms of Eq. (10.42)
and in the second and sixth terms of Eq. (10.43):

—qFttA 6" x — qF x A6 c — N2 Fr - — V2qFTox -z (10.51)
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In addition, we have the two terms produced by the variation of F'F in Eq.
(10.41):

OFY,F+ FI6F), =qA,Ficia"y +qA, Fxlare

We see that these terms cancel out the first two terms of Eq. (10.51). However,
we are left with the last two terms of Eq. (10.51), which cannot be canceled with
anything. The only way out is to introduce an extra term in the variation of F'. We
must impose

8F = —it'a" Dy + V2qpx - ¢
where the first term is what we had previously. Of course, we also have
SF'=i(D,x) 6" c +v2q¢'a - ¢

With this modification and with our choices of ¢y, ¢, and a, all the terms in
Egs. (10.41), (10.42), and (10.43) cancel out. Amazing!

Final Result for the Coupling of a Chiral with an
Abelian Gauge Multiplet

The full lagrangian that couples a chiral multiplet with an abelian multiplet is
therefore

4 " 1
L= (Du$)'(D"¢) +ix'6"Dux + F'F — FFuF" + ixiang,n

1
+§D2 +ED— 29 x - A +he)—qgo'pD

Note the interesting fact that the coupling constants in the interactions terms are
all proportional to the electric charge, a relation imposed by SUSY. In non-SUSY
theories, there would be no way to generate this type of constraint other than putting
it in by hand.
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The fields transform as
SAH = —_(tTam 4 ATGg)
V2

_ 1
Fo"6"¢ — —=D¢

SA =
V2

i
2,2

8D = ——¢1Gh 9,0 — l—z(au)ﬁ)&“;

V2 NG
§p=¢-x
8x = —i(D,p)otic’c* + F¢

SF = —itfa" D,y +V2q¢k - (10.52)

The lagrangian (10.54) does not contain any interaction among the fields of the
chiral multiplet. We have seen in Section 8.1 [see Eq. (8.26)] that the interaction
lagrangian of a single chiral multiplet, which is written entirely in terms of the
superpotential W, is given by

R)%Y 192w
Lyy=—F— ———x. h.c.
W= 55 23¢2X x +he

But since all the members of the chiral multiplet have the same charge, there is
no superpotential ¥V for which this expression is gauge-invariant (recall that the
superpotential depends only on ¢, not on its hermitian conjugate). Therefore, we
must set V¥ equal to zero to respect gauge invariance.

If we allow for the presence of several chiral multiplets, as in Section 8.2, then it
becomes possible to write down gauge-invariant interactions between them at the
condition that there are some combinations of the charges that add up to zero. The
interaction lagrangian can be read off from Eq. (8.60):

ow 1 3?w
cw=(

== i+ Xx; +he. 10.53
26, " 299,040 Xt C) (10.53)
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If we include this term and allow for the presence of several left-chiral multiplets,
we obtain the following generalization:

L =D, (D"¢:) +ix/6"Duxi + FF,
1 1 )
— P + irtemo, 0 + §D2 +ED —V2q x () xi - » +hec.)

oW 1 82w

;
—qo! ;D —F — -

q9; ¢ +( 2a¢ja¢ix

i !

(10.54)

Eliminating the Auxiliary Fields

Eliminating the auxiliary fields F; leads to the replacement

2

3 3
F'F + —WF,- +he ) =— dd4
' 09, lof

Now let’s turn our attention to the auxiliary field D. Can we also eliminate it
for a general supersymmetric abelian gauge theory? The answer is yes, and it is
actually easier than eliminating the auxiliary fields F;. The solution to the equation
of motion §£/8§D = 0 is

ch]i(bjd’i —&

where the £ comes from the Fayet-Illiopoulos term. Plugging this back into the D
dependent terms in the lagrangian, we get

2
: 1 1
—qi¢} i D + 5D2 +&D=—3 (Z 0l ¢ — é) (10.55)

where we wrote the summation symbol in the first term to make it clear that the
sum is performed before squaring the expression.

We see that this represents another contribution to the potential of the scalar
fields. After elimination of the auxiliary fields using their equations of motion, the



CHAPTER 10 Supersymmetric Gauge Theories 233 @

total lagrangian therefore can be written as

L=L

F;=D=0 ' A

2

This means that the scalar field potential is simply

Vigi) =

5 +

2
(Z qibi i — ) (10.57)

To be precise, these terms not only contain the interactions of the scalar fields, but
they also contain their masses as well.

Equation (10.57) will play a crucial role in our discussion of SUSY spontaneous
symmetry breaking in Chapter 14.

10.8 Combining a Nonabelian Gauge
Multiplet With a Chiral Multiplet

As in the abelian case, we assign the fields of the chiral multiplet (¢, x, and F)
to some representation of the gauge group, the usually choice being the funda-
mental or antifundamental representations. These representations of SU(N) are
N-dimensional, so we must take N copies of each of the fields of the chiral mul-
tiplet. We then replace the derivatives acting on the these fields with covariant
derivatives. For example, if we assemble N scalar fields transforming in the funda-
mental representation ¢“ into a column vector ¢, we have

D¢ = 0,0 +igA,T
As we saw in Section 10.5, this is a shorthand for
: a a\be ¢
D,¢" = 9,¢" +igA%(T") "¢
We have, of course, a similar expression for the covariant derivative acting on the
chiral spinors fields x“.

If we do not consider self-interactions of the chiral multiplet (i.e., if we set
the superpotential equal to zero), the simplest lagrangian containing interactions
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between a chiral and nonabelian gauge multiplets is
L= (Dug") (D"¢") +i(x") 5" Dyux” + (F)) F?

_lFa F“v-"-.()\.a)T_M(D )\)a+lDaDa
4 nvsoa ! o I3 2

1 1
= (D,$) (D"¢) +ix'G"D,x + F'F — 5Tr(FWFf”) +irted" D+ ED2

where the index b runs from 1 to N, whereas the index a runs from 1 to N2 — 1.
This is the nonabelian generalization of Eq. (10.36). As mentioned earlier, there
is no Fayet-Illiopoulos term in the nonabelian case because such a term is not
gauge-invariant.

This lagrangian contains interactions between the gauge fields of the gauge
multiplet and the fields x and ¢ through the covariant derivatives, but we also can
add extra gauge-invariant interactions between the fields of the two multiplets, as
we did in the abelian case.

The fields of the vector multiplet are all in the adjoint representation, so what
we need is to build gauge-invariant expressions out of fields transforming in the
fundamental and the adjoint representations. From Section 10.3, we know that the
transformation of a field belonging to the adjoint representation, e.g., F),,, is given
by [see Egs. (10.22) and (10.23)]

F,, — UF,U!

where F,, = Fl‘jv TF“. The other fields of the vector multiplet, fields A and D, trans-
form the same way. On the other hand, the fields of the chiral multiplet transform

in the fundamental representation, i.e.,

¢—>Ugp

and similarly for x and F. Here, it is understood that ¢ actually stands for a col-
umn vector with N entries ¢”. We therefore have the following 27 gauge-invariant
combinations available:

(¢, x> F)\(Fuy, A, D)(&, X, F)

Nine terms are real, whereas the remaining 18 terms form 9 pairs related by her-
mitian conjugation.

However, the dimension of most of these terms is too large. Recall that the fields
of the gauge muliplet Fj,, D, and A“ have dimensions 2, 2, and 3/2, respectively,
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whereas the fields F”, ¢”, and x” have dimensions 2, 1, and 3/2. If we don’t worry
about Lorentz invariance for now, the available gauge-invariant terms of dimension
4 or less are

¢'Fnd  d'Dp  ¢Ax +hc.  ¢'ap +he. (10.58)

These are the obvious nonabelian generalization of Eq. (10.38), and the exact
same arguments that we used after that equation show once more that the only
Lorentz invariants of dimension 3 or less are

Line =194 - x + 19X - ¥ + 29! Do

where ¢, must be real, and we have taken c, to be real as well. Without showing all
the matrix indices, it may be a bit clearer to show explicitly the matrix structure of
this expression by writing

Lin=ci(¢' T %) A"+ c1(#T %) - 2 + c2(¢' T ¢) D*

This is, of course, the nonabelian generalization of Eq. (10.40). If we do show all
the gauge indices, we have

L= [@) (1) %] 2+l [@ (1) %] - 7 + o (67 (1) ¢] D

Now we should repeat the steps of Section 10.6 to find out if there is a choice of ¢;
and ¢, for which the theory is supersymmetric. We won’t present the calculation
here because it is almost identical to what we did in Section 10.6. The final result
turns out to be that the theory is SUSY invariant at the same condition that we found
for the abelian case, namely,

cp = —«/ig and c=—g

The complete lagrangian of a chiral multiplet interacting with a nonabelian gauge
multiplet is finally

L =(D,$) (D"¢) +i(x)'¢"D,x + (F)'F — %Tr(F,wFﬂ”) +i(W)IG D,

+ %Dz ~V2g¢lh x — 289 3 — 36" D¢

(10.59)
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As when we combined a chiral and abelian gauge multiplet, the transformation
of the nonabelian gauge multiplet must be considered with ¢ replaced by —¢ /+/2,
and we also must add a term to the transformation of the auxiliary field F'

8F = previous terms + «/quﬁTF“g_‘ Al

Let’s see what happens if we eliminate the auxiliary fields D?. The equation of
motion for D* gives

D =g(¢'T9)

Plugging this back into the terms containing D, we get

1 1
5D2 —gp'Dp = ED“D“ — g¢'D T ¢

2

= 5 (0'T¢0)(#'T0)

which gives a contribution to the scalar potential equal to

V,(9) = =(¢'T%¢) (6" T 0) (10.60)

N |%],

If there are several left-chiral multiplets labeled by an index i, we get instead

2 ,
V, (@) = %((P? T ¢:) (61T ¢))

where the index i labels the different scalar fields, each of which is a multiplet in
the fundamental representation. In other words, each ¢; must be thought of as a
column vector with NV entries. Thus the complete scalar potential in this case is

2
+

ow
Ve =5

g2

S (6/706:) (9]79)) (1061)
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10.9 Quiz

1. In what representation does the photino transform?

2. When we combine a vector multiplet with a chiral multiplet, what are the
changes that must be made to the SUSY transformations of the component
fields?

3. What is the Fayet-Illiopoulos term?
4. What is the gauge-covariant derivative for an antiquark left-chiral Weyl
spinor?

5. Why is the auxiliary field of a vector multiplet a real scalar field, whereas the
auxiliary field for a chiral multiplet is a complex scalar field?
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CHAPTER 11

Superspace Formalism

So far we have constructed supersymmetric theories the “hard way”: by writing
the most general renormalizable lagrangians that are real and Lorentz-invariant and
then tweaking them to see if we could make them invariant under supersymmetry
(SUSY). There is an easier way to obtain supersymmetric theories: the so-called
superspace approach, pioneered by Salam and Strathdee.*! We now discuss this
approach.

The basic idea is the following: We have seen that in the case of spacetime sym-
metries, such as invariance under translation or rotation, the charges can be written
as differential operators instead of functions of the fields. At first glance, it might
seem that this idea can’t be applied to SUSY because the supersymmetric transfor-
mations of the fields yield other fields at the same spacetime point. However, we
have discovered that the anticommutation of two supersymmetric transformations
of a field produces the same field evaluated at a shifted spacetime point! Indeed,
the anticommuator of two SUSY charges gives the four-momentum operator P*,
whose effect is to translate fields in spacetime. This is a key aspect of SUSY: It is
a symmetry that mixes in a nontrivial way an internal symmetry with spacetime
symmetries.
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This relation between the supercharges and spacetime symmetries suggests the
possibility of setting up the SUSY charges as differential operators acting on an
extended spacetime which is referred to as superspace. We will make this idea more
explicit in this chapter.

Until now, we have not used the van der Waerden notation described in Chapter
3; all Weyl spinors were expressed in terms of their lower, undotted components.
However, calculations in superspace would become amazingly cumbersome if we
would insist on sticking to spinors with lower undotted indices only. Besides, most
SUSY references make extensive use of the van der Waerden notation, so it’s a
good idea to get used to manipulating expressions written in that notation. If you
haven’t read Chapter 3 yet, grab a cup of coffee, put on some relaxing music, and
go over it before coming back to the next section.

11.1 The Superspace Coordinates

For this idea to work, a nontrivial step first must be taken. To understand this,
let’s go back to the simple example of the charges P,. The corresponding unitary
transformation U is [see Eq. (6.18)]

U(a) = exp(ia" P,)

This operator is what we sometimes called U, in Chapter 6. The notation U (a)
is preferable here because we will be considering transformations depending on
several parameters, and it becomes awkward to write the unitary transformations
with several subscripts.

The quantity a* is obviously the infinitesimal four-vector parameterizing the
transformation. But there is something special about this four-vector: It is a dis-
placement four-vector which appears in the argument of the transformed field, as
is clear if we write the transformed field explicitly [see Egs. (6.8) and (6.15)]:

¢() = U@ ¢(x) Ul(a)
= ¢ (" +a") (11.1)
In particular, this implies that if we start with the field evaluated at the spacetime

origin (in some given frame) ¢ (0), we can generate the field at any position ¢ (x)
by applying a transformation U with parameter a,, = x,,:

Pp(x) =Ux)p0) U'(x)
= exp(ix" P,) ¢(0) exp(—ix"P,) (11.2)
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We would like to be able to view the SUSY charges as producing a translation
of the fields too. The parameters that are dotted with the supercharges (¢ and )
are Grassmann quantities, which we now want to treat as displacement vectors.
Therefore, we must extend the spacetime dependence of the fields to include a
dependence on four Grassmann coordinates in addition to the usual four spacetime
coordinates. This extended spacetime is what is referred to as superspace. In this
context, superspace must not be seen as a physical space but simply as a mathe-
matical trick that simplifies the construction of supersymmetric theories, as we will
see.

The extra four Grassmann coordinates are commonly denoted by 9y, 8,, and their
hermitian conjugates. Since the SUSY parameter ¢ is a left-chiral Weyl spinor, it
is natural to take 6; and 6, to form a left-chiral Weyl spinor that we will denote
simply by 6:

We also define

Recall that, by definition,
ol = ®YHY and 82 = (9?)

But the Grassmann coordinates are not quantum fields, so we may replace the
dagger acting on the components by a simple complex conjugation, i.e.,

OHT =06 and ©OH = o>

We now introduce superfields, which are functions of all eight coordinates x,,,
6, and 6. Consider a general superfield

®(x,6,0)

that we take to be a scalar under Lorentz transformations (later we will encounter
superfields that are not scalars).

Now we will apply a SUSY transformation to this superfield. Our SUSY trans-
formation will be a function of the infinitesimal parameters a,,, ¢, and Z,as we have



0 2. Supersymmetry Demystified

used so far. Thus let us write this as
Ua,t,z)®(x,0,0) U*(a, 5,0 =o(x',6,6) (11.3)

This is our starting point. Our goal is to obtain representations for the SUSY charges
as differential operators acting in superspace.

This is a nontrivial exercise. In principle, what we would like to do is to follow
the steps we took in Chapter 6 to work out the differential operator representations
of the Poincaré generators from the transformations of the coordinates:

Coordinate transformations = charges as differential operators

Unfortunately, we don’t know how the superspace coordinates transform under
SUSY, only the SUSY algebra. What can we do? The trick is that we can actually
invert the step described in Eq. (6.33); i.e., we can go from the algebra directly to
the transformation of the coordinates:

Algebra = coordinate transformations

Once we have the coordinate transformations, it is a simple matter to find the
differential operator representation of the charges.
Let us first see how this works in the simple context of ordinary translations.

11.2 Example of Spacetime Translations

Our goal, then, is to figure out how coordinates transform under translations using
only the algebra of the components of the momentum operator as input. Of course,
the approach here will be overkill when applied to simple translations, but it is
nevertheless instructive to see the technique applied in a familiar and simple context
before forging ahead with SUSY.

Let us go back to the action of the four-momentum charges P* on a scalar
field shown in Eqgs. (11.1) and (11.2). Note that P* here is a quantum field oper-
ator, not a differential operator. We cannot freely move the P* through the quan-
tum field ¢ (x), but we are free to move a* or x* through the charges P* with
impunity.

Now, let us write again Eq. (11.1) but use Eq. (11.2) for ¢ (x), giving

U@ U)¢pO)U'(x) Ul (a) = ¢(x')



CHAPTER 11  Superspace Formalism 243

The trick is to realize that we can write the transformed field as arising from a single
transformation produced by the operator U (x'):

U@ U@ pO)U'x)Ul@) = UE) ¢(0) UT(x)
which yields
U Ux)=UK)
Writing the unitary operators in terms of the charges P*, we have
exp(ia”P,) exp(ix*P,) = exp(ix™*P,) (11.4)

In order to relate x’ to x and a, we must simply combine the exponentials on the
left-hand side using the Baker-Campbell-Hausdorff formula:

exp(A) exp(B) = exp(A + B + %[A, Bl +-- )

Using this for the left-hand side of Eq. (11.4) and setting equal the arguments of
the exponents, we finally get

1
i(a" +x"*)P, — Ea”x“ [Py, P ]+ ---=ix" P,

This is what we were seeking: a way to determine the transformed coordinates in
terms of the old coordinates using only the algebra of the charges. Of course, in
the case of the momentum operator, the algebra is trivial, i.e., [P*, P"] = 0, which
yields

x* = x* 4 g*

Once we have established how the coordinates are transformed by the symmetry

operation, it is simple to find the differential operator representation of the four-

momentum as we did in Chapter 6. The only subtle point to keep in mind is that the
action of the differential operator is defined through [see Egs. (6.25) and (6.26)]

exp(—ia" P,) ¢(x) = ¢(x + 8x) (11.5)

From here it is trivial to obtain IA’M =10,
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We will now repeat these steps in the case of supersymmetric transformations
applied to superfields.

11.3 Supersymmetric Transformations of the
Superspace Coordinates

We now apply the approach of the preceding section to SUSY. Our starting point
is Eq. (11.3). The SUSY equivalent of Eq. (11.2) is obviously

®(x,0,0) =U(x,0,0)dO)U'(x,0,0) (11.6)
On the other hand, we have, by definition,
O, 0,8)=UWK,0,8)20)U'(x', 0,0 11.7)
Inserting Eqgs. (11.6) and (11.7) into Eq. (11.3), we are led to
Ua,,0)Ux,0,0) =Ux',0,0") (11.8)

This is what we are going to use to figure out how the shifted coordinates are
related to the original coordinates aftera SUSY transformation with parameters a, ¢,
and ¢.

It might seem that we are being a bit masochistic here. One might be tempted
to conclude that in analogy with the result for translations in real space x’ = x +
a, the corresponding result here simply should be x’ = x +a, 6’ =0 + ¢, and
6’ = O + ¢. However, the situation is more subtle than this because we can, using
o*, build quantities out of 6 and ¢ that will transform like four-vectors, so the
transformation of x could turn out to contain more than just a. In fact, we know
that the transformation of x has to be modified by SUSY because we have already
established that the commutator of two SUSY transformations yields a shift in
spacetime. Therefore, x” will depend on 6 and ¢ in a nontrivial way.

The next step is to write down explicit expressions for U in terms of the charges.
What should we take for the supersymmetric equivalent of a* P, or x* P, ? The role
of the momentum operator is played by the supercharges Q and Q, whereas the
coordinates x* should be replaced by 6 and 6. Since we need Lorentz invariants to
use in the exponential of U, the equivalent of x* P, is

Q-0+0-6
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On the other hand, the role of the a* is played by ¢ and ¢, so the equivalent of
at P, is

Q- ¢+0-¢

Since the commutator of two supersymmetric transformations contains the gener-
ators P,,, we need to consider both translations and supersymmetric transformations
together to work out the transformations of the coordinates in superspace.

However, when we get to the point of actually writing out U, we face a difficulty:
There are several possible choices for U that are not equivalent. For example, we
could choose

U(x,0,0) =exp(ix - P) exp(i6 - Q) exp(if - Q) (11.9)
but we could as well choose
U(x,0,0) =exp(ix-P)exp(if-Q)expif-Q) (11.10)
or
U(x,0,0) =exp(ix - P+iQ-64+iQ-6) (11.11)

These three choices are not equivalent because the charges Q and Q do not commute
(however, P* commutes with everything, so other choices with a - P in different
positions are all equivalent to one of the three expressions given above). There is no
right or wrong choice here, but the details of the following steps depend on which
expression we pick. It turns out that the rest of the discussion is simpler if we use
Eq. (11.9) or Eq. (11.10), but most references on SUSY use the more symmetric
Eq. (11.11) as a starting point. We will follow the majority of the literature and
consider Eq. (11.11).

Note that the operator (11.11) is unitary. To show this, we first need to evaluate
U':

Ul =exp(—ix-P—i(0-0) —i(Q 0
=exp(—ix-P—iQ-0—iQ-0)

where we have used the fact that P, is hermitian as well as the identities (A.44)
to apply the hermitian conjugate on the spinor dot products. It is now clear that
U'U = U'U = 1 because the arguments of the exponentials in U and U differ
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only by a sign. Note that for this to work, it is crucial that U contains both Q - 6
and Q - A! If we had only one of the two terms, U would no longer be unitary.

Now that we have an explicit expression for U in terms of the charges, we can
rewrite Eq. (11.8) as

expia-P+il-0+i¢-Q)exp(ix-P+if-0+ib-Q)
=exp(ix -P+i6 -Q+i6-Q) (11.12)

We will now spend some time to calculate the left-hand side of Eq. (11.12).
Using the Baker-Campbell-Hausdorff formula, it becomes

exp(i<x+a>-P+i(é+E)-Q+i(0+;)-Q

| _
—§[§-Q+§~Q,9-Q+9-Q]+---> (11.13)

where we have used the fact that P* commutes with all charges to simplify the
commutator term. This looks like a nightmare to calculate (well, an infinite number
of nightmares), but luckily, we will see that the expansion terminates pretty quickly.

The commutators we need actually have been calculated in Chapter 6 using all
components with lower, undotted indices, which forced us to carry around a bunch
of o> matrices. We can calculate the commutators much more efficiently now using
the notation of Chapter 3. Consider first the commutator [¢ - Q, 6 - Q] (recall that
the order in spinor dot products does not matter). Expanding, we get

[¢-0.0-0]=[t"Qu. 6" Q)]
=¢"040"Qp — 0" 0" Qu
= —£0"{Qu. O}
=0 (11.14)
where we have used that the supercharges anticommute, [Eq. (6.70)].
Similarly,

7, 0-0] =[0a2% 0;0"]
= —7%" {04, 0;)
=0 (11.15)

Q

[
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Next, we turn our attention to
[¢-0, 0-6]=[¢"Qu, 0;0"] (11.16)

Let’s pause to make a comment before we proceed with the calculation of this
expression. It is frequent to see in SUSY expressions the same letter appearing
both dotted and undotted. For example, we could have written Eq. (11.16) as

[¢-0.0-0]=[¢"Qu, 0ub"] (11.17)

In such expressions, it is implicit that the index a is totally unrelated to the index
a, so Eq. (11.17) is completely equivalent to Eq. (11.16). In this book we will
avoid using a letter and the dot of the same letter in any given expression only to
make equations easier to read. It is indeed easier to tell apart b and ¢ than b and b,
especially given that these appear as small indices.

Proceeding with the calculation, we find that

[¢0ar 058"] = ¢“6" (Qu. Oj)
= 6" (") ai Py
using Eq. (6.72)
=¢oto P, (11.18)
From this, we get [Q - ¢, 6 - Q] for free (or almost). We simply have to write
[0-¢.6-0]=—[0-0, 0-¢]
and use Eq. (11.18) with ¢ and 6 switched to get
[0-7,6-0]=—-60"CP, (11.19)

The key results are the commutators (11.14), (11.15), (11.18), and (11.19). Now
we can use them to evaluate Eq. (11.13). Note that since the commutators of Q
and QT yield the momentum operator P, which commutes with everything, all
the higher-order commutators represented by the dots in Eq. (11.13) vanish! So
Eq. (11.13) is simply

- - 1 _ 1 -
exp(i(x+a)-P+i(9+§)-Q+i(0+§)~Q—Ego“QPM—i-EGa“{PM)

(11.20)
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Recall that this is the left-hand side of Eq. (11.12). Setting this equal to the
right-hand side of Eq. (11.12), we obtain

: N T 1 ~ 1 -
exp(z(x—i—a)-P—H(Q—l—{)-Q—l—z(@—l—{)-Q—Eg“a"QP“—FEQa“{P“)

=exp(i0'-Q+ib-0+ix"-P)

from which we can finally read off the transformations of the superspace coordi-
nates:

x’:x+a+%§a“é—%00“f
o —0+e (11.21)

0=0+7¢

As expected, the transformation of x acquires extra terms that mix ordinary space
with the fermionic coordinates of superspace.
Using Eq. (A.50), the transformation of x also could be written as

x’:x%wz—%§6“§+%f6“9 (11.22)

Now we are ready to write the SUSY charges as differential operators acting in
superspace.

11.4 Introduction to Superfields

Before going any further, it is important to take a short pause to review some
important facts about the calculus of Grassmann variables. Although this may
seem a bit intimidating at first, it turns out that Grassmann calculus is much easier
than calculus involving real or complex variables. As one might guess, this comes
from the fact that the square of any Grassmann quantity is zero.

Before discussing superfields, let’s start with something simpler. Consider an
arbitrary (but commuting) function F of a single Grassmann variable, say, 0;. Let
us now look at the Taylor expansion of this function around 8; = 0. Usual Taylor
expansions (with respect to real or complex variables) contain an infinite number
of terms, but here, since 912 = 0, the expansion terminates after only two terms!

F(0) =co+c16 (11.23)
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where we really mean an equality, not an approximation, and the coefficients ¢y and
c1 are some complex numbers. If the function depends on two Grassmann variables
6, and 6,, then the Taylor expansion clearly terminates after four terms:

F(01,0,) =co+c101+c20,+c301 0,

There is no need to write a term proportional to 6,6 because this term could be
combined with the term in 6; 0, after using 6, 6, = —6, 6,.

Now we add a twist: We make F a function of both Grassmann variables and
spacetime and call it a superfield F (in this book, we will use calligraphic let-
ters to represent most superfields). Then the Taylor expansion with respect to the
Grassmann variables obviously is given by

F(x,01,0) =Ax)+B(x)0; +C(x)6,+ D(x) 6,6, (11.24)

Note that in this expression, B(x) and C(x) are Grassmann functions, whereas
A(x) and D(x) are ordinary (i.e., commuting) functions. Of course, our interest is
in quantum field theory, so we promote the functions A(x) --- D(x) to quantum
fields.

F is not the most general superfield we can construct because we have chosen it
to be independent of 6. Exercise 11.2 invites you to work out the expansion of the
most general superfield, which is a function of x, 6, and 0.

We will be mostly concerned with superfields that are invariant under Lorentz
transformations, but even in that case, it is not straigthforward to infer how the
four fields appearing in Eq. (11.24) transform. It is preferable instead to write the
expansion in terms of the Weyl spinor 6, i.e.,

F(x,0) =¢(x)+0-x(x)—|—%9-0F(x) (11.25)

where the factor of 1/2 in the last term is purely conventional and chosen to make
this resemble usual Taylor expansions. As an aside, note that many authors rescale
6 — /26 so that they write the expansion as

F(x,0) =¢(x)+~26 - x(x)+6 -6 F(x)

This introduces various powers of /2 with respect to our convention.

If the field F is a scalar under Lorentz transformations, we can tell right away
that ¢ (x) is a scalar field and that x (x) is a left-chiral spinor field, because 6 is
itself a left-chiral Weyl spinor. We also can tell that F'(x) is a scalar field because
the quantity 6 - 6 is invariant under Lorentz transformations. Note that the number
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of independent fields in Eqgs. (11.24) and (11.25) is the same because y (x) is a
two-component spinor.

The fields ¢ (x), x (x), and F(x) are often referred to as the component fields of
the superfield F.

EXERCISE 11.1
Find the relations between the fields appearing in Eq. (11.24), and the fields
@(x), x,(x), x,(x), and F(x) appearing in Eq. (11.25).

EXERCISE 11.2

Consider a general scalar superfield S(x, 6, ). Write down the most general Taylor
expansion of this superfield [not in terms of components as in Eq. (11.24) but in
the index-free notation, as in Eq. (11.25)]. Hint: You should find nine terms. Don’t
forget that you may use o* (but then you will not need 6#; do you see why?).

11.5 Aside on Grassmann Calculus

Besides Taylor expansions, we also will need to differentiate and integrate with
respect to Grassmann variables. Consider first taking derivatives. Of course, we
define

90
30,

Note that we treat 8y, 6,, 6;, and 65 as four independent variables, so the derivative
of any of those four quantities with respect to any of the other three gives zero. For
example,

06, . 8@1 . 392 _
0, 90, 00,

On the other hand, the variables with upper indices must be viewed as functions
of the variables with lower indices, not as independent variables. Indeed, recall that
as we saw in Chapter 3 [see Egs. (3.13) and (3.16)],

o' =0, 0> = —0,

6' =6, 6% = -0, (11.26)
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This means that, for example,

06!
a6,

whereas

367
30,

Note that the relations (11.26) allow us to also rewrite derivatives with respect to
variables with upper indices in terms of derivatives with respect to variables with
lower indices, and vice versa. For example,

9
901 96,
and
I
902 90,

Consider now taking the derivative of something less trivial, let’s say

! (6261)
39, %20

We may apply the product rule on the condition that we keep in mind that the
derivative is a Grassmann quantity so that we pick up a minus sign when passing it

through 6;:
3 626) — 90\ ) _p (29
a0, 2 Y " \ae, ) T 72 o,

Since 6, is independent of 6, we simply get

9891_0
2891_2
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Of course, we could have simply moved 6, in front of the derivative because it is a
constant as far as the derivative with respect to 6; is concerned, to get

9 9—080—9
89121— 28911— 2

Particularly useful will be the identities mentioned in the following exercise.

EXERCISE 11.3

Prove
d
—0 -0 =26,
204
and
d
0.6 =-26°
20,

These formulas will prove to be very useful in the next section.

Now let’s turn our attention to integration of Grassmann variables. Here, inte-
gration is not related to the limit of a sum and has some properties quite different
from conventional Riemann integrals. It is better thought of as an abstract algebraic
operation defined in terms of its properties. As such, a different symbol than an
integral sign probably would be more appropriate. The integration over Grassmann
variables originally was defined by Berezin’ and is therefore sometimes referred to
as Berezin integration.

So how do we define this “integration” operation? First, we impose that it be a
linear operation:

/d@l [ki F(61) + k2 G(01)] = ki /del F(01) + ks /d@l GOy (1127

where k; and k, are arbitrary complex numbers.

Now comes the key definition. We know that an arbitrary function of 8; has the
expansion given in Eq. (11.23). We define the integration of F(6;) to give for result
the coefficient of the term linear in 6;:

/d91 F(Ql) = C]
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Using Eqgs. (11.23) and (11.27), this means that

Cofd91+01/d9191=61

which implies

/dGlzo /d9191:1

Note that “integrating” F(6)) with respect to 6, gives exactly the same result as
differentiating it with respect to 6;! This is not what we are used to in conventional
calculus (except for the function e*!).

Now consider integration with respect to two variables, 6; and 6,. We define the
“measures” to be Grassmann quantities, like the 6,, so we impose

{d@a, dgb} = {dea, Qb} = {9(1» '9b} =0

This means that [ d6, 6, = —6, [ db, for example.
As an example, consider

Jon fanne o f )
_ / d6s

=0

Clearly, we also have

fd91fd9292=0

More interesting is

/d@l /d029192:—/d9191/d9292

=1



0 2 Supersymmetry Demystified

Note that if we integrate the superfield (11.24) over both of its Grassmann vari-
ables, we obtain

/del do, F(x,0,,0,) = —D(x)

so the integration projects out the component proportional to the two Grassmann
variables. The fact that we can use an integration to project out terms like this will
play a key role in the rest of this book.

Let’s define the measure d?6 to represent

d*0 = do, do,

in that order. With this definition,
fd299-9 :2/d299201 =2

so that

1
5/%99-9:1 (11.28)

a relation we will use very often.
We obviously also can integrate over the barred variables 6;. All the preceding
results hold as well for those variables. However, we will define

d*0 = —d0; db,
instead. This choice is made so that
/dzéé-ézzfdzééiézz

and therefore,
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Of course, we also have

U [ a0 o
L | 4Od00-05.5=1 (11.29)

which we will also need often. Note that when we integrate any other combination
of 6 and 6, we get zero. For example, if we integrate a general superfield S(x, 6, 0),
we get

0-600-0

/ d*6 d*0 S(x, 0, 0) = coefficient of the term T in S(x, 0, 0)

Similarly, Eq. (11.28) implies

_ 6-6 _
fd29 S(x, 0, 0) = coefficient of the term 5 inS(x,0,0)

11.6 The SUSY Charges as
Differential Operators

We will keep using S to denote a general superfield. The expression analogous to
Eq. (11.5) in the case of a translation plus a supersymmetric transformation is

exp(—ia"P, —i¢-Q—il Q)S(x,0,0) =S(x +8x,0+ 80,0 +50)
(11.30)

Now we just need to plug in the transformed coordinates (11.21) into the superfield
and Taylor expand. This gives

S(x +8x,0 + 86,6 + 80)
~ S(x,0,0) +8x"9,S(x,6,0) + 80 3,S(x, 0,0) + 86,3°S(x, 0, )

=S+ (a“+’§;o“é - %90“5) 9,S +¢98,8 + ;S (11.31)

where we have suppressed the (x, 6, ) dependence of S to ease the notation a
bit and where the partial derivatives with respect to the Grassmann variables are
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defined by

S _ S
'S = —

0,S =
00¢ 26,

Note that, as usual, an upper position of the index on the partial derivative denotes
the derivative with respect to a variable with a lower index, and vice versa.

Note that in Eq. (11.31) we have chosen the undotted indices to go diagonally
downward and the dotted indices to go diagonally upward, following the convention
introduced in Chapter 3. We can write Eq. (11.31) in a more compact form if we
use the notation for spinor dot products and define

49, S=¢ -39S
in which case Eq. (11.31) is given by
S(x +6x,6 486,80 +80) ~ S + (a“ n % rotd — %90“5) 9, S
40 9S+E- DS (11.32)

Expanding to first order the exponential in Eq. (11.30) and setting this equal to
Eq. (11.32), we get

(_iaﬂi)u_i;- . Q_lE . Q)S: (a“-i—%ga“é— %90‘“5)8,,}9
+¢-39S+7C-93S (11.33)

We can read off the differential operators P, Q, and Q' by separately setting
equal the terms in a*, ¢, and ;. If we look at the terms proportional to a*, we get

P, =id, (11.34)

as we had before, in the absence of SUSY.
Recall that ¢ 0#6 stands for ¢%(0*),,;0°. Keeping only the terms containing ¢ in
Eq. (11.33) and writing out explicitly all the indices, we get

—i90,S = ’5 20" 0°8,8 + £99,5
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which implies

1 s
Qu=ida =350 6", (11.35)

Using Eq. (11.34), this also could be written as

i ~i A
Q=8+ 5 (") 0" P,
The terms in ¢ in Eq. (11.33) give the following relation:
- i _ - .
—18a Q" = —5007¢ 9, + 40" (11.36)

Here, we have a slight problem. Recall that fo*¢ stands for 9”(0“)@,5’5 , sothe ¢
does not appear with the same indices in all the terms, preventing us from isolating
Q“. We are saved by Eq. (A.50), which allows us to write

00"t = ~5"0 = ~5; (6" 6,

Using this in Eq. (11.36), we get
. LI Z Fa
—i6Q" = 2 (5" 0,0, + L

which yields

iy _. 1 .
Q' =id" -3 (") 6,0, (11.37)

However, we also would like to have the corresponding expression with a lower
dotted index, namely, Q,, because we then could check that we recover the al-
gebra of the charges derived in Chapter 6, which was written entirely in terms of
components with lower indices. We can proceed in two ways. We can use the €
symbol introduced in Section 3.4 to lower the index of 9%, or we may go back to
Eq. (11.36) and write all the terms with the parameter ¢ having an upper index.
Either way, there are some subtleties in the calculation.

We will follow the second approach and leave the demonstration using the €
for Exercise 11.5. We’ll begin by writing again Eq. (11.36) with all the indices
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explicitly shown:
o i . .
—i8 Q' = =26 (0" £h 8, + &, 8¢ (11.38)

To express the left-hand side in terms of the charges with lower dotted components,
we use Eq. (A.43)

£ 0% = 0, "
Using this in Eq. (11.38), we get
—i Q0,84 = —% 0“(0") i, &% 3y + ;07 (11.39)

Before we can isolate the charge, we need to rewrite the last term with the index
on ¢ raised. This is a bit more tricky. The identity we need is

Ly 9 =79, (11.40)

which you are invited to prove in Exercise 11.4. We then can move the ¢ to the
right of the derivative if we change the sign (because they are both Grassmann
quantities):

{49 = —;¢° (11.41)

We can move ¢ in front of the derivative because it is a constant spinor. Things
would not be so simple if it had a 6 dependence. Note that the end result is

which has the opposite sign to what Eq. (A.43) would predict! This is so because,
as demonstrated in Exercise 11.4,

Hh=-3" H=9 H=-3  §=35

and these relations have the opposite sign to the usual relations between Grass-
mann quantities with upper and lower indices shown in Eq. (11.26). Incidentally,
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a consequence of this is that while for components of spinors we have [see Eq.
(A.31)]

€’ xp = x“
e X0 = X
for derivatives we have instead
€ g, = —3°
€450 = —d; (11.42)

Thus the € introduces a minus sign when it is used to raise or lower indices of partial
derivatives.

EXERCISE 114
Prove that

;aaa = Caaa
Then argue that this also implies the validity of Eq. (11.40).
Substituting Eq. (11.41) into Eq. (11.39), we get

—i 0,8 = —% 0 (0") 4 2" 0y — a4 ¢°

from which we finally obtain

]
O, =—id, + 3 0 (6™ pe 8, (11.43)

or,using P, =id,,

Qi = —i 04 — %Qb (©"ba By

EXERCISE 11.5
Rederive Eq. (11.43) from Eq. (11.37) using € to lower the indices. Hint: You will
need Eqgs. (A.27) and (11.42).

We have finally accomplished the goal we had set for ourselves: We have ex-
pressed the charges as differential operators acting on superfields (i.e., functions
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of superspace). As a nontrivial double-check, let us now compute the algebra of
the charges, which should agree with what we found in Chapter 6 in Egs. (6.70),
(6.71), and (6.72), which we will repeat here using the van der Waerden notation:

{04, 0} =0
{04, 03} =0
{Qu, 03} = (6", P* (11.44)

The first two almost trivially follow from our operators (11.35) and (11.43). The
only nontrivial point is that we must remember to pick up a sign when moving
Grassmann quantities through one another. For example, consider the following
anticommutator:

{04, 0%) (11.45)

which appears in the anticommutator {Q,, Q}. In computing anticommutators

of charges represented by differential operators, we must imagine that the whole

expression is applied to some test function of superspace, as we imagine that a

function of x is present when we compute [X, p] in quantum mechanics.
Expanding Eq. (11.45), we get

{04, 0%} = 3,6" + 8" 8,
= (3,0%) — "9, + 8% 9,
= (0,6")
=0

where in the parenthesis the derivative is applied only on §°, and this gives zero
because the dotted upper components are independent of the undotted upper com-
ponents (recall that 9, = d/96%). From this, the first anticommutator of Eq. (11.44)
follows trivially. The second one is as straightforward.

For the third one, we need a bit more work, but not much. We need to compute

{84,60%) = 3,60" + 69,
=(9,0% —6%9, + 6",

= (11.46)
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where 8 is simply the ordinary Kronecker delta, equal to 1 when a = b and 0 when
a # b. Similarly, we find

(34,6 = 8 (11.47)

Again, this delta is simply the usual Kronecker delta.
Using these two results together with Eqgs. (11.35) and (11.43) (after relabeling
the indices to avoid summing the same letter twice), we find (using 9, = —i P,,)

- . i PN ) i o
{Qa» Qb} = {lau + 5 (O'M)uée P/u _lab - Eed (O—'u)dl} PM}
= D0 0% 0y P+ L 107 ) 0" P
—E{as J(o )db u+§{ s b}(U )aé "

where we have used the fact that the components of ¢# are simply numbers, so we
are free to move them around as we please. Using {A, B} = {B, A}, which applies
to any operator, including Grassmann ones, and applying Eqs. (11.46) and (11.47),
we find

- 1 N 1 . N
{04, 0j} = = 80" gjy Py + = 850" )ae P,y
2 2°b

1 N 1 “
= E (Uu)aBPM + 5 (GM)aBPﬂ
= (0" Py

which is indeed the third relation of Eq. (11.44)!

11.7 Constraints and Superfields

We have almost reached the point where we can start harnessing the full power of
the superspace approach. The basic idea is brilliant and yet rather simple. We have
seen in Egs. (11.30) and (11.31) how a superfield transforms under SUSY. On the
other hand, we have seen in Section 11.4 how a superfield can be expanded in terms
of a finite number of component fields that only depend on spacetime. In addition,
those component fields have well-defined behavior under Lorentz transformations.
They will play the role of the actual quantum fields appearing in supersymmetric
lagrangian.

Putting now these two ideas together; i.e., substituting the expansion of a super-
field in terms of component fields into the SUSY transformation [Eq. (11.30)], we
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will get in a single equation a picture of how all the fields making up the theory
transform under supersymmetry!

This is a neat trick, but if this were the only motivation for superspace, it would
be a bit of a let-down. After all, the main difficulty we had in constructing su-
persymmetric theories was not in writing down the SUSY transformations of the
fields but in finding how to build lagrangians that are invariant under SUSY. This
is actually where the superspace approach truly shines: We will see how, using a
few devilish tricks, superfields make the construction of supersymmetric theories
child’s play! The full power of this approach will be demonstrated when we will
be able to write down with almost no effort the SUS Y-invariant interactions of the
minimal supersymmetric standard model.

But we must first start with less lofty goals. Our first step will be to recover the
Wess-Zumino lagrangian from the superfield approach. Unfortunately, we face a
difficulty right from the start. The Wess-Zumino lagrangian involves two complex
scalar fields and one left-chiral Weyl spinor field. However, a general superfield
S(x, 0, 0) has many more fields, as you found out if you solved Exercise 11.2.
We could build a theory out of a general superfield, but we obviously would get
something more complex than the Wess-Zumino lagrangian.

On the other hand, a superfield F that is a function of only x and 6 contains
just the correct number of fields [see Eq. (11.25)], which have in addition the right
behavior under Lorentz transformations if we take the superfield to be a scalar
(we also could have considered a superfield depending only on x and 6 instead).
Unfortunately, it is not consistent with SUSY to consider a superfield depending
only on x and 6. The reason is simple: If we apply a supersymmetric transformation
to such a superfield, we end up with a transformed field ' that will depend on all
the superspace coordinates.

To see this, let’s look again at Eq. (11.32):

F'(x,0,0) = F(x,0,0) + (a“ n % rohd — ’590%) 9, F(x.,0,0)
+¢-0F(x,0,0)+¢-0F(x,0,0) (11.48)
If we start with a superfield F depending only on x and 8, this simplifies to
F(x,0) = F(x,0) + <a“ + ’Egoﬂé - %9#5) 8, F (x, 0)
+¢-0F(x,0)

We see the problem now. Even though our initial superfield 7 depends only on x
and 6, the transformed superfield ' depends on 6 as well because this superspace
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coordinate appears explicitly in the transformation. What this tells us is that it is
inconsistent with SUSY to consider a superfield that is a function of x and 6 alone.

Let us now explain the problem again from a different angle. Considering a
superfield F that does not depend on 6 is equivalent to starting from a general
superfield S on which the following constraint has been applied:

0 -
TS ) 9, 9 - 0
aga° (X 0,0)
so that S is actually a function of x and 6 only, i.e.,

S(x,0,0) = F(x,0) (11.49)

By the way, the choice of differentiating with respect to the Grassmann variable
with an upper index is only one of convenience. It makes life easier to have the
same position of the index as in the derivatives that appear in the supercharges.

Now let’s assume that we don’t already know the answer and ask again if this
constraint is consistent with SUSY transformations or, in other words, whether
SUSY transformations preserve this constraint. To answer this, we must check
whether, if we apply a SUSY transformation to a superfield F independent of 6,
the SUSY-transformed field ' also will satisfy the same constraint:

a ?
—F' =0
264

The left-hand side may be written more explicitly as

d d o _
— e — 1—ia*P, —icC- — i -
55 89“( ia"P,—it-Q—it Q>.7-"
d

o [ . o
== = — — MPL . .
p5i0 g (a Qe Q>f

R o
T ﬁ(“ﬂpﬁi-wa'Q)f

where in the last step we used the fact that by definition F obeys the constraint.
Note that in the last line, the derivative with respect to 8¢ acts on everything to its
right, including the superfield.

Recall that we are checking whether or not this is equal to zero, which will tell
us if the constraint is consistent with supersymmetric transformations. Now comes
the crucial observation: If we can “pass” the 9/39“ through the parentheses to



264 Supersymmetry Demystified

apply it to F, we will automatically get zero because F satisfies the constraint, by
assumption. This is therefore the key point: The constraint is consistent with SUSY
if it commutes with

aMpM‘F{Q‘i‘EQ

The operator 3/36% obviously commutes with a“P,,, so we are left with checking
whether the commutator

0
[aea {-Q+- Q}

vanishes. Recall that the spinor ¢ is a constant spinor (independent of both the
spacetime coordinates x and the Grassmann coordinates 6) so that we can pass the
derivative through ¢ or ¢ on the condition that we add a minus sign because both
¢ and 9/06 are Grassmann quantities. This allows us to write the commutator as

d - = _ -\ 0
[89“ ¢ Qb+§bQ] 9"1(;be+§be)_(Cbe+§be)aga

Ce(Laralt) a(he ol

- ol ol a0l

Since the parameters ¢, and ¢; are independent, the constraint is consistent with
SUSY on the condition that it anticommutes with the SUSY supercharges:

— 0"l =0
30

Using the explicit representations of the SUSY charges (11.35) and (11.37), we
see that the operator 9/ 96% does indeed anticommute with O but not with Qp
because the latter contains #. The conclusion is that the constraint 9;S = 0 is not
preserved by a supersymmetric transformation and is therefore useless to us.

We already knew that the constraint d®/30% = 0 is not preserved by SUSY. The
reason we went through this whole discussion, pretending all along that we did not
already know the answer, is that now we have a simple criterion to find out if a
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constraint on superfields is consistent with SUSY. Let’s write such a constraint as
D;S8(x,0,0) =0

where D; is some differential operator acting in superspace.” What we have dis-
covered is that for this to be a valid constraint, the operator D, must anticommute
with the SUSY supercharges:

{Da, Qp} =0 (11.50)

{Dg, @) =0 (11.51)
What we now want to do is to construct an explicit operator D (as a differential
operator acting in superspace) that will satisfy those two conditions.

We know that the partial derivative with respect to 8¢ does not work because
only the second condition is fulfilled:

9
{a_éa’ Qb} 40 (11.52)
{8 Qi’}—o (11.53)
T ‘

Still, let’s use this operator as our starting point in constructing D,. After all, it
satisfies Eq. (11.53), so that’s not a bad start. The simplest thing we can try is to
add a term to the derivative that will ensure that Eq. (11.52) also will be satisfied.
Of course, we don’t want to spoil Eq. (11.53) by doing that, so the added term must
by itself anticommute with Q. '

It is clear by looking at the definition of Q” [Eq. (11.37)], that it anticommutes
with 6 but not with x* or §. So let’s add a term linear in 6 to 3/30%. It will make
our life easier if we add a term proportional to 8¢ (instead of 6,,) because the charge
Oy, contains a derivative with respect to Grassmannn variables with upper indices.
So let’s try

d
D, = @ + C,c 0° (11.54)

* The reason for choosing the operator to have a lower dotted index is simply based on convenience because it
will simplify the next few steps. Of course, once we have the components with lower dotted indices, we can
work out the components with any other type of indices.
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where we have included the indices that the quantity C must necessarily carry. This
operator satisfies Eq. (11.53) if we take C,. to be independent of the Grassmann
variables. Our goal now is to see if it is possible to choose an expression C;. such
that Eq. (11.54) anticommutes with Qp:

0
— + C, 6°, =0
{80“ + Qb}

Using the explicit representation of Qp, [Eq. (11.35)], we get

9 A I
@-FCL}CQ,IW-FE(J )bdQ PM =0

or

(a8 8 i o 3
i . .
+5 {cace L (01,0 PM} -0 (11.55)

The first anticommutator is identically zero. The last anticommutator also vanishes
on the condition that C has no spacetime dependence (so that it commutes with IA’M).
This leaves two nontrivial anticommutators. The second and third anticommutators
of Eq. (11.55) cancel out on the condition that (see Exercise 11.6)

| I
Cap = ) (0%)pa Py

EXERCISE 11.6

Prove that the second and third anticommutators of Eq. (11.55) cancel out if Cg is
given by Eq. (11.56). You may, of course, just plug in the result in Eq. (11.56), but it
is more interesting (and rewarding) to obtain the answer directly from Eq. (11.55).
In doing it this way, you may assume that C;, does not depend on 6 so that it
commutes with 3/36° to pull it out of the third anticommutator. Of course, if that
assumption had not worked, we would have had to consider a more general ansatz
for Cab.
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Using this in Eq. (11.54), we finally obtain

] o i,
Di= 557 = 500" dy (11.57)

Of course, we could have started with a constraint containing a derivative with
respect to 8¢ instead of a derivative with respect to 6¢. Imposing that this second
constraint anticommutes with all the supercharges then leads to the expression

B
T 90e

a

_ ’5 ("), 0" 8, (11.58)

The two differential operators we just obtained can be used to write down con-
straints that are consistent with SUSY transformations. Our next step obviously is
to look for the most general superfields that satisfy

D:S,.(x,0,0)=0 (11.59)

These superfields are called left-chiral superfields for reasons that will become clear
in Chapter 12, hence the subscript LC. The fields satisfying

D,S,. =0 (11.60)
are called right-chiral superfields. However, most supersymmetric theories, includ-
ing the minimal supersymmetric standard model, do not use right-chiral superfields,
so we will focus on left-chiral superfields in Chapter 12.

Using some of the tricks of Exercise 11.5, it is straightforward to raise the indices
to obtain

9 i -
DY = — —6; (6")P 9

a0, 2% (@)
. 0 i

We may then define dot products between the constraints, i.e.,

D-D
D-D

Il
S

aDa
i D*

If
]
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that we will use later on. An important observation is that on any superfield S, we
have

D,D-DS=D“D-DS =0

and

D;D-DS=D°D-DS=0 (11.62)

This follows from the fact that three constraints of the same type necessarily contain
either a Grassmann variable squared or the second derivative with respect to a
Grassmann variable.

Later we will need the anticommutation relations satisfied by the constraints.
Obviously,

whereas a short calculation gives

{D,. D;} = —i(c™),; 0, (11.63)

11.8 Quiz

1. What is the result of the integral f do, 6,?
2. What is the derivative

d
Y (0'6,)
equal to?

3. Consider a general function of three Grassmann variables F (61, 6, 63). If we
expand in all three Grassmann variables, how many independent terms do we
generate?

4. How many supercharges did we have to introduce?

5. What is the result of €%79,?



CHAPTER 12

Left-Chiral Superfields

As mentioned at the end of Chapter 11, a superfield satisfying the constraint (11.59)
is called a left-chiral superfield. In this chapter we will only discuss left-chiral
superfields that are scalars under Lorentz transformations. We will denote these
superfields by ®. The reason why such a superfield is called left-chiral even though
it is a scalar under Lorentz transformations is that one of its component fields is a
left-chiral spinor, as we will see explicitly shortly. In Chapter 13 we will encounter
a left-chiral superfield that is not a scalar.

12.1 General Expansion of
Left-Chiral Superfields

One obvious observation we can make about left-chiral superfields is that since the
constraint does not involve the coordinates 6,, they can be arbitrary functions of
that variable. Of course, a superfield depending only on 8 would automatically be
left-chiral, but we want to be as general as possible by introducing a dependence
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on x and @ as well. The dependence of ® on these two variables clearly must be
related in a nontrivial manner.

To proceed, the trick is to construct a new coordinate, let’s call it y*, that is
in principle a function of both x* and # and that satisfies by itself the constraint
equation

Day"(x*,8) =0 (12.1)

If we succeed in identifying such a coordinate, then any function of y* and 6 will
be a left-chiral superfield ® because it will trivially satisfy

D;@(y",6) =0

_ The solution of Eq. (12.1) is surprisingly simple. Since the differential operator
D, contains derivatives with respect to x* and 6% [see Eq. (11.57)], the simplest
guess is to write y, as x,, plus something proportional to 6. We therefore try the
ansatz

y=xt 8Pk (12.2)

where K is an unknown expression that we must now find. We have included the
indices on K that it must carry for the equation to be consistent. Note that y* is an
ordinary (i.e., commuting) variable, so K ;f must be a fermionic quantity (which is
also obvious from the fact that it carries a spinor index). Let us now assume that
K} does not depend on x,, and ¢ so that D;K;" = 0. Of course, if this doesn’t
work, we will have to come back and drop this assumption. Note that we have
chosen to place #¢ to the left of K so that we won’t have to worry about picking
up a minus sign as we move the partial derivative 9, through K 5 .
Now we impose Eq. (12.1). A quick calculation reveals that

Dy = Kl = 360°(0")
so we must take
i
Kﬂ = —90 ot ca
i =3 (")

Putting this back into Eq. (12.2), we finally get

i
Y= a4 2000 (0"
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We can move the 8? to the far right to get

yh=axt - %90“9 (12.3)

The most general left-chiral superfield is therefore a general function of y,, and
0,1.e.,

(", 0)
We will choose to take @ to be a scalar under Lorentz transformations, although it
is possible to write left-chiral fields with different Lorentz properties. We will meet
such left-chiral superfields in Chapter 13.

Itis straightforward to see that the most general right-chiral superfield [that obeys
the constraint (11.60)] is a function of the variables # and z* with

7 =x"+ L (eledal’]
2
Note that if we take the hermitian conjugate of a left-chiral superfield, we obtain
oIy 0) = o (y".8) = ®(".0)

which is a right-chiral superfield! So we obtain the important result that for any
left-chiral superfield ®,

D,® =0 (12.4)

Let us now see what the component fields of a left-chiral superfield are. To find
this out, we simply expand in the Grassmann variables appearing in the field, as we
did in Section 11.4. We will do this in two steps. We first expand in 6 only, leaving
y* untouched. This, of course, gives us exactly the same result as Eq. (11.25),
namely,

1
<I>zc(y,9)=¢(y)+9'x(y)+§9‘9F(y) (12.5)

We see that the first field, ¢, is a scalar because the superfield itself is taken to be
a scalar. Since 6 - 0 is a Lorentz invariant, F is also a scalar field. Finally, since 6
is a left-chiral spinor, x also must be a left-chiral spinor. Those are the component
fields of the left-chiral superfield ®. The fact that one of the component fields of ®



272 Supersymmetry Demystified

is a left-chiral spinor, whereas there is no right-chiral spinor, is the reason why the
superfield is called a left-chiral superfield. Keep in mind, however, that @ itself is
a Lorentz scalar!

We are not quite done. We still haven’t fully expanded in terms of the Grassmann
variables because y* depends on them. We do that now. The Taylor expansion of
the component fields is straightforward. Consider first the scalar field:

$() = o (x” - éea“é)
— $(x) — %eaﬂéam(x) — %90“@90”9%8,,(]5(}() (12.6)

The last line is an exact result, not an approximation, because higher-order terms
automatically vanish since they contain Grassmann variables squared. Note that
6o "0 is a commuting quantity, so we may move it as a block anywhere we want.
The last term on the right of Eq. (12.6) can be simplified using Eq. (A.56), which
allows us to write

06+005"09,0,¢ (x) = = 00 - 00 - 53,8,¢ (x)

0-60-03"3,6(x)

N = N = N =

0-00-0 ¢(x)

where is the d’ Alembertian operator. Using this result, Eq. (12.6) can be written
as

6 =0 (" - L0070
= $(x) — %ea“éam(x) _ %9 00-0 $(x) (12.7)

The expansion of x (y) is identical except that we need only to keep the first two
terms in the expansion with respect to 6 because x is already dotted with 6. Thus
we get

i ~ i _
Xa(y) = Xa(xu - E 96#9) = Xa(x) - EeaueauXa(x)
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On the other hand, since F is multiplied by 6 - 8, we may replace F (y) directly by
F (x) because all higher-order terms are automatically zero.

Substituting the expansions of ¢ (y), x (), and F(y) into Eq. (12.5), we finally
get that a left-chiral superfield has the following expansion in terms of its component
fields:

® =¢(x) — %Qa“éaugb(x) - %69 00-0 $(x)
. | (12.8)
460 x(x) — %00“99 () + 5 F ()60

Recall that 6 - 9,, x stands for 6¢ - 9,, x,. Obviously, a left-chiral superfield does not
contain all the terms that the most general superfields have (see Exercise 11.2).

The fact that the constraint we have used is preserved by supersymmetry (SUSY)
tells us that applying an arbitrary SUSY transformation to Eq. (12.8) will generate a
result that will be of the same form; i.e., there will be no new type of terms produced
(e.g., no terms with @ -  and no # will be generated by a SUSY transformation).

We see that a general left-chiral superfield contains fields with the same Lorentz
transformation properties as the ones we needed to build the Wess-Zumino la-
grangian: a left-chiral spinor field and two complex scalar fields. However, to really
show that we can identify the components fields of ® with the fields of the Wess-
Zumino lagrangian, we need to show that they transform the same way under SUSY.
We will prove that this is indeed the case, a result that we anticipated by using the
same names for the three fields that we used in Chapters 5 and 6. The beauty of the
superfield formalism is that we will recover the SUSY transformations of all three
component fields from the single transformation of the superfield.

12.2 SUSY Transformations of the
Component Fields

By definition, the SUSY-transformed superfield &’ can be written in terms of the
transformed component fields as

] ~ 1 -
O =¢'(x) — %90“68M¢/(x) — EG <000 ¢'(x)
J ~ 1
+60-x'(x)— %00“09 SO x'(x) + 3 F'(x)0 -0 (12.9)

All we did was rewrite Eq. (12.8) with a prime on all the fields.



274 Supersymmetry Demystified

Now we calculate the explicit SUSY-transformed superfield using Eq. (11.48).
The effect of P, is simply to translate all the field in spacetime by x# — x* + a*,
so we will only consider the effect of the supercharges. We have, from Eq. (11.32),

¢/:®+%(§0“5—96”E)8M®+§-8CI>+§_‘-5CD (12.10)

So now we have two different expressions for the SUSY-transformed field. Equa-
tion (12.9) gives us the transformed superfield in terms of the transformed compo-
nent fields ¢’(x), x’(x), and F’(x). On the other hand, the right-hand side of Eq.
(12.10) also gives the transformed superfield in terms of the infinitesimal parame-
ters ¢, ¢, and the original fields ¢ (x), x (x), and F (x) [after using Eq. (12.8) for ®].
Setting the two results equal to one another will give us the SUSY transformations
of all the component fields.

The first step in evaluating the right-hand side of Eq. (12.10) is to calculate the
partial derivatives of ® with respect to x*, ¢, and 6¢. The derivative with respect
to x* is straightforward:

. 1 _
39, ® = 3, — ’Eeaveauau¢ — g 000-00,0"0,p+0 - Dux
P 1
—%90”99 Budux + 5000, F (12.11)

The derivatives with respect to the Grassmann variables require some care. We
get

od
004

i " A_b 1 n N l " A‘b
=5 000" 0u9 — 2000 &+ 1o — 5 (0")0s0"0 - duX
—15 (0.%a)00"0 + 0, F (12.12)

where we have used the result of Exercise 11.3 for the derivative of 6 - §. On the
other hand, we find [after using identity (A.50)]

0P i 1 —4 L ab
8§-=§(0) ebam—ge-@e ¢+5(o) 0,0 -9, x (12.13)

What we must do now is to substitute Eqgs. (12.11), (12.12), and (12.13) into
the right-hand side of Eq. (12.10). Note that all terms with three 6 or three §
automatically vanish because they necessarily contain the square of a Grassmann
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coordinate. This leaves us with

. ) . o
=D+ % (¢0"8 = 60"7)8,9 + 7 (¢0"0 — 60" T)600,0,9

i

_ _ 1 _ _ j _
+ = (¢0"8 —05"2)0 - dux + 1 ¢o"06066 - 9,0,x + % ¢o"00,F6 -6

N

P I i i s

~540"80,0 — 20008 $+{-x —550"80 - dux — 5 ¢ - ux00"D
. — .

+§-9F+%§6“68u¢—§0-9§-9 ¢+%;5ﬂ99-aﬂx (12.14)

All we have to do now is to replace ® and @’ by Egs. (12.8) and (12.9), and we will
be able to read off the transformations of the fields (after a bit of work, of course).
The trick is to realize that terms with different powers of the Grassmann variables
6 and 6¢ are independent.

For example, consider the terms with no Grassmann variables appearing on the
two sides of Eq. (12.14). Setting them equal, we find the following result:

=0+ x (12.15)
which is exactly the transformation law for ¢ that we obtained in Chapter 6 [see

Eq. (6.99)]!
Now consider the terms that are linear in # and have no 6. We get

i - i -
9-x/=9-x—590“§3u¢+§'91’+§§5“93u¢

Using Eq. (A.49), we may write {60 = —Oc "¢, which shows that the last term is
actually equal to the second term, giving us (showing now explicitly all the indices):

Gaxc’l — eﬂxa _ l@a (O,M)abgl} a,u¢ _J’_ea {a F
which yields
Xo=Xa =1 (0", "0, + Lu F (12.16)

This is indeed the same as in Eq. (6.99), although it is not obvious at first sight.
Recall that in Chapter 6, all the spinors had lower undotted indices, so we need to
express the ¢ spinor on right-hand side of Eq. (12.16) in terms of its lower undotted
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components. Using Z? = (i0%)%Z; [see Eq. (A.31)] and {; = ¥, we can write our
result as

X' =x—io"(ic?) ¢+ ¢ F

with the convention now that the indices on all the spinors are downstairs and
undotted. This is exactly our result in Eq. (6.99), including the term proportional
to the auxiliary field F in the transformation of the spinor.

Now let’s consider the terms containing two Grassmann variables ¢ and no 0
in Eq. (12.14). These are

lF/G 9_1F99 ie HzH -9 +i"“908
— . —_— . [ — O’ . —_— O’ .
2 > > ¢ X 24 X

The two last terms can be combined using again {546 = —0o "¢, giving us

1, 1 , -
§F9'0=§F9.0—190“§0-8MX

The last term can be rewritten with the two Grassmann variables dotted into one
another using the identity (12.47) (which will be derived in Exercise 12.2):

1F’@ 9—1F9 9+i9 00, x)0"¢
SRR L AR R TR

from which we can read off the transformation of the auxiliary field, i.e.,
F'=F +i(8,x)0"%
Using once again Eq. (A.49), we may write
Bux)o"e = —£a"8,x
which leads to
SF = —i6"d,x (12.17)

in agreement with Eq. (6.99).

Let us pause and summarize what we have accomplished in this section. By
comparing the terms with no Grassmann variables, with a single Grassmann variable
6, and with two Grassmann variables #“6” on the two sides of Eq. (12.14), we have
established the transformation properties of the fields ¢ (x), x (x), and F(x) under
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SUSY and have found that they agree with the transformations we established in
Chapters 5 and 6.

However, we are clearly not done. We should consider all the other terms that
appear in Eq. (12.14). Now that we have established the transformation laws of
all the fields, there is no leeway left: We should show that with the transformation
laws we just established, a/l the terms on the two sides of Eq. (12.14) agree. This is
obviously quite labor-intensive, and we won’t pursue the demonstration here, but
rest assured that it does work. The courageous reader is invited to complete the
calculation.

12.3 Constructing SUSY Invariants Out of
Left-Chiral Superfields

The key reason for the introduction of superfields is that they make the construction
of SUS Y-invariant theories very easy. We will now see how this works in the case
of left-chiral superfields.

The starting point is the seemingly innocuous observation that the F(x) field
transforms as a total derivative under SUSY. Since the F(x) field is the coefficient
of the 6 - 6/2 term in the expansion of ®, we can phrase this by saying: The
coefficient of the 6 - 02 term in the expansion of a left-chiral superfield ®(x, 0, 0)
transforms as a total derivative under SUSY.

We saw in the section on Grassmann calculus that it is possible to “project out,”
i.e., to isolate, the coefficient of 8 - 6/2 of an arbitrary function of the Grassmann
variables simply by integrating over d6, so we can say that

/d20®(x,0, 0) (12.18)

transforms as a total derivative under SUSY. Recall that d?0 is a shorthand for
do,do,.

The fact that Eq. (12.18) transforms as a total derivative tells us that it can be
used as a term in a SUS Y-invariant lagrangian density. In other words, the quantity

/d4x d*0d(x,0,0) (12.19)

18 invariant under a SUSY transformation.
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In itself, Eq. (12.19) is not interesting because it just gives the field F(x), not
interactions or kinetic terms. What we would like to do is to introduce SUSY-
invariant interactions and kinetic terms using superfields.

The next key observation is that the product of any number of left-chiral su-
peftfields is itself a chiral superfield. What we mean by this is that the product of
left-chiral superfields can be written as a superfield that has the same expansion in
the Grassmann variables and that transforms as a single left-chiral superfield under
SUSY.

This will become more clear if we carry out the explicit proof in the special case
of the product of two left-chiral superfields. To be general, we will consider the
product of two distinct superfields that we will call ®; and ®;. This is preferable to
using @, and ®,, which might lead to confusion when we start writing out the
Weyl spinor fields because x; and y, could be mistaken for the components of the
spinors.

If we go back to writing left-chiral superfields in terms of the variables y*
introduced in Eq. (12.3), we have

1
D;(y,0) :¢i(y)+9'Xi(y)+§9‘9Fi(y) (12.20)

and

1
Qi(y,0) =¢;(y)+0-x;(»)+ 59 FOF;(y) (12.21)

Evidently, the product of those two superfields can be cast in the form of a
left-chiral superfield, i.e., with the expansion

1
CDiCDjEq)eq=¢eq()7)+9'Xeq(y)+Ee'eFeq(y) (12.22)

The three fields ¢.,, x4, and F,, are obviously functions of the fields appearing in
®; and ®;. A short calculation reveals that

beq(¥) = di (V)9 (y)

Xeq(¥) = i (¥) x; (V) + ;(¥) xi (y)

Fog() = 0i(0) Fi(y) +¢;(0) Fi(y) — xi(¥) - x;(¥) (12.23)
where we have used Eq. (A.54).

On the other hand, it is clear that multiplying an arbitrary superfield with a left-
chiral superfield does not yield a left-chiral superfield. As a special case of this,
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consider multiplying a left-chiral superfield by its hermitian conjugate ®1:

. ~ 1. _ 1
o'o = [¢T(y)+9-)‘((y)+59‘9F'(y)][¢(y)+9-X(y)+59 '9F(y)]

Obviously, the result is not a left-chiral superfield. For example, it contains a func-
tion of y times 6 - §, which is absent in a left-chiral superfield.

Going back to the product of two left-chiral superfields ®;®;, it is important
to realize that it is not sufficient to show that it has the same Grassmann expan-
sion as a single left-chiral superfield. To really prove that the result, Eq. (12.22),
is a bona fide left-chiral superfield, we must prove that under SUSY, the fields
Geq» Xeq» and F,, transform the same way as the components of a left-chiral su-
perfield. In other words, we need to show that the SUSY transformations of these
three fields are identical to transformations (12.15), (12.16), and (12.17). This turns
out to be an easy proof if we use supercharges to implement SUSY transforma-
tions. In that language, what we need to check is whether the following relation
holds:

[exp(=i¢-Q—il- Q) ®][exp(~i¢ - Q—il Q)]
=exp(—i¢-Q—i- Q) (® D))
Let us define
—it-Q-if-92=0
Then, to first order in ¢, what we need to check is whether
®; (0D;) + (OD;) d; = O(P; D)) (12.24)
This is actually trivially true because the supercharges Q and Q are linear operators,

and the left-chiral superfields are bosonic quantities. These two facts allow us to
write

QP; D) = (QP) D, + P; (QP))

and similarly for Q. Therefore, Eq. (12.24) is indeed valid, and this completes the
proof that the product of two left-chiral superfield does transform like a single left-
chiral superfield under SUSY. It is then clear, by induction, that the product of any
number of left-chiral superfields also transforms like a left-chiral superfield.
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Now that we have convinced ourselves that multiplying left-chiral superfields
produces new superfields of the same nature, the obvious question is: Why should
we care? To answer this, let’s go back to the observation that the auxiliary field
F transforms as a total derivative under SUSY. This means that in the product of
any number of left-chiral superfields, the term proportional to 6 - 0 necessarily
transforms as a total derivative under a SUSY transformation.

Let’s define the F ferm of any function of superfields (not necessarily left-chiral)
as the coefficient of the 6 - 6/2 term. The factor of one-half is included because
then the F' term can be written very simply in terms of integrations over Grassmann
variables. Let’s write a function of superfields as F(S;, Ss, .. .), where the S; are
general superfields. We use the following notation to represent the F term of that
function:

/dze}"(Sl,Sz, L) =FSL S, ) i (12.25)

Thus we use the notation |z to mean “extraction of the F' term.”

Expression (12.25) is obviously a nontrivial combination of the component fields
in the superfields Sy, Sy, ... and is not in general invariant under SUSY. However,
if F is a holomorphic function of left-chiral superfields, i.e., a function of the
®; and not of the CI>1T, then it is itself a left-chiral superfield. In that case, its F
term transforms as a total derivative under SUSY, and therefore, Eq. (12.25) is a
supersymmetric lagrangian density!

In the case of a holomorphic function of left-chiral superfields, we will use the
notation M instead of F. The conclusion then is that

W(Py, Py, ...) - (12.26)

is a supersymmetric lagrangian density (i.e., it transforms with a total derivative
under SUSY).

The function W is, of course, the superpotential we introduced in Chapter 8 as
a function of the scalar fields ¢;. Here, it is a function of the superfields ®;, which
is the origin of the name superpotential. Now we understand the reason for the
requirement of holomorphicity we had obtained in a roundabout way earlier: If we
multiply by the hermitian conjugate CDZT of any of the superfields, the superpotential
will no longer be a left-chiral superfield, and its F term will not be a supersymmetric
lagrangian density.

It’s hard to overemphasize the power of the result that Eq. (12.26) is a super-
symmetric lagrangian. We can take any number of left-chiral superfields, multiply
them and extract the F term of the result, and we will automatically have created
a SUSY-invariant theory! Compared with the efforts we had to put in to build the
simplest supersymmetric theories in Chapters 5, 6, and 8, this is child’s play! The
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ease it brings to the construction of supersymmetric theories is one of the reasons
that make the superspace approach to SUSY so enticing.

We will soon show how we can use this observation to recover some of the SUS Y-
invariant lagrangians we built in previous chapters. We will not reproduce all of
them this way, but luckily, only a slight generalization of the trick will be needed to
construct all the supersymmetric theories we have found previously at a fraction of
the effort! Moreover, we will be able to construct more complex supersymmetric
lagrangians, including the minimal supersymmetric standard model (MSSM), with
very little work.

Before doing an explicit example, two points deserve to be emphasized. First,
although the trick just described gives us a way to write down an infinite number
of supersymmetric theories, the fact that we want to consider only renormalizable
theories will greatly restrict the choices available to us, as we will discuss shortly.

The second point is that the F term of an arbitrary superfield obviously does
not, in general, transform as a total derivative. For example, the F' term of i
does not transform as a total derivative because this combination of fields is not
itself a chiral superfield, as we discussed previously.

This raises the question of whether it is possible to extract a supersymmetric
lagrangian from a product of arbitrary superfields. The answer is yes, and the way
to do this will provide the generalization to which we hinted earlier. We will come
back to this later in this chapter.

Let us now construct explicitly a supersymmetric theory using our newfound
approach. The simplest (nontrivial) case is the F' term of the product of two left-
chiral superfields ®; ®;. We multiplied two left-chiral superfields in Eq. (12.23),
but the result was expressed in terms of the variable y, and what we need is the F
term of ®;(x,0,0)®;(x, 6, 0). However, a second of thought shows that as long
as we are interested only in picking up the F term, we simply may set y = x directly
in the product of left-chiral superfields. In other words,

[®:(y.0)®;(y.0)...]|, =[®i(y=x.0)P;(y =x,0)...]|,  (1227)

This result is very useful because the expansion of left-chiral superfields in terms
of y and @ is much simpler than the expansion in terms of x, 6, and 9!

EXERCISE 12.1
Prove Eq. (12.27). Hint: Using the relation between y* and x*, the proof is trivial.

Using Eqgs. (12.23) and (12.27), we therefore have

(P; @j)| = i(x) Fj(x) + ¢ (x) Fi(x) — )i (x) - x;(x) (12.28)



282 Supersymmetry Demystified

The key point is that this quantity transforms as a total derivative under SUSY, so
it is a supersymmetric lagrangian density!

If this expression seems vaguely familiar, there is a good reason: These terms
appear as part of the Wess-Zumino lagrangian derived in Chapter 8. We still need
more work before recovering the complete Wess-Zumino lagrangian using this
approach, but for now, note how easy it was to obtain a set of SUSY-invariant
interactions compared with the long calculations we had to go through in Chapter 8.
All we needed to do this time was to multiply two left-chiral superfields and extract
the F term of the result!

‘We have a supersymmetric action, but we must not forget the other conditions that
a viable lagrangian must have. In particular, it must be a real quantity. As it stands,
the lagrangian density in Eq. (12.28) is not real (recall that ¢ and F' are complex
scalar fields), so we must add its hermitian conjugate to get a real lagrangian.

In addition, Eq. (12.28) does not have the correct dimension for an action. Before
correcting this, let’s take a moment to open a parenthesis on the dimension of left-
chiral superfields. The explicit expansion of such a superfield is (going back to the
variable y for a moment)

1
<1>=¢(y)+x(y)-9+§9-9F(y)

The superfield therefore must have the same dimension as a scalar field, which is
1. Recall that the auxiliary field F has dimension 2, which shows that the Grassmann
variables 0, and 6, have dimension —1/2 . On the other hand, since

1 2
~ | d*6-60=1
2

we see that the Grassmann infinitesimals d9, and d6, have dimension 1/2! This
is in stark contrast with ordinary variables, for which the infinitesimal element has
the same dimension as the variable itself (e.g., the dimensions of dx and x are the
same).

Now let us look at

/d29d>,~d>j‘
F

As we discussed previously, the superfields have dimension 1, so ®; ®; has
dimension 2. But the projection of the F' term, which involves integrating over
d?0, increases the dimension by 1, so the F term f d*0d; ; has dimension 3. We
therefore have to multiply it by a constant m having dimension of mass in order to
obtain a lagrangian density with the correct dimension.
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If we allow the presence of n left-chiral superfields, the most general supersym-
metric real lagrangian that is constructed out of the product of two such superfields is

%mijq)i ®;|F +hc. = %mij (i Fi +¢; Fi — xi - xj) +he. (12.29)
where the sum over the indices i and j goes from 1 to the number of superfields, and
the constants m;; have the dimension of mass. Because the superfields commute
(they are bosonic quantities), the product ®; ®; is symmetric under the exchange
of the indices i and j, which allows us to choose the coefficients m;; to also be
symmetric, which is why we chose to introduce a factor of 1/2.

So this is it! We have constructed a nontrivial interaction lagrangian density that
is invariant, up to total derivatives, under SUSY. And the way we did it was to simply
multiply two left-chiral superfields and extract the F term. As mentioned earlier,
we have in this way recovered some of the terms that appeared in the Wess-Zumino
lagrangian. This should not be too surprising because left-chiral superfields have
the same field content as the Wess-Zumino model, so it was to be expected that
constructing SUSY-invariant actions out of these superfields should lead us back
to that model.

However, there is something even more interesting to mention. The expression
on the left-hand side of Eq. (12.29) is exactly the same form as the first term
we included in the superpotential W (¢) in Chapter 8! Except that, obviously, in
Chapter 8 the superpotential was a function of the scalar fields ¢;(x) and ¢;(x),
not of superfields. This is, of course, not accidental, and the connection will be
explained in more detail shortly.

We have only recovered some of the interactions present in the Wess-Zumino
model. To obtain the other ones, the next obvious thing to try is the F term of the
product of three left-chiral superfields:

i @; By :/d29d>l-<bjd>k
F
If we write explicitly only the terms containing two factors of 6, we have
1
q)ifbj(bk:59'9(¢i¢ij+¢j¢kFi+¢i¢ij)+¢i9‘Xj9'Xk
+¢;0-xk0-xi+P0-xi6-x;+---
1
=-0-0(pid; Fu+ojdFi+ i Fj— i Xj- xk — Pj X+ Xi

2
— X Xj) + o
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where we have again made use of Eq. (A.54), and the dots represent terms linear
in or independent of 6. Therefore, the F term is simply

D, P; Dy F:¢i¢ij+¢j¢kFi+¢i¢ij
— Qi Xj Xk —Pj Xk Xi — Pr Xi* Xj

Note that the whole expression is symmetric under the exchange of any two
indices (as we expected because the chiral superfields commute). The most general
combination of three chiral superfields therefore is given by

1
6 yijk CD,' CD]' (Dk F (1230)

where the dimensionless coefficients y;;x can be taken to be symmetric under the
exchange of any two indices for the same reason that we could take the coefficients
m;;j to be symmetric (and the division by 3! = 6 has the same origin as the division
by 2 accompanying m;;). Again, we also must add the hermitian conjugate to get a
real lagrangian.

We see that Eq. (12.30) contains all the interactions terms of the Wess-Zumino
lagrangian that were not present in the F term of the product of two superfields!
And notice that, once more, this is precisely the second term of the superpotential
obtained in Chapter 8 but now expressed in terms of the left-chiral superfields.

All the interactions of the Wess-Zumino lagrangian therefore are contained in
the simple expression

1 1
Lin(wz) = (5 mij loF CI)j + 8 Yijk b, q)j o, + hC) (12.31)

F

We understand now why this potential is called the superpotential: It is a function
of the superfields that contains all the supersymmetric interactions terms.

I hope you are impressed by how easy it is to construct SUS Y-invariant interac-
tions using superfields!

Are there other SUS Y-invariant lagrangians we can generate this way? Of course,
since we can multiply an arbitrary number of left-chiral superfields and extract the
F term to get such lagrangians. However, remember that we only want to consider
renormalizable lagrangians, for which the sum of the dimensions of the fields must
not be larger than 4. This means that we won’t consider the product of more than
three superfields. At first, this might seem incorrect because a left-chiral superfield
has dimension 1, so shouldn’t we include products of four superfields as well?
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But recall that the integration over d?6 necessary to extract the F term increases
the dimension by 1, so even though ®* has dimension 4, the F term of ®* has
dimension 5.

12.4 Relation Between the Superpotential
in Terms of Superfields and the
Superpotential of Chapter 8

Letus now try to understand the relation between the superpotential we wrote here in
terms of superfields and the superpotential we had in Chapter 8. There is obviously a
connection because the two have exactly the same functional dependence. However,
in Chapter 8 the superpotential was expressed in terms of the scalar component
field ¢, and even more significant, there also were derivatives of the superpotential
appearing in the lagrangian. So what is the precise connection?

Consider calculating the F term of a superpotential VV that is a function of n
left-chiral superfields:

W(Py, o, ..., D)

To begin, assume that the superpotential is a monomial in the superfields, which
contain at most one power of each superfield. In other words, WV is simply

W(Dy, b, ..., D) = D Dy --- D, (12.32)

Of course, some of the superfields can be omitted from the product, but none is
raised to a power. It will be trivial to extend our discussion to an arbitrary polynomial
later on.

To make the discussion more transparent, let us write one of the superfields, let’s
say @;, in terms of its component fields:

1
W(cpl...q)l....cpn):)/V(cpl...<¢i+xi.9+§9.9}§.)...q>n)

Now let’s find out what will be the F term of this expression or, equivalently,
what is the coefficient of 6 - 6/2.

There are many contributions. One comes from keeping the auxiliary field F;
of ®;, in which case, since it already multiplies 6 - 6, we must only keep the ¢
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component of all the other superfields multiplying ®;. So this contribution is equal
to

W<¢1...%9.9Fi ¢n>

which may be written as

W(qbl---l-‘-qbn)%e-GFi (12.33)

In other words, we set all the superfields equal to their scalar component except
®;, which is set equal to 1, and we multiply the whole thing by the auxiliary field
F;and 6 - 6/2. But Eq. (12.33) is simply

IW(d; - - - 1
(¢1 ¢n) —6-0F, (12‘34)
0 2
where )V is now seen as a function of the scalar components of the superfields (and
¢; is obviously not set equal to 1 in W. If we extract the F term of this, we finally
get

- WP dn) F (12.35)

1
W<¢1"'59‘9Fi"‘¢n> %
F i

To keep things simple, we have assumed that the superfield ®; appears linearly
in the superpotential. However, it’s clear that Eq. (12.35) remains valid no matter
what the exponent of ®; is. If ®; appears raised to the power k, we will get the
following k contributions:

kW( -1 ! pF !
¢1 .. ¢n 29‘0F1¢i

which is indeed still given by

IW(y - dy) 1
(f1---da) 1 0.0F
0 2
because ¢; appears as d)f in W.
In this expression, the index i is not summed over because we have only con-
sidered replacing one of all the superfields by its F' term. But, clearly, we also
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must include the contributions coming from keeping the F term of each of the
other superfields, and this done simply by summing over all possible values of the
index i.

We have only considered one type of contribution to the F' term of the super-
potential. There is a second source of F terms that comes from keeping the term
linear in € (and containing a Weyl spinor) from two different superfields. Let’s then
choose to keep the spinor terms from the superfields ®;, and ®; (with i # j), and
of course, we set all the other superfields equal to their scalar components ¢. In this
case, we get a contribution equal to

W<¢1--'9'Xi“'9'xj"'¢n)=W(¢1'-'1--'1"'¢n)9-XiQ'Xj

:—W(¢>1"'1"'1"'¢n)—9'9Xi'Xj

where we have used Eq. (A.54) for the last step. In terms of partial derivatives, this
is obviously

2 .
L W@ $,)

20 g, N

The F term of this expression is simply

W@ )

= xi-xj  (12.36)
P A 0p; !

W(¢1"'9'Xi"‘Q‘Xj"‘¢;1>

The indices i and j are not summed over because we have only considered the
contribution from a specific (distinct) pair of superfields. Now we want to include
the contributions from all pairs. First, let’s still consider i # j. If we sum over all
values of i and j while excluding i = j, we will double count each contribution
because

PW(Pr -+ - ¢n) _ IPW(1 - - - )
d¢id¢; 3¢;0¢;

We therefore must divide our total result by two, so that the generalization of
Eq. (12.36) is

1 PW( )

T 12.37
> 2190, Xi* Xj ( )
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with now i and j summed over, excluding the case i = j. Now consider i = j and
assume again that ®; appears raised to the power k. Then it is clear that the number
of combinations of the form y; - 6 x; - 6 we can make is k(k — 1)/2, so Eq. (12.37)
is still valid fori = j!

We have exhausted the possible sources of F' terms from a general superpotential.
To summarize, the supersymmetric lagrangian obtained from the superpotential is
given by the sum of Eqgs. (12.35) and (12.37), to which we must add the hermitian
conjugate to obtain a real lagrangian:

_W@i$)  1PWE )

WD Pu)| dob; T2 idg,

Xi* Xj + h.c.

(12.38)

which is exactly the expressions we obtained in Chapter 8 [see Eq. (8.60)].

12.5 The Free Part of the Wess-Zumino Model

We have reconstructed the interactions appearing in the Wess-Zumino model, but
the free part,

Liee = 8,0 3"¢" +ix'6"9,x + F'F (12.39)

is missing. We have dropped the index i on the fields because the free part does not
mix fields belonging to different superfields, so there is no possibility of confusion.
In other words, we might as well consider a single superfield; if there are several
of them, we simply add a lagrangian of the form of Eq. (12.39) for each one.
Let’s repeat here the expression for a left-chiral superfield given in Eq. (12.8):

®=¢(x)— %00”9 up (x) — 1—160 000 $(x)
160 x(x)— %90“99 SO (x) + % F(x)0-0 (12.40)

For the rest of this chapter, all the component fields will be functions of x, not of y.
Keeping this in mind, we will stop writing explicitly the x dependence to alleviate
the notation.

It is clear that we cannot get the free Wess-Zumino lagrangian by multiplying
@ with itself because it does not contain the hermitian conjugates of the fields. For
example, we see that two terms in Eq. (12.40) contain a derivative of ¢, but we
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don’t have any term with a derivative of ¢!. To obtain such a term, we obviously
need to consider the hermitian conjugate of Eq. (12.40):

q>*=¢*+ieo”éa ¢T—i9-9é-é ot
2 ) 16

0000 - 3,5 + - F'0-0 (12.41)

|~

+6- %+

where we have used Egs. (A.52) and (A.44) and have relabeled the dummy Lorentz
index u — v so that it does not get confused with the Lorentz index appearing
in ®.

To get a kinetic term for ¢, the obvious thing to try is the product ®T®. Let us
for now only write the terms containing factors of ¢ and ¢ and two derivatives:

i L o.05.5(s" N + L o6v80018 i
c1><1>=—1—69-99-9(¢ O+¢ ¢)+00°000"00,60,0"+ - (1242)

where we are not showing the x dependence of the fields to simplify the expression.
Using Eq. (A.56), the last term can be simplified to

1 _ ~ . ~
190”990“08,@ o' =-6-00-6n""9,¢ 30!

0| — OO =

6-66-00"¢d,p"
Substituting this into Eq. (12.42), we get

qﬂcp:-%e.eé-é(w d+¢ ¢ —20"93,0") + -

Recall that this is a lagrangian density, so we are free to do integrations by parts.
Doing integrations by parts on the first two terms, we see that all three terms have
exactly the same form and therefore can be summed to

1 _
ofp = Zau¢aM¢T9'99'9+"' (12.43)

where the dots represent all the terms that do not contribute to the the kinetic term
of the field ¢. We have thus established that the kinetic term of ¢ appears as part
of the coefficient of 0 - 06 - 6 /4 in the product ®'®!

The coefficient of this combination of Grassmann variables is known as the D
term because in the superfields describing gauge multiplets that we will consider in
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Chapter 13, this coefficient happens to be the auxiliary field D that we encountered
in Chapter 10.
We therefore have that the D term of ®f® is given by

(DT D) L= ) 8M¢T + .

where the dots represent other terms to which we will soon turn our attention. Of
course, this D term can be projected out using integrations over the Grassmann
coordinates, using [see Eq. (11.29)]

1 — R
1 /d29d299-99-9= 1
which shows that the D term of ®'® is given by

(cbfqa)‘ = / 420 50! d
D
= 0,00 " +--- (12.44)

Note that projecting out the D term increases the dimension by 2. Indeed, ®'® is
of dimension 2, but its D term is of dimension 4. This is, of course, obvious from
the fact that d6 and d are of dimension 1/2.

Our result in Eq. (12.44) should make you wonder what other expressions are
contained in the D term of ®!®. Let’s find out! Multiplying Egs. (12.40) and
(12.41), and writing only the terms containing two 6 and two 6, we get

_ i _ _
0-00-06(3,9'0"¢p + FF') + 590“9(9 x0-0,% —0-%0-0,x)
(12.45)

o' =

I

where we have combined right away the ¢ term using our hard work from Egs.
(12.42) and (12.43), and we have relabeled a Lorentz index v — .

The last two terms can be combined after an integration by parts. Indeed, we
may rewrite the first term in the second parentheses as

0-x0-8,%=-0-3.x0-%
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so that Eq. (12.45) becomes

1 ~ . . _
oip = 1 6-00-0(0,9'0"¢p+ FF') —i0c"006 - X6 -9,x (12.46)

What we would like to do now is to rewrite the last term with the Grassmann
variables appearing in an overall factor 6 - 6 6 - § so that we can easily read off the
D term.

First, we will need the identity (see Exercise 12.2)
_ 1 _
Ocr0 - 0, x = —3 0 -0 x)octx (12.47)

to group together the two 6 and where A is a left-chiral spinor. In the same exercise,
you are invited also to prove

6 M0, x)0"0 = —=8 -3, x)"A (12.48)

| =

Using those two results, the last term of Eq. (12.46) is
—i 00100 - %6 - 8, x = —i 600 -9(3,x)0"%

EXERCISE 12.2
Prove Eqs. (12.47) and (12.48). Hint: Use Eqs. (A.54) and (A.55).

Finally,

do=-0-00-0[0,¢'0"p+ FF' —i@,x)0"x]+

1
4
where the dots now represent terms that do not contribute to the D term. Finally,
we extract the D term to obtain

<1>Tc1>‘ — 9,0 9%¢ + FF' —i (9,0)0" % (12.49)
D

This is not exactly the free part of the Wess-Zumino lagrangian of Chapter 8, where
the spinor term was written asi x ' 4 0, X, which using the bar notation, is equivalent

to i x5%0, x. But using the identity (A.50) once again, we may write

—i (Qux)otx =i x5"0,x
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so that Eq. (12.49) becomes

o' cI>| = 8,01 0" + FF' +i35"9,x (12.50)
D

which is exactly the free part of the Wess-Zumino lagrangian!

12.6 Why Does It All Work?

We have just seen how amazingly simple it is to obtain the complete Wess-Zumino
lagrangian in the superfield approach: The F term of the most general function of
left-chiral superfields gives us the interaction terms, whereas the D term of ®fd®
gives us the free lagrangian.

This is all nice and easy, but it’s only because of our hard work in Chapters 5,
6, and 8 that we know that these lagrangians are supersymmetric. And it was only
after we worked out the transformation of the auxiliary field F and showed that it
transforms with a total derivative that we could prove that the F' term of the product
of any number of left-chiral superfields also transforms with a total derivative.

What we need is some criterion to tell us how to extract supersymmetric la-
grangians from combinations of superfields without having to check the invariance
under SUSY by hand or to work out the SUSY transformations of the component
fields explicitly. For example, we would like to understand why we need to extract
the F term of a product of left-chiral superfields instead of keeping, say, the term
independent of Grassmann variables. Or why is it that for ®® we need the D term
instead of the F term.

We will now see how we could have predicted these results from the very be-
ginning, even before working out any explicit transformation of the component
fields. Let’s start with a single left-chiral superfield. Recall that the dimensions of
the fields ¢, x, and F are

3
[p] =1 [X]:E [F1=2

Recall also that the infinitesimal parameter ¢ of a SUSY transformation has dimen-
sion —1/2. The transformation of F contains one factor of ¢ and therefore must be
of the form

8F = ¢ x something of dimension 5/2
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for the dimensions to match. The “something” must be a function that is linear
in one of the other fields appearing in the theory. Clearly, we must use x to get
something with a half-integer dimension. And now the punch line: In order to get
something of dimension 5/2 out of x, we have to apply a partial derivative to it.
Therefore, the variation of F has to be of the following form

OF ~¢0,x
= 8/4(§X)

based only on considerations of dimensions. Of course, this is not complete; we
need something else that has a Lorentz index and which is dimensionless in order
to make the final result a scalar quantity, like F, and this something else turns out
to be 6#, as we saw previously. For the present discussion, however, Pauli matrices
are irrelevant, so we will ignore them.

The main point is that using only dimensional considerations, we could have
predicted that F must transform as a total derivative. It is instructive to go through
the same type of argument for the two other fields of the multiplet, ¢ and x, and
see that only F has to transform as a total derivative. For example, consider the
transformation of x. From dimensional analysis, we have

dx = ¢ x something of dimension 2

This time, we have two choices for the “something”: We could use either 9,,¢ or
F. So we expect the transformation to be a linear combination of these two terms,
which is obviously not a total derivative. The reason that we have two possibilities
now is that there is a field of lower dimension than x, the scalar field ¢, but also a
field of higher dimension, the auxiliary field F.

We see that the key point that sets apart the transformation of the field F is
that it is the field of highest dimension, so its transformation necessarily must
contain another field of lesser dimension, which forces us to include a derivative
in the transformation. The conclusion is that the field of highest dimension in a
supermultiplet must transform as a total derivative!

Finally, since the product of any number of left-chiral superfields is itself a left-
chiral superfield, we know that the F term of such a product necessarily transforms
as a total derivative under SUSY. Consequently, the F term of the product of any
number of left-chiral superfields provides a supersymmetric lagrangian density
(which is invariant up to total derivatives).

Now, what about superfields, or products of superfields, that are not left-chiral?
It remains true that the field with the highest dimension must transform as the total
derivative of a field of lower dimension. For a general superfield, the field of highest
dimension is the field that multiplies 6 - 6 6 - /4. In gauge superfields, this will
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be the auxiliary field D that we encountered in Chapter 10. By extension, we call
the quantity that multiplies this particular combination of Grassmann variables in
a general superfield the D term of that superfield.

Consequently, the D term of any type of superfield or of any combination of
superfields also transforms as a total derivative. Therefore, the D term of any com-
bination of superfields is a supersymmetric lagrangian density. This is how we
could have known ahead of time that the D term of ®'® necessarily would give a
valid candidate for a supersymmetric lagrangian, even without any of the work of
the previous chapters. Isn’t that neat?

An obvious question that you may be asking yourself is why don’t we use
the D term of the superpotential as well as its F term? After all, we have just
argued that the D term of any product of superfields is a valid candidate for a
supersymmetric lagrangian density! The answer is that the D term of a product of
left-chiral superfields is uninteresting because it is necessarily a total derivative. We
are not saying that it transforms with a total derivative but that it is a total derivative
to start with, which vanishes if we carry out the spacetime integation. This can be
seen explicitly in Eq. (12.8), where the D term is

1
_4_1 ¢ (x)

Since the product of any number of left-chiral superfields is necessarily of the form
of Eq. (12.8) with some equivalent fields ¢.4, x4, and F,, we can tell that the D
term of any product of left-chiral superfields is a total derivative. This is the reason
we do not bother with the D term of the superpotential.

One last aside before moving on to the next chapter. We have seen that the D term
of ®'® is already of dimension 4, so if we are only interested in renormalizable
theories, we cannot consider D terms of any other combinations, such as o i .
However, it is natural to think of the supersymmetric theories we have constructed
so far as effective field theories valid only at a energies below some physical cutoff
A (see Chapter 1). Indeed, we know that a theory without gravity cannot be truly
fundamental and that reason alone indicates that any supersymmetric theory without
gravity must be treated as an effective field theory (here, we are only discussing
theories with global SUSY, i.e., with the SUSY parameter { spacetime independent,
not supergravity theories, in which SUSY is gauged). In that spirit, one should
include nonrenormalizable interactions.

Consider, then, an effective field theory whose field content is a set of left-chiral
superfields ®;, ... , ®,. The most general supersymmetric lagrangian contains two
types of terms: the F' term of a superpotential, which is holomorphic in the fields
®;, and the D term of a function containing at least one hermitian conjugate of a
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superfield. This second function is referred to as the Kdihler potential IC(®;, @;).
In a renormalizable theory, the Kahler potential simply contains the sum of the
kinetic terms, i.e.,

Kren(P;, Q)j) = q)j D; (12.51)

The topics of supergraviy and nonrenormalizable supersymmetric interactions are
beyond the scope of this book, so we will not discuss the Kahler potential any
further.

12.7 Quiz

1. Describe the component fields of a left-chiral superfield.

2. Why do we not consider the D term of the superpotential when building
supersymmetric lagrangians?

3. What is the dimension of the D term of ®T®fd ?

4. Why do we impose the superpotential to be a holomorphic function of left-
chiral superfields?

5. What is the Kahler potential?
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CHAPTER 13

Supersymmetric Gauge
Field Theories in the
Superfield Approach

Now, we would like to see how to construct gauge-invariant theories using super-
fields. As a warm-up, we will start with abelian gauge theories.

13.1 Abelian Gauge Invariance
in the Superfield Formalism

First, let’s consider a left-chiral superfield ® that carries a U (1) charge g. What
do we mean by this? Well, by direct analogy with the usual gauge transforma-
tion of charged particles, we will take this as meaning that the superfield acquires
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a phase
b — 21N

under a gauge transformation, with ¢ being the charge of the field and A the gauge
parameter. This is of the same form as a standard U (1) transformation except for the
factor of 2, which is, of course, purely conventional and has been chosen because
it will simplify a later result.

To build a gauge theory, we proceed as usual: We make the gauge parameter
spacetime-dependent, i.e., A = A(x), so it is now a field. But we are working in
superspace, so it actually must be taken to be a superfield! However, it cannot be
an arbitrary superfield because we obviously want the left-chiral superfield ® to
remain a left-chiral superfield after a gauge transformation. This means that we
must take the superfield A to be a chiral superfield itself, so it has the expansion
[see Eq. (12.8)]:

P o
A:¢A—%eoﬂeaﬂ¢A—Ee-99-e o,

;o 1
+9-XA—%90“99-8MXA+§FA9-9

Even though this has the same expansion as the left-chiral superfields we have
met so far, the dimensions of the fields are different. In order for the superfield A to
appear in an exponential, it must be dimensionless. If we recall that each Grassmann
variable has dimension —1/2, then the dimensions of the component fields are

[¢,]=0 [XA]=% [F,1=1

Now that we have defined how left-chiral superfields transform, we can build
supersymmetric and gauge-invariant interactions. Consider a superpotential Y that
depends on a set of left-chiral superfields ®;, ®;, .... To have gauge invariance,
we may only consider products of superfields whose charges add up to zero. Note
that if the superpotential is invariant when the gauge parameter is a constant, it will
remain invariant even after we make the gauge invariance local since it does not
contain derivatives acting on the superfields.

Now consider the “kinetic” term for a left-chiral superfield ®'d®. When we
perform a gauge transformation of this, we get

dTD — 21N pip (13.1)
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where we have used the fact that left-chiral superfields commute to move an expo-
nential around. We also have taken the charge g to be a real number. We see that this
term is not gauge-invariant! It might seem that we could make it gauge-invariant
by requiring AT = A, but A is a left-chiral superfield, which cannot be real (the
hermitian conjugate of a left-chiral superfield does not have the form of a left-chiral
superfield because it will contain 8). So how are we to make ®'® gauge-invariant?
We can’t simply drop it because it contains the kinetic terms of the component
fields. The way out is the same as in conventional field theories: We must introduce
a gauge superfield VV whose transformation will compensate the variation appearing
in Eq. (13.1). We therefore replace ®'® by

oV o (13.2)
with the gauge superfield defined to have a “super gauge transformation” given by
V—V—i(A—- A (13.3)

It is conventional to write the exponential in the middle, as in Eq. (13.2), but there
is no special reason for this here because the superfields commute anyway. When
we consider nonabelian gauge theories, the superfields actually will be matrices,
and then the order will be important, obviously.

The reason for including a factor i in the gauge transformation in Eq. (13.3) is
to make the combination i (A — A') real. This then implies that we may take the
gauge superfield V to be a real superfield. Recall that the most general superfield
contains nine terms, as we saw in Exercise 11.2, which we may write as

V(x)=Ax)+6 -a(x)+0-B(x)+6-0B(x)+6-0H(x)+0c"0 V,(x)

+60-00-7(x)+6-00-n(x)+0-66-0P(x) (13.4)

where «, B, y, and n are Weyl spinors, V,, is a complex vector field, and A, B, H,
and P are all complex scalar fields. Let’s now impose

Vi=vy
It turns out that this is consistent with supersymmetry (SUSY) transformation;

i.e., this reality condition is preserved by SUSY transformations. Imposing this
condition on Eq. (13.4) leads to

Al=A Vvi=v, P=P
Bl=H  a=8 y=n
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which reduces the field content to one real vector field, two Weyl spinors, two real
and one complex scalar fields. This is still much more than the field content we
needed in Chapter 10 to build the vector supermultiplet!

For reasons that will become clear very soon, a different representation is usually
chosen for the real superfield V:

V=Ckx)+ %9 cp(x) — %é S p(x) + 39 -0 (M(x) +iN (x))
— % 6-6(M'x)—iN'(x)) + %90“9 A, (x)

1 I 1 1
+——06-0(0-1+-065"D )+—9-9(9-A——ea“a —)
272 ( 277 P )T 277 P
| 1
—§9~90-9<D(x)+§ C(x)) (13.5)

where M, N, C, and D are all real scalar fields, A, is a real vector field, and A and
p are Weyl spinors.

This gauge superfield is often called a vector superfield because one of its com-
ponents is the vector field A,,. However, keep in mind that the vector superfield V
itself is a scalar under Lorentz transformations, like the left-chiral superfields &;.

The vector superfield is dimensionless, which can be seen by looking at the
term containing A,. A vector field has a dimension equal to 1, but 6 and 6 have
dimension —1/2, which makes the term containing A, and consequently the whole
superfield, dimensionless.

Now let’s see how these fields change under a gauge transformation [Eq. (13.3)].
We have (we will not write explicitly the x dependence of the component fields
from now on)

V> V—i(A-AD
. . _ i i
_>V—z(¢A—¢j)—z(9-XA—9.XA)—Ee-eFAJrEe-eFA*
1 1 i} o
— Eeoﬂe 3 (o, +¢F) — 2 (0-066"8,x, —0-000"0,%,)

i a) ) *
+1000-0 (@, —¢D) (13.6)

where we have used Eqgs. (12.47) and (A.50). We use a complex conjugation on
¢, and F, instead of a dagger because these are complex functions, not quantum
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fields. Using Eq. (13.5), we can easily pick up how each of the component fields of
V transform. Focus first on the terms with no Grassmann variables, as well as on
those proportional to @ - 6 - . These terms combined transform as

1 _ 1 1 _ 1
C—§9-99-9(D+§ c)—>C—i(¢A—¢j)—§9-99.9<D+§ c)

L 6.66.8 . 137
40055 (0,-9) @3

from which we can read off the gauge transformations of the two fields to be

C—C—i(¢p, —¢%)
D— D (13.8)

Now it should be clear why the last term of } was chosen to contain the appar-

ently strange combination D — % C. This choice allowed us to put all the gauge
dependence into the field C, leaving a gauge-independent field D.

Working out the gauge transformations of the other component fields, one finds

p—p—2x,
M+iN— M+iN—2F,

Ap— Ay — au(‘f’/\ + ¢j\<)
A= A (13.9)

Again, the reason for the peculiar combinations of the fields p and A in Eq.
(13.5) was to have all the gauge dependence in one field, leaving the other one
gauge-invariant.

We see that we have a lot of “gauge freedom” in Eqgs. (13.8) and (13.9). In
particular, by an appropriate choice of x5 and F,, we can use a gauge transformation
to set the fields p, M, and N to zero. We also can choose the imaginary part of ¢,
so that the field C also will vanish. This gauge, in which all these fields are set to
zero, is called the Wess-Zumino gauge. In this gauge, the vector superfield is simply

1 1 1 1
V=-00"0A,+—0-00-A+—0-00-»,—-0-00-0D| (13.10)
2 Y2 22 8

where the fields A and D are gauge-invariant. From now on, we will only work with
the gauge superfield in the Wess-Zumino gauge.

—t
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The gauge is not completely fixed, however. We still have one last gauge param-
eter, the real part of ¢, . Under this residual gauge transformation, the vector field
changes by

Ay — Ay —20,[Re(e,)]

which is again the standard form for the U (1) gauge transformation of the gauge
field A, apart from the factor of 2.

To summarize, we can write down gauge-invariant combinations of superfields
at two conditions:

¢ Recall that the superpotential must be a holomorphic function of the left-chiral
superfields; i.e., it may not contain their hermitian conjugates QDZT. Therefore, in
any product of left-chiral superfields appearing in the superpotential W(®;),
the charges of the superfields must add up to zero in order to have gauge
invariance.

« The kinetic term of left-chiral superfields ®] &; must be replaced by ®! ¢4 ®;
(where the label i indicates the different superfields).

To obtain SUSY-invariant lagrangians (up to total derivatives, as always) from
these terms, all we have to do is to extract the F' term of the superpotential and the
D term of the gauge-invariant kinetic term:

£=(W@p| +he)+ > oleve, A (13.11)

Note that if there is only one charged left-chiral superfield, the superpotential is
automatically zero because it is impossible to write down a holomorphic function
of @ that is gauge-invariant.

There is actually a third gauge-invariant and supersymmetric term that can be
added to Eq. (13.11). This is a sneaky one. The trick is to notice that even though
V is not gauge-invariant, its D term is! Indeed, the D term of V is simply [see
Eq. (13.10)]

1
V|, = -3 D (13.12)

which is gauge-invariant [see Eq. (13.8)]. We therefore can add to Eq. (13.11)
the term

—2&V|, =¢&D
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where the parameter £ has the dimension of a mass squared. This is, of course, the
Fayet-Illiopoulos term that we introduced in Section 10.2.

Incidentally, we now see why extracting the coefficient of the combination 0 -
6 6 - 6 /4isreferred to as finding the D term: When this is done to a gauge superfield,
it indeed pulls out the D field.

13.2 Explicit Interactions Between
a Left-Chiral Multiplet and the
Abelian Gauge Multiplet

Let us now work out explicitly the second term of Eq. (13.11), i.e.,
Pl 0|
D

in terms of component fields (we have already worked out the expansion of the
superpotential, so we won’t repeat that here).
Let us start by Taylor expanding ¢??Y. We get

PV d = dTO(1+29V+24> VY (13.13)

The series terminates there because V? necessarily contains a Grassmann variable
squared. We get a large number of terms, but of course, we need only retain those
that have two 6 and two 6 because we are interested only in the D term:
' P| ) = dID| +2¢ DTOV|, +24° DTDV?| (13.14)

We have already worked out the D term of ®f®; it’s simply the free Wess-Zumino
lagrangian.

The last term of Eq. (13.14) is actually very simple because the only nonvanishing
term in V? is

V2= —00"860"0A,A,
0-00-6A"A, (13.15)

where we have used Eq. (A.56) for the last step. The only contribution to the D
term of ®f®V? therefore comes from the term with no Grassmann variable in &7 ®,
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which is ¢'¢. Thus
2¢° T DV p = q? plp At A, (13.16)

Now let us consider the D term of ®f®V. Since V contains terms with at least
one 6 and one 6, we need only consider in the product ®'® terms with at most one
6 and one 6. Keeping this in mind, we get

o'd = glp+oTo 3.5 — Loloona L 50045 o
=¢'¢o+¢ 'X+¢9-X—5¢90 93M¢+§¢90 00,9
+6-x0 - +---

where we have only written the terms that will contribute to the D term of ®T & V.
Writing again only the relevant terms, we have

1 _ 1 -
TPV =—-0.-00-0¢ D+(—9-99- 0 T-l—h.c.)
o'¢ W X ¢

oo

i 1905 8¢t A0 h
— 190 0'0¢' A,0,¢ +h.c.

|
+ 0000 - x0-XA, +--- (13.17)

[\

We need to rewrite all the terms so that they are in the form
Product of fields x 6 -06 -0

so that we can extract the D term. We can achieve this using identities we already
have. For the second term of Eq. (13.17), we use Eq. (A.54); for the third term, we
use Eq. (A.56), whereas for the last term, we use Eq. (12.47). This finally gives

1 _ (1 1
qﬂcbvz—9-99-9(—5¢T¢D+EXUMXAM

N

- (%X-,\¢T+5AM¢T3M¢+h.c.>+-~>
2 2
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from which we can read off the D term directly. Recall that what we are really
interested in is the quantity

2¢0" PV L= ~q 'O D+qxo"x A~ (V2qx-ro'+iq At ¢l 8,0 +he)
(13.18)

Finally, the D term of ®'e??V® is given by the sum of the free Wess-Zumino
lagrangians, of Eqs. (13.16) and (13.18):

¢Tezqvq>’l) = 0,9'9"¢ +i 36" 8ux + FF' +¢*¢'p A¥A, —q¢'¢ D

- (\/qu YA —i—iqA“d;T E),Ld)—l—h.c.) +qg xotxA,
(13.19)

This must be compared with the supersymmetric lagrangian for the interaction of a
left-chiral Weyl spinor with an abelian gauge field that we worked out in Chapter 10
[see Eq. (10.54)]. To make the relation more explicit, consider the following terms
appearing in Eq. (13.19):
3.0'0"d + q*plp A*A, — (iq A" ¢ 3,¢ +h.c.)

=0.0'0"¢ +q*¢'¢ A" A, —iq A" P 8,0 +iq AM B0 (1320)

These terms can be combined into
(D) (D)

if we define

D,=d,+iqA, (13.21)

the usual covariant derivative. It would be nice to also write the kinetic energy of
the spinor in terms of a covariant derivative by combining the following two terms:

i 6" x +q xo"xAu (13.22)

but we see that we can’t because the o matrices in the two terms are of different
types. Luckily, we are saved again by an identity, this time Eq. (A.50), which allows
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us to write the second term as
qxo"xAL=—q X" XAy
so that the two terms of Eq. (13.22) can be combined into
ixo"oux —qxo"xA,=ix3"D,x

with D,, again defined by Eq. (13.21).
Using covariant derivatives, Eq. (13.19) therefore can be simplified to

<I>Te2"V<I>|D =(D,¢9) (D"$) +i 36" Dyx + FF' —q¢'¢p D (13.23)
_(ﬁqX.A¢T+h.c.) |

which, apart from three missing terms, is exactly the lagrangian for the interaction
of a left-chiral Weyl spinor with an abelian gauge field we obtained in Eq. (10.54)!
It’s in order to get this simple equality, with no overall factor, that a factor of 2 is
included in the exponential containing V.

The missing terms are those that contain only the fields of the gauge superfield,
namely, A,(x), A(x), and D(x). We now turn our attention to figuring out how
these terms can be recovered in the superfield approach.

13.3 Lagrangian of a Free Supersymmetric
Abelian Gauge Theory in Superfield
Notation

What we would like to introduce is a field-strength superfield F that would contain
the gauge-invariant field strength F,, [recall that in the case of a U (1) gauge theory,
the field strength is gauge invariant; this is no longer true for nonabelian gauge
theories, but we will discuss those later]. As a SUSY partner of this field strength,
we would like to still use the same fields that appear in V, i.e., the photino field A
and the auxiliary field D, which are gauge invariants, as we have just seen. In this
way, all the components of the field-strength superfield would be gauge invariant,
and it would be trivial to get a gauge-invariant lagrangian.

Now, to build this field-strength superfield, we could do it the hard way: using
brute force to find some combination of A, F),,,, and D whose SUSY transformation
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will reproduce the correct transformations of the component fields. This is extremely
long and extremely painful. Or we can do it the “easy” way: starting from the
superfield V and applying the “SUSY derivatives” D and D to generate the field-
strength superfield. This is merely long and painful. We will choose the “long and
painful” approach over the “extremely long and extremely painful” one. Actually,
the calculation itself is not too bad; it’s just painful to type!

We need to apply at least three SUSY derivatives to V because if we apply fewer,
the photon field A, (with no derivative acting on it) will remain present, and our
result therefore will not be gauge-invariant. This is obvious if you recall that D¢
contains a derivative with respect to 8, and that D? contains a derivative with respect
to 6, [see Eqgs. (11.57), (11.58), and (11.61)]. The standard choice is to define the
field-strength superfield F, as

F.=D-DD,V (13.24)

The reason for choosing this particular combination of derivatives will soon become
clear.

The superfield F carries a lower undotted index, which is just a fancy way of
saying that it transforms like a left-chiral Weyl spinor under Lorentz transformations
(unlike all the other superfields we have introduced so far, which are scalars).

Note that F, is aleft-chiral superfield! Indeed, because of Eq. (11.62), F, satisfies

Dbj:a =0

which defines a left-chiral superfield. Unlike the ® we worked with in Chapter 12,
F. 1s a spinor left-chiral superfield, not a scalar left-chiral superfield.

An obvious thing to check is whether this field-strength superfield is invariant
under the super gauge transformation in Eq. (13.3) like its nonsupersymmetric
counterpart F,,. Under that transformation, we have

Fo— F,—iD-DD,A+iD-DD,A" (13.25)

where we have used the fact that the SUSY derivatives are linear operators to
distribute them. Now recall that A is a left-chiral superfield and that applying D,
to the hermitian conjugate of a left-chiral superfield gives zero [see Eq. (12.4)].
Therefore, the last term of Eq. (13.25) is identically zero. We still have to show that
the second term on the right-hand side also vanishes. We will use an anticommutator
to move a D? so that it will act directly on the left-chiral superfield and then use
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the fact that DA = 0 because A is left-chiral. We have (recall that D, and D¢
anticommute)

D;D*Dy, A =—D*D, Dy A

= —D%D,;, Dy} A + D% Dy, D; A

= —D%D,, D;} A

= —i (6")pa D* 8, A (13.26)

where in the last step we have used Eq. (11.63). We obviously may move the
operator D, through the partial derivative ,, (they commute), so we end up with

O

a Da Db A=—i (O’M)ba 3M DdA
=0
This completes the proof that the last two terms of Eq. (13.25) vanish and that F,
is gauge-invariant.
The next step is to calculate explicitly F, in terms of component fields. This

requires working out explicitly the right-hand side of Eq. (13.24). This calculation
is nontrivial and requires a few special tricks, so we will devote a section to it.

13.4 The Abelian Field-Strength Superfield
in Terms of Component Fields

We will now explicitly calculate the right-hande side of Eq. (13.24), where the
vector superfield V is given in Eq. (13.10) (in the Wess-Zumino gauge). It turns out
that the calculation is much simpler if we trade the variables x*, #, and  for the
variables y*, ', and 0’ defined by

[ _
L Ly Py
y X 7 o
0 =
é/

Il
I D

(13.27)

The relation between y* and x* is the same as before [see Eq. (12.3)]. Recall that
o' carries lower indices, so we may write the relation between y* and x* more
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explicitly as
Y= xP — %9“ (o™, 6

Now we will express the partial derivatives with respect to the first set of variables
in terms of partial derivatives with respect to the second set. We have

0 ay’ 0 90 9 36 9

dxi  axh 3y’ | axk 90 | axr 9B

:8;

ay”

= W (13.28)

The derivatives with respect to the Grassmann variables are more interesting. For
example,

9 00" 0 +aé’b o, & 3
96 96 96 969 96" 96 dy*

] i 0
= 82 b A (O—M)a}.) 9}7
a0 2 dyH
] i _: 9
=97 ~ 3 ("“)ab‘ghay_u (13.29)

where we have used the fact that @ = #’ in the last step. A similar calculation leads to

I
904 9P

I . d
+§9 (O'p,)baay_ﬂ

Let us now go back to the SUSY derivatives. We find [see Egs. (11.57) and
(11.58)]

0 i _i 0
_ _ o~ . pb
« = aga 2 a5
_: 0
_ . . Qb
— 89/11 —1 (O"u)ahe W (1330)
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whereas

It is the simplicity of this second expression that makes it worthwhile to change
variables.

Before calculating the field-strength superfield, we need to express the vector
superfield [Eq. (13.10)] in terms of the new variables. We simply replace x* by
y* +i 6’06’ /2 and Taylor expand. Keeping in mind that any expression with three
6 or three 6 vanishes identically, we get a simple result:

1 _ 1 - | R 1 -
V=-0"0A,(x)+—=0-600-1(x)+—=0-600-r(x)——-0-60-6D(x)

T )
= 300"0 A, () + ie’aﬂe’e’a“e’

1 o
S AW + =000 ()
y

22

50 ) — Lo 08Dy
22 8

To simplify the notation, we will drop the prime on the Grassmann variables and not
write explicitly the y dependence of the fields. We also will use 9, for the derivative

with respect to y*. The second term on the right-hand side can be simplified by
using Eq. (A.56). We then get

T P | .
V= -00"0A,+26.06-80,A"+——6-00.%
277 0Ty P

1 - 1 o
+——0-00-L—~-60-00-0D 13.31)
22 8 (

We are finally ready to compute
F.,=D-DD,V
We start by applying to Eq. (13.31) the SUSY derivative

0
ayH

—i(0"),;0"

a

= 89/0

—i(a™),; 0%, (13.32)

= 904
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where we again have dropped the prime on the Grassmann variables and used the
notation 9, = 9/dy".

We get
DV = > (0"),0" Ay + 0,8 00,A" + —— 0,85 + ——7 82,
2 a 4 V2 22
Yes.6p- Lo 30705760, A, — ' h.60m 5076 - 9,7
4 20 a W a
(13.33)

We now need to apply D - D to Eq. (13.33). Luckily for us, in terms of the new
variables, this is simply

= (13.34)

We see that we may drop the two terms in Eq. (13.33) containing only one 6. As
for the other terms, it will make our life easier if we can get all the 6 to be dotted
together, i.e., in the form 6 - 6. For example, consider the combination

(o), 070578 = (o), 8°6° (6, 0%
This can be rewritten in a more convenient form following the steps

(014 070 (0"),5 04 = —(01)4 6° (0" B° B¢
1 bd 22 c v n N .
= —3 € (0") ;0 (0") .40 - 0 [using Eq. (A.48)]

1 ;. o
= _Eebd € (0" j0e (0") g0 -0 (writing 6¢ = €°°6,)

1 " —V be n N . ce ec
=—=(0"),,(")°6,6 -0 [using €¢ = —e°“ and
2 then Eq. (A.26)]

1 o
= —(c"5")0 0,6 -0
3 (7700 (13.35)
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where we have relabeled e — b in the last step. Using again Eq. (A.48), we can
also prove

(6" 87 (@,5) - 6 = (07, 0" (3, 7). 0°
= —(0")4)(3,0): 8" B¢
= _% ebé (Uu)aj,(au)_t)éé -0
= —% (07)5 (3, 1)°0 - 8 (13.36)

Substituting Eqgs. (13.35) and (13.36) into Eq. (13.33) and dropping the two terms
that contain only one § (which won’t survive the application of D - D), we get

i 1 1
D)V =-0,0-00,A"+——0-0r,——~0,0-0D
a 272 4

N

— i (0"5")) 6,0 - 69, A, + 4’% 6-6(0"),40-6(3,2")  (13.37)

This can be simplified even further. Recall that

i

o = -
4

(o6 —o'e™)

Using Eq. (A.9), this also may be written as

i
o = 3 (c"6" — "' 1)

which implies
(0 e") =8 —2i (o)}

Using this in Eq. (13.37), we obtain a simple result:

D,V = LA —19 D—l(a‘“’)béba A +L9-0(0“) , (3,47))8 -9
a 2\/5 a 4a ) a nlv 4\/§ ab \Yu
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All we now need is (see Exercise 13.1)

D-DO-6=4 (13.38)

which gives us
i
V2

Using the antisymmetry of o#” in its Lorentz indices, we may write

Fu=D-DD,V =2 —0, D=2(0"")0,8,A, + —6 -0 ("), (3,70

o™, A, = 7 o’ —o")0,A,
1 w
=5 o™’ (0,A, — 0,A,)
1 u
=3 o™’ Fyu, (13.39)

Using this, and showing explicitly the y dependence of the fields, we obtain our
final result:

Fa(y) = V20a(y) = D) 6a = Fun(y) (@) 65 + % 060 (0"),5 0,8 ()
(13.40)

At this point, we could rewrite the fields in terms of the spacetime coordinate x
using Eq. (12.3), but this won’t be necessary because we are ultimately interested
in the F term of F“F,, in which we may simply set y equal to x [see Eq. (12.27)].

EXERCISE 13.1
Prove Eq. (13.38).

13.5 The Free Abelian Supersymmetric
Lagrangian from the
Superfield Approach

We are finally ready to construct the lagrangian for the free abelian gauge theory in
the superfield approach. In sharp contrast with the usual field strength F),,, which is
a second-rank antisymmetric tensor (in other words, the coefficient of a two-form),
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its supersymmetric extension is a spinor superfield. A lagrangian must be a Lorentz
scalar, so the obvious thing to consider is F“F,. Recall that F, is a left-chiral
superfield, so to obtain a supersymmetric lagrangian, we will need to extract its F
term. But let’s first start with the calculation of

FFy =€ Fyp Fa
To alleviate the notation, we will not write explicitly that the fields depend on y,
but this must be kept in mind.

Since we are ultimately interested in taking the F term of this expression, we
need only retain the terms that contain two 6. These are

FF,=2i0-01"3,h+ D*0 -0+ € Fup (0™)f 0 Fop (0*P) 04+ - -
(13.41)

where the dots indicate terms that will not contribute to the F' term (to eliminate the
term containing Dd, A,, we have used the fact that €gag, (o""), may be written
as 6 - 0Tr(c"")/2 which is identically zero). In order to read off the F term, it is
preferable to have all the & combined in the form 6 - 6. We can do this for the the
third term by using the identity (A.45):

1
e“F@Aﬁﬂw;ecEm(awxf%==Ee-ee”adfpmo“w;zzﬁwﬂ%j
(13.42)

Following the same steps as in part b of Exercise 6.5, it is straightforward to
prove

b
e ea (@) = —(0")f

so that Eq. (13.42) becomes
1 ab Uy € afy d 1 VN a afy d
EE 60(10'9((r )b F/w (G )a Faﬂ:_ie'e(g )d F/w (U )a Fotﬂ

= —% 0 - QTr(U”VOaﬁ)FHuFa;S

(13.43)

To make progress on this term, the following identity is required

Tr(o“ 6" o” 6’3) =2 (n“” N 4 nve gt — pre P — e“"“ﬁ) (13.44)
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Using the definition

and the corresponding expression for 0®#, and applying Eq. (13.44), a short calcu-
lation reveals that

1
Tr(a’“ a“ﬂ) =—Te Tr(a“ 5" 0%6P — 6" 6" 6P 5% — 65" 0% 5P

+0v "ol %)

1
_ _5 (nva nuﬂ _— nVﬂ —i euvaﬁ) (13.45)

Plugging this into Eq. (13.43), we get
1 1
—50-9 Tr(0"" 0“P)Fpuy Fop = 20 O(FuF"" — Fu F* — i €"F F,,, Fop)
1
=—70- O(2FF" +ie" P F,,Fop) (13.46)

where we have used the antisymmetry of the field strength, i.e., F'* = —F*".
Using Eq. (13.46) for the third term of Eq. (13.41), we finally get

, 1
F'F,=2i0-0Arc"d,r+ D*6-0 — 20 O(2F F" +i € F,, Fup)

Recall that all the fields are functions of the variable y. However, if we extract the
F term, i.e., the coefficient of 6 - 6/2, we may replace y by x, as you have shown
in Exercise 12.1. We then get

FoF* =4 A(x)a" 3, h(x) +2 D*(x) — F(x) F*(x)
i
- 5 ehvep F;w(x) Faﬂ(-x)

This is starting to resemble the lagrangian of the supersymmetric free abelian gauge
theory, [Eq. (10.8)]. The kinetic term for the spinor looks different, but looks can
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be deceiving. Indeed, using Eq. (A.50) followed by an integration by parts, we have
A9,k = —(9,A)G"

= 16"\ (13.47)

which is of the same form as the the spinor kinetic term appearing in Eq. (10.8).
Thus we may write

fafa P B 4l):(x) 5”’auk(x) —|— 2D2(x) —_ F;w(x) F/LU(X)

i’“’“ﬁF )F, 13.48
_56 uv(x aﬁ(x) ( . )

We see that the first three terms are exactly four times the free abelian gauge
theory shown in Eq. (10.8) (where we used the notation Al instead of 1). However,
we have an extra term, which is usually written as

i F, F*™

where

F* = ~ e Fog

| =

is called the dual field strength. This term is actually a total derivative and is not
considered unless the gauge fields have a nontrivial topology, which is why we did
not include it in Chapter 10. We will ignore it from now on.

Our final expression therefore is

1 1 - 1
P = 307 170100 — g B (13.49)

which, apart from the Fayet-Iliopoulos term, reproduces exactly our supersymmet-
ric lagrangian [Eq. (10.8)]! To include the Fayet-Iliopoulos term, we simply have
to add the D term of —2&V (see the discussion after Eq. (13.12)). Of course, we
could simply write F¢F, as F - F, using our notation for the spin dot products.

The obvious next step would be to apply a SUSY transformation to F, using the
supercharges in order to confirm the transformations of the component fields we
established in Chapter 10, but we won’t pursue this rather lengthy calculation here.
Rest assured that it does work!
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Our final SUSY and gauge-invariant lagrangian that couples a set of i left-chiral
superfields to a U (1) gauge field is the sum of Egs. (13.11) and (13.49):

L =[w(@) (13.50)
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As noted at the end of Section 10.6, the superpotential is absent if there is only one
left-chiral superfield that is charged under the gauge group because it is impossible
to write down a gauge-invariant holomorphic function of ®.

13.6 Supersymmetric QED

We will now apply the results of this chapter to build a supersymmetric version of
quantum electrodynamics (QED). This will be useful as a warm-up exercise before
we construct the supersymmetric extension of the standard model, which we will
pursue in Chapter 15.

The first step is to determine what superfields we need. QED involves a photon
field and the electron field, which comes in right-chiral and left-chiral states, to-
gether with the corresponding positron states. Clearly, we will introduce an abelian
gauge superfield V that will contain the photon, its spin 1/2 left-chiral partner, the
photino A, and a corresponding auxiliary field D. In the Wess-Zumino gauge, the
vector superfield is just what we wrote in Eq. (13.10). Of course, we also will use
the field-strength superfield F given in Eq. (13.40).

The more tricky issue is the electron. There are four physical degrees of freedom
associated with the electron field: the left-chiral and right-chiral electron states and
the left-chiral and right-chiral positron states. However, it is conventional to build
supersymmetric theories out of left-chiral superfields only. This can be done using
a trick that we will describe below.

But first, let’s introduce a left-chiral superfield £, containing the left-chiral elec-
tron state:

ge:$e+9'Xe+%9’0Fe
It’s important to emphasize that £, is a scalar under Lorentz transformations. As
we have seen before, it is called a left-chiral superfield only because one of its
components is the left-chiral Weyl spinor ..
Here we have started using the notation that we will follow in Chapter 15
when we cover the minimal supersymmetric standard model (MSSM). First, we
will denote all superfields by calligraphic capital letters. Also, it will always be
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understood that a spinor x represents a left-chiral Weyl spinor, so we won’t include
a label L to avoid cluttering the notation. Finally, we will include a tilde (7) over
the fields that are superpartners of the known particles (the Higgs field will require
a separate discussion).

To respect CPT invariance, our lagrangian must involve both &, and Ej , SO
the physical spectrum contains both the left-chiral electron state and its hermitian
conjugate, the right-chiral positron state. But there are two states still missing: the
right-chiral electron state and its hermitian conjugate, the left-chiral positron state.
To account for those, we have to include a second chiral superfield. We could make
it a right-chiral superfield containing for spinor component the right-chiral electron
state, but, as mentioned earlier, the convention is to express everything in terms of
left-chiral spinors.

The trick is to introduce a left-chiral superfield whose spinor component is the
left-chiral positron state! As we saw in Chapter 4, one always may trade off a right-
chiral particle Weyl spinor for the corresponding left-chiral antiparticle spinor
using [see Eq. (4.5)]

. T
ne=io’ x|

where we used the notation of Chapter 2: 7 is a right-chiral spinor, x is a left-chiral
spinor, and e represents the positron. We use e to represent the positron instead
of e™ because we want a notation that can be extended to denote all antiparticles,
including those with no electric charge. Obviously, this bar has nothing to do with
the bar notation introduced for dot products between Weyl spinors or the bar used
to denote Dirac conjugation!

We will write the left-chiral superfield containing the left-chiral positron state as

~ 1
gé:¢é+9'Xé+§9'0Fé

We take, of course, £, and &; to have U (1) charges ¢ = —e and ¢ = ¢, respectively.
In other words, under a gauge transformation, we have

ge — e—2ieAge
E — Mg, (13.51)

We are now ready to build our supersymmetric extension of QED. The gauge-
and Lorentz-invariant quantities that we have at our disposal are

&  FF,  Ele¥Ve, £V, (13.52)

as well as products of any combination of these terms and their hermitian conjugates
(more about this on next page).
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The first two combinations of Eq. (13.52) are left-chiral superfields because
&, &, and F are all left-chiral superfields (recall that a product of left-chiral su-
perfields is also a left-chiral superfield). To obtain a supersymmetric lagrangian,
we therefore must take the F' term of these expressions. The last two are not chiral
superfields, so we must take their D term to obtain supersymmetric lagrangians.

Now, let’s look at the dimensions. The field-strength superfield F, has dimension
3/2, whereas V is dimensionless, and both £, and &; have dimension 1. Recall that
projecting out the F term increases the dimension by 1 because d*6 has dimension 1,
whereas projecting out the D term increases the dimension by 2 because d?6 d*0
has dimension 2. Thus we must consider combinations of superfields of at most
dimension 3 if we use the F term and at most dimension 2 if we use the D term.
Therefore, the following terms are all dimension 4 supersymmetric lagrangians:

FFa,,  EleE

" Ele¥ve, N (13.53)

These are, of course, the kinetic terms we obtained previously for these superfields,
so no surprise here. We also have an interaction term of dimension 3:

&L

F

which must be multiplied by a constant with dimensions of mass. It turns out that
this coefficient corresponds precisely to the mass of a Dirac particle, as we will
demonstrate below, so let’s write this term as

mé&,E; . (13.54)

It’e easy to see that we have exhausted all the possible terms that can contribute to
a renormalizable, supersymmetric, and gauge-invariant lagrangian. For example,
the F term of £,E;E.E; has dimension 5.

We must worry about one last thing before writing down the supersymmetric
version of QED: We must make sure that the lagrangian is real. All the terms in
Eq. (13.53) are real, but Eq. (13.54) is not, so we must add to it its hermitian
conjugate. Our supersymmetric QED lagrangian therefore is

1 _
EsuperQED = Z fa]?a i + gje—ZeVge N + EgeZEVgE

+m 5655)
D

F+m$£

F

(13.55)

where we have taken m to be a real quantity.
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Note that the last two terms of Eq. (13.55) represent the superpotential of the
theory (plus its hermitian conjugate), so we could write the lagrangian as

1
L aper QED = 3 FOF| + Ele Ve, ot gle¥ve,

+ (W( +he) (13.56)
D F
with
W =m&EE.

Let’s write this out in terms of the component fields. Actually, let’s write the
lagrangian with the auxiliary fields eliminated, as an illustration of how to use
Eq. (10.56), which we repeat here for convenience (we will not include a Fayet-
Tliopoulos term):

2
1
-5 (@ dldi)’ (13.57)
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To see how this is used, we first write the superpotential m&,&; as a function of
the corresponding scalar fields

Wzmése(bté

This superpotential depends on two scalar fields, so we may take the ¢; appearing
in Eq. (13.57) to be given by, say, ¢1 = ¢, and ¢, = ¢;. We then find
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On the other hand, the last term of Eq. (13.57) is simply
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All we have to do now is to write down Eq. (13.56) in terms of component fields
with the auxiliary fields set to zero and add Eqgs. (13.58) and (13.59).

We have actually worked out all the expressions appearing in Eq. (13.56) in
terms of component fields before. The first term is simply Eq. (13.49), the second
and third terms can be obtained from Eq. (13.23), and the last two terms can be
read off from Eq. (12.28). We finally get
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Here, it is understood that when applied to fields belong to the electron multiplet
(¢. and x.), the covariant derivative is (with the convention ¢ > 0)

D,=0,—ieA,
whereas, when acting on the positron multiplet, the covariant derivative is
D,=20,+ieA,

Using Eq. (4.19), we see that the QED lagrangian is indeed contained in
Eq. (13.60):
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(13.61)

A few points deserve comments. First, let’s emphasize once more that we needed
to introduce fwo complex scalar fields: ¢. and ¢;. The reason is clear: We have to
introduce a superpartner for each chiral state of the electron, which we have taken
to be the left-chiral particle and antiparticle states. So there are two supersymmetric
partners to a massive Dirac fermion. The next key observation is that those super-
partners have the same mass as the electron, a consequence of unbroken SUSY. This
immediately rules out this lagrangian as a viable model for the real world because
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no scalar particle with the mass of an electron has ever been observed. What we
will need to do is to find ways to break SUSY spontaneously, but we will keep this
topic for next chapter.

Supersymmetric Nonabelian
Gauge Theories

We have seen how superfields may be used to obtain supersymmetric lagrangians
for a free abelian gauge field theory and for a chiral multiplet coupled to an abelian
gauge field. Here, we will generalize these results to nonabelian gauge theories.
The calculations are almost identical to what we did in previous sections, SO we
will simply quote the main results without showing any explicit derivation.

The gauge superfield V is now taken to be a matrix in the fundamental represen-
tation of the Lie algebra [which we take to be su(n)], i.e.,

VEViT;

where the sum is over the N> — 1 generators. This means that each component field
of V appears in N> — 1 copies, given by [see Eq. (13.10)]

V"—le 1H Al +L9-99-X"+Lé-ée-)&—le-eé-éDf
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Consider a left-chiral superfield @ belonging to the fundamental representation.
This means that @ is actually an N-component column vector that transforms as

O — O =expRigA)d
with A being the matrix-valued quantity
A=ANT!
We take the vector superfield to transform as
exp(2gV) — exp(2gV’) = exp(2igAT) exp(2gV) exp(—2igA)
The quantity

o exp(2gV) ® (13.62)
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is clearly gauge-invariant. This is, of course, exactly what we had for the abelian
case except that here the superfields do not commute because they are matrix valued.

The proper generalization of the abelian field-strength superfield F, given in Eq.
(13.24) is

F. =D - D exp(—2gV) D, exp(2gV) (13.63)

where, as before, the label a is a spinor index, not a gauge group index. The field-
strength superfield is a matrix-valued quantity, like the other superfields. Showing
explicitly the matrix dependence, Eq. (13.63) reads

F.Tj = DD exp(—2gV'T}) D, exp (2gV, T)

The choice of Eq. (13.63) is motivated by the fact that the field-strength superfield
can be shown to transform in the usual way, i.e.,

Fa — expRigA) F, exp(—2igA)
Therefore, the trace
Tr(]: “]:a)

is gauge-invariant.

We now have all the pieces needed to write down a supersymmetric lagrangian
containing a nonabelian gauge superfield coupled to a left-chiral superfield. If there
is only one left-chiral superfield (which we assume is not invariant under the gauge
group), there is no superpotential because we can’t write down any gauge-invariant
holomorphic function of that superfield. There are then only two terms in the
lagrangian: the kinetic energy terms for the gauge superfield and for the left-chiral
superfield:

1 ,
L==Ti(FF)| + oV
2 F D

If there are several left-chiral superfields, we obviously include a kinetic energy
term for each superfield, but in addition, we can now include a superpotential, i.e.,

assuming that the quantum numbers of the left-chiral superfields ®; make it possible
to write some gauge-invariant combination. Here the subscript i labels the different
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left-chiral superfields, each of which is a gauge multiplet transforming in some
representation of the group.

13.8 Quiz

1. How does the field-strength superfield transform under Lorentz transforma-
tions?

2. What is the dimension of the gauge superfield 1?

3. In the Wess-Zumino gauge, what are the component fields of the gauge su-
perfield?

4. In a nonabelian supersymmetric SU(N) gauge theory, how many gauginos
are there?

5. How many complex scalar fields are needed to build a supersymmetric version
of QED? Why is that number of scalar fields required?
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SUSY Breaking

A key aspect of the theories we have considered so far is that all the particles of
a supersymmetric multiplet necessarily have the same mass. This follows from
the fact that the supercharges commute with the momentum operator, so applying
supercharges on a state does not change the eigenvalue of P*P, = m?. This is
obviously a disaster from the point of view of phenomenology because this degen-
eracy is clearly not observed in nature (e.g., there is no scalar particle of the same
mass and charge as the electron).

One can break supersymmetry (SUSY) explicitly by adding terms in the la-
grangian that are not invariant under SUSY. Of course, if we allow for any type of
SUSY-breaking interaction, we will loose all the benefits of SUSY, in particular the
cancellation of power-law divergences. The tricky question then becomes how to
identify the various SUS Y-breaking interactions that do not spoil this cancellation—
in which case SUSY is said to be it softly broken—and how to justify why only
those should be included. We will come back to the issue of soft SUSY breaking
later in this chapter.

A second, and more desirable, method to break a symmetry is through spon-
taneous symmetry breaking (SSB). In this case, the lagrangian possesses the
symmetry, but the ground state does not, which then is reflected through the absence
of symmetry in the spectrum of the states.
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We will first discuss various means to spontaneously break SUSY and then come
back to the issue of explicit SUSY breaking in Section 14.9.

14.1 Spontaneous Supersymmetry Breaking

When there is SSB, the charges generating the symmetry do not annihilate the
vacuum, i.e.,

Q10) #0

Let us see what consequence this has in the case of SUSY. Recall that in Section 7.5
we showed that if the charges Q) and O, do not annihilate the vacuum, we get a
strict inequality for the vacuum expectation value (vev) of the hamiltonian:

(O|H|0) > 0 (14.1)

The hamiltonian can be broken up into two parts: the kinetic energies terms
of the fields and the potential (in which we lump all the interactions among the
fields as well as the mass terms). In the vacuum, we can take the vev of the kinetic
energies terms to be zero (we are not considering field configurations with nontrivial
topology), leaving us with the vev of the potential. The only fields that may have a
nonzero vacuum expectation values without breaking Lorentz invariance are scalar
fields, so the condition (14.1) reduces to

OV (¢)10) > 0
As we have seen in Section 10.7, the entire scalar field potential comes from the

auxiliary fields, after they are eliminated using their equations of motion. Schemat-
ically, we may write the potential as

1
Vigi) = FF + 3 D? (14.2)

where it is understood that by F;, Ff, and D we mean the solutions to the equations
of motion, namely,
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and, for an abelian gauge group,

D=q ¢l —& (14.3)

We have included a Fayet-Illiopoulos term & D in the lagrangian. We will see that
this term plays a crucial role in some types of SUSY breaking.

In the case of a nonabelian gauge group, the D? in Eq. (14.2) stands for DD,
and the solution of the equations of motion is

D =g¢] T ¢;

As we have mentioned before, gauge invariance precludes a Fayet-Illipoulos term
for nonabelian gauge theories.

The condition for SSB of SUSY can be restated in the following way: There will
be SSB of SUSY if, and only if, there is no possible scalar field configuration for
which (0|V|0) = 0.

Consider the case of a single scalar field ¢, which is too simplistic but will allow
us to draw simple figures. The expectation values of four different potentials as a
function of the scalar field are shown in Figures 14.1 through 14.4.

Potential

Scalar field

Figure 14.1 Potential that does not break any symmetry.
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Potential

Scalar field

Figure 14.2 Potential that breaks SUSY but no internal symmetry.

Potential

Scalar field

Figure 14.3 Potential that breaks an internal symmetry but not SUSY.
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Potential

Scalar field

Figure 14.4 Potential that breaks both SUSY and an internal symmetry.

In Figure 14.1, no symmetry is broken. In Figure 14.2, SUSY is broken because
there are no field configurations for which the expectation value of the potential is
zero. In Figure 14.3, SUSY is not broken, but since the potential is not minimized
for (¢) = 0, an internal (gauge) symmetry is broken. In Figure 14.4, both SUSY
and gauge symmetry are broken.

Since the potential (14.2) is a sum of squares, the condition for SSB of SUSY
can be rephrased in yet another, and more convenient form: There will be SSB of
SUSY if the potential is such that there is no possible scalar field configuration for
which (0| F;|0) and (0] D?|0) are both simultaneously equal to zero.

There are two ways to achieve this:

First case: The superpotential is such that there are no scalar field conditions
for which (F;) = (Fl.T) = Oirrespective of the value of (D). In other words,
the superpotential must be chosen such that”

f W _ (14.4)

T

has no solutions. This is known as F-type SUSY breaking.

* From now on we will not write explicitly the angled brackets ( ) to denote the vevs of the scalar fields or of the
potential.
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Second case: The second possibility arises only if there is at least one Fayet-
Illiopoulos term [and therefore at least one U (1) gauge field]. Then two
scenarios are possible. In one scenario, (D) = 0 cannot be satisfied ir-
respective of the potential in F;. In the second scenario, (F;) =0 and
(D) = 0 cannot be satisfied simultaneously, so the breaking arises out of
an interplay between the two types of auxiliary fields. Both scenarios are
referred to as D-type SUSY breaking.

Let’s consider these various situations in turn.

14.2 F-Type SUSY Breaking

Here we need to pick the superpotential such that there are no values of the scalar
fields ¢; for which Eq. (14.4) has a solution.

Consider the simple case of a single left-chiral superfield, with the superpotential
of Eq. (12.31). We will not include a term C ® because in the minimal supersym-
metric standard model (MSSM) there is no left-chiral superfield that is invariant
under the gauge symmetry SU (3). x SU(2), x U(1),, so a term linear in a chiral
superfield would break gauge invariance. Consider, then,

1 1
W=-md>+ -y
2m +6y

To calculate F1, we first replace the superfield ® by its scalar field component ¢
and then differentiate with respect to ¢:

Fi = 881(/;/ =—m¢— —y¢ (14.5)

Clearly, SUSY is not spontaneously broken because we can set F to zero simply
by choosing ¢ = 0.

As a second example, consider supersymmetric quantum electrodynamics
(QED). We saw in Section 13.6 that the superpotential is W = m £,&;. In terms
of the scalar component fields, this corresponds to W = m i)e&@. There are two
auxiliary fields, and the two equations corresponding to Eq. (14.4) are

meo, =ma¢p; =0

which clearly have the solution ¢, = ¢; = 0.
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It is not easy to construct a theory involving several left-chiral superfields
that exhibit F-type SUSY breaking. The simplest such model was worked out by
O’Raifeartaigh®* and will be presented in the next section. The term O’Raifeartaigh
models is sometimes used to refer to all models in which F-type SUSY breaking
occurs.

14.3 The O’'Raifeartaigh Model

This model requires three left-chiral superfields, whose superpotential W is taken
to be

W =m @3 + g Dy (P — M?) (14.6)

All three parameters, m, g, and M 2 are taken to be real and positive. In this model,
the conditions in Eq. (14.4) read

Fl=-m¢;=0
Fj=—g#i+gM =0
Fl=—m¢ —2g¢r¢p3 =0 (14.7)

which clearly have no solution because no value of ¢3 can fulfill the first two
equations. Therefore, SUSY is spontaneously broken. To confirm this explicitly,
we will find the masses of all the fields and show that the mass degeneracy between
the scalars and the fermions is lifted, as expected when SUSY is broken. To do
this, we must first find the vevs of the scalar fields, i.e., the values that minimize
the potential.

The potential is

V = |F|* + | R + |F5)?

=m? s>+ 87 IM* — 31+ mp1 +2g pr¢3)° (14.8)
N —’
=V =V, =V

Let us now find the values of the fields ¢;, ¢, and ¢3 that minimize Eq. (14.8).
For any value of ¢3, it is always possible to have V3 equal to zero, so we only have
to minimize the first two terms of the potential, V| + V,. The analysis is simplified
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if we express the field ¢ in terms of its real and imaginary parts, which we will
write as

1
¢3 = —2(R3 +ily)

V2

We then have

1 1
Vit Va=5(m* =28 M) R+ 5 (m* + 28" M) I3
g

; (R2+12)* + > M* (14.9)

+
We now want to find the values of R3 and /3 that minimize the potential. All the
terms except the first one are necessarily positive. The rest of the analysis depends
on whether the combination m? — 2g>M? is semipositive definite or negative. Let’s
consider these two possibilities in turn:

First case: m? > 2 g? M?

If m?> > 2 g% M?, then all the terms in Eq. (14.9) are positive, and the minimum of
V1 4+ V; is obviously obtained by setting both components of ¢3 equal to zero; i.e.,
Ry = I; = 0. If m*> = 2 g> M?, then the first term of Eq. (14.9) is zero and again
the minimum is attained for ¢35 = 0.

Now, let’s go back to the third term of the potential,

Vi =|mai +2g ¢ dsl*

If we set ¢3 = 0, the minimum is clearly obtained by setting ¢; = 0 as well, whereas
¢, is left completely arbitrary. It is typical in supersymmetric theories to have the
expectation value of some scalar field left arbitrary. The corresponding scalar field
then is referred to as a flat direction of the potential because we can vary the value
of the scalar field while staying at the minimum of the potential.

At the minimum of the potential, we therefore have the following vevs for the
three auxiliary fields [see Eq. (14.7)]:

Fi=F=0 F=gM?
and the minimum value of the potential is

Vinin = g2 M4
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We see that SUSY is broken because the minimum of the potential is not zero.
Moreover, Vi, is larger than zero, in agreement with the property (0| H|0) > 0.

Second case: m?> < 2g%M?

In this case, all the terms in Eq. (14.9) containing the imaginary part /3 are still
positive, the potential is still minimized for /3 = 0, in which case the first two terms
of the potential simplify to

1 1
Vi+V, = E(m2 —2¢°M*)R3 + Zng;‘ + g’M*

which is minimized for

m2

R =2M"—-— (14.10)
8
Note that this is necessarily positive because m?> < 2 g2 M?. Let’s look at the third
term of the potential when /3 = O:

Vi=|m¢y+2g ¢ sl
= |m ¢ + 2 g ¢ Rs|?

with R3 being given by Eq. (14.10). This is minimized, and equal to zero, at the
condition that the fields ¢; and ¢, are related by

2
¢1=—2n% /ZMZ—Z%@ (14.11)

Again, we see that the expectation value of one of the fields (which we may choose
once more to be ¢,) at the minimum of potential is left completely arbitrary.

Using the valuesin Egs. (14.10) and (14.11) and /3 = 0, we find that the minimum
value of the potential is now

Let’s now look at the mass spectrum of this theory. When scalar fields have
nonzero vacuum expectation values, figuring out the masses and the mass eigen-
states is usually complicated by the presence of terms bilinear in the fields, i.e., by
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mixing. Let us pause the discussion on SUSY breaking to review how to compute
the masses of the scalar fields in such a situation.

14.4 Mass Spectrum: General Considerations

Consider two real scalar fields A and B with lagrangian
1 " 1 w
£=58,LA8 A+58,LBB B—V(A,B)

Let’s say that the potential has a minimum at the vevs A = v4 and B = vp. Let us
define the new fields A = A — v, and B = B — vg. The minimum of the potential
is then at A = B = 0. If we Taylor expand the potential around this minimum, we

find
. . -V vV
V(A,B):V(A—FVA,B—FVB)%V(VA,VB)-FAa—A+Ba—~
1,3V 1.,V .. 3V
+-B —+-A" —+AB —— +---
2 9B 2 aA2 dAdB

where all the derivatives of the potential are evaluated at the minimum A = B = 0.
If we are just interested in computing the mass spectrum, we can discard the first
term because it is a constant. The first derivatives are zero because they are evaluated
at a minimum. We therefore see that there is a term mixing the two fields if the
mixed derivative of the potential is not zero. Putting all this in the lagrangian, and
using the fact that 9,A = 9, A and 3, B = 9, B, we get

| ROV [T (O | . e
E:EBMAB"A—I—ES,LBB“B—EVBBBQ—EVAAAZ—VABAB—i—---

where

Voo v
AB= 3A8§ A:B’:O

and so on.

We now see the problem: There is a mixing of the two fields. Because of this, we
cannot read off their masses directly from the lagrangian. What we need to do is to
find a linear combination of the two fields that will decouple the quadratic terms.
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Using the fact that the partial derivatives commute to write Vig = (Vap +
Vsa)/2, we see that the quadratic terms can be written in matrix form:

1 ~ - [Vaa Vas A
Equad: __(A B) (B)
2 Vea Vs

The matrix V is usually called the squared-mass matrix My,. What we need to
do is to diagonalize this matrix. The eigenstates will be the actual mass eigenstates,
and the corresponding eigenvalues are the physical (tree-level) mass squared. In
this section we are interested only in the masses, not the eigenstates, so all we really
want are the eigenvalues, which are simply

_ Vaa+Vpp £ \/(VAA - VBB)2 +4V3,
B 2

2

m (14.12)

where we have used Vg = Via.

This is the approach to follow to find the masses of the scalar fields. For the
fermion masses, one does not read off the squared-mass matrix from the lagrangian,
but the mass matrix M. The squared-mass matrix is given by V = My, = MM,
and the square of the fermion masses can be found from Eq. (14.12).

This is all quite abstract. We will put the theory in practice in the next section.

14.5 Mass Spectrum of the
0’Raifeartaigh Model for m? > 2 g M?

Let us get back to the O’Raifeartaigh model. We will consider only the first case,
ie,m>2 g2 M?. In this case, both ¢; and ¢ have zero vevs, so they do not get
shifted. We need only shift ¢,:

b2 — o+ (P2)

where, as we have seen, the vev (¢,) is completely arbitrary. We will take it to be
real. If we substitute this back into the potential, we get

V=m?gs* + g2 IM* — @3> +Im¢1 +28 b2 3 + 28 ($2) 3
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We now write all three fields in terms of their real and imaginary parts:

1
i = —= (R +1 1
¢ ﬁ( +il)

which leads to
15 22 L L2 2226’222224
V= 2(m® =2g"M)R; + S (m +2gM)I3+Z(R3+I3) +¢°M

2
m
+<—R1+gR2R3—g1213+ﬁg<¢>2>R3)

V2

2
m
+<—11+8R213+812R3+ﬁg<¢2)13>

V2

From this, one can find the masses of the scalar fields using the approach de-
scribed in the preceding section. If we choose the expectation value (¢,) equal to
zero, the result is particularly simple. The masses of all the fields are (see Exer-
cise 14.1)

mp, = /m? — g2 M2 my, = /m?+ g2M?

mp, =my, =0 Mg, =mp =m (14.13)

The last two results can be summarized by saying that the complex scalar fields ¢,
and ¢35 have masses

mg, =0 and mgy, =m

whereas ¢; sees its real and imaginary parts acquiring different masses through
SSB.

EXERCISE 14.1
Find the masses of the scalar fields for (¢,) # 0, and then show that by setting
(¢2) = 0, you recover the result in Eq. (14.13).

To find the mass of the fermions, we go back to the general expression for the
lagrangian of left-chiral superfields, Eq. (8.62), which shows that the fermion mass
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terms arise necessarily from the terms in

1 *W
Lfermion = — = E Xxi - Xj +hc. (14.14)
ermion ) Py P ¢13 ¢j J

that do not contain any scalar fields. In other words, the fermion mass terms all
come from the terms in the superpotential, which are either quadratic or bilinear in
the scalar fields. To use this equation, we must express the superpotential in terms
of the shifted fields, which, in our case, just means that we replace ¢, by ¢, + (¢2)
in Eq. (14.6):

W =mdi ¢+ (d3 — M?) + g (d2) (¢3 — M?)
The lagrangian (14.14) then is given by
1
£fermi0n = _Em X1 X3—8 (¢2) X3 X3+ he +---

where we wrote only the terms that will contribute to the mass matrix of the
fermions. We immediately see that the Weyl spinor yx; is massless. The mass matrix

in the basis yi, x3 is
0 m
M = (14.15)
m  2g{(¢a)

so that the squared mass matrix is

qu = MTM = ( m2 ng 2 )

2gmigy) m* +4g*(¢)?

whose eigenvalues are

my =m®+2g*(¢2)° £2g ($2) V8 () + m?

= (Vg2 (¢)2 + m2 £ g(¢))* (14.16)

so the masses of the two fermions are

mp=/g? ($2)? +m? £ g($2) (14.17)
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With (¢,) = 0, we see that both fermions have a mass equal to m. It is easy to find
the spinors that are mass eigenstates when (¢,) = 0 because then the mass matrix
in Eq. (14.15) is simply

whose two eigenstates are clearly

_X1Ex3

2

(14.18)

Now, if we compare what we found for the boson masses, Eq. (14.13), with the
fermion masses we just calculated, we see that the degeneracy between one of the
complex scalar fields and one of the fermions is lifted.

To summarize the situation when (¢,) = 0, there is one complex scalar field
and one fermion that are both massless (¢, and x,), and there is a second pair
of boson and fermion with a mass m [¢3 and either combination appearing in
Eq. (14.18)], but the third boson/fermion pair is not degenerate in mass because
the remaining fermion has a mass m, whereas we have two real scalar fields with
masses /m? &+ g2 M?. Therefore, SUSY is spontaneously broken: the lagrangian
is supersymmetric, but the vacuum breaks the symmetry.

Spontaneous symmetry breaking of SUSY or, to be more precise, of global SUSY
(which is what we consider in this book) always introduces fermion massless modes
as opposed to the usual Goldstone bosons. These massless fermion modes therefore
are referred to as goldstinos. In the O’Raifeartaigh model, there is one goldstino,
the spinor x,. Note that it is the fermion that belongs to the same multiplet as the
auxiliary field whose vev is nonzero, i.e., F,. This is a general feature of F-type
SSB.

EXERCISE 14.2

Find the mass spectrum of the bosons and fermions both in the limit g — 0, M £ 0
and in the limit M — 0, g # 0. You will observe that the mass degeneracy between
the fermionic and bosonic degrees of freedom reappears. Note that this holds no
matter what (¢,) is equal to.

There is unfortunately an aspect of F-type SUSY breaking that makes it unattrac-
tive from a phenomenological point of view. Before addressing this issue, we need
to introduce yet another “superquantity,”’ the supertrace.
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14.6 The Supertrace

The supertrace is defined as

STI'(MZ) = Z (_1)2S (2S + l)mlz)a.rticle

particles

where it is understood that the sum is performed over all the physical particles
appearing in the theory (not over the auxiliary fields), and s denotes the spin of the
particle. It is also understood that there is one term for each real scalar field and
one term for each Weyl spinor.

In the case of theories with left-chiral superfields only, there are only scalar fields
and spinor fields, so the sum reduces to two terms:

STr(M?) = Z m?—2 Z m? (14.19)

scalars spinors

This sum obviously vanishes in supersymmetric theories because for each Weyl
spinor, there are two real scalar fields (one complex scalar field) with the same mass.
What is astonishing is that the supertrace still vanishes when SUSY is spontaneously
broken with F-type breaking. We can check that this is indeed the case with the
masses obtained in last section. When we set (¢,) = 0, we obtained the following
squared masses for the bosons:

Squared masses of the bosons = 0, 0, m?, m*, m* — g M*, m* + g* M*

so that

Z m? = 4m?

scalars

By the way, the reason it is called a supertrace is that the sum of the squared masses
is simply given by the trace of the squared-mass matrix M.

Now, let’s look at the fermions. We have three fermions with masses 0, m, and
m, SO

2 Z m? = 4m?

spinors

Again, we could have simply taken the trace of the squared fermion mass matrix
and multiplied it by 2.
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The end result is that the supertrace (14.19) vanishes indeed. We obtain the same
result if we keep (¢,) arbitrary (see Exercise 14.3).

EXERCISE 14.3
Verify that the supertrace still vanishes if we don’t set (¢,) = 0.

The key point to note here is that the reason the supertrace still vanishes even
if we have SSB is that one of the scalar squared masses increased by an amount
g% M? relative to its “unbroken” value of m?, whereas another scalar squared mass
decreased by the same amount.

This is an important result and turns out to be a general feature of F-type SUSY
breaking: The heaviest boson state is heavier than all the fermions, and as a con-
sequence of the vanishing of the supertrace, the lightest boson state also must be
lighter than all fermion states. This makes F-type SUSY breaking phenomenologi-
cally unappealing because it implies that each known fermion would have a lighter
scalar partner. For example, this would imply the existence of a charged scalar
particle lighter than the electron, which is ruled out experimentally.

So let us turn our attention to D-type SUSY breaking.

14.7 D-Type SUSY Breaking

For this type of symmetry breaking to occur, a Fayet-Illiopoulos term is necessary.
This means that at least one abelian gauge field must be present. We will first illus-
trate a simple situation where (D) = 0 cannot hold irrespective of the expectation
values of the auxiliary fields F;, so we are free to ignore their contribution to the
potential.

The simplest model in which this type of spontaneous symmetry breaking may
occur is a U (1) gauge theory with a single charged left-chiral superfield. If there is
only one charged chiral superfield, there is no superpotential because it is impossible
to write down a function of ® alone that is gauge-invariant. As we saw in Chapter 13,
the lagrangian then is (with £ taken to be real)

@T equV cD\D _|_f'f‘|F _|_§: D|F (1420)

From Eqgs. (14.2) and (14.3), we have

D=y (¢T¢ — 2) (14.21)
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and the potential may be written as

2 2
v="_ <|¢|2 - 5) (14.22)
2 q

The reason for factoring out the charge is that it makes clear that the effect of the
Fayet-Iliopoulos term depends crucially on whether £ /¢ is positive or negative.

Case (/g <0

In this case, it is clear from Eq. (14.21) that there is no field ¢ for which (D) =0
(because ¢'¢ is semipositive definite), and thus SUSY is spontaneously broken.
From Eq. (14.22), we find that the potential is minimum when ¢ = 0, in which case

1
Viin = = 2
5§

Let us now have a look at the mass spectrum to confirm explicitly that SUSY
is spontaneously broken. The fields of the gauge potential superfield A, and the
photino A are massless. Since there is no superpotential, there is no mass term for
the left-chiral spinor component of the superfield ® either. If we write the complex
scalar field in terms of two real scalar fields as usual, i.e.,

1
=—(R+il
¢ ﬁ( +il)

and retain only the terms that will contribute to the squared-mass matrix, the po-
tential (14.22) is equal to

lg&|

V(¢):T(R2+12)+-~

We see that both real scalar fields acquire a mass equal to 1/[g&[. Thus SUSY is
indeed spontaneously broken: The spinor field x is massless, but its scalar partners
are massive.

Notice how different the situation is from F-type breaking: here, all the bosons
have seen their mass increase relative to the “unbroken” value of m = 0. This
is more encouraging from a phenomenological point of view because this would
provide an explanation for why the SUSY partners of the known fermions would
have escaped detection so far. However, the present theory is just a toy model, and
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the situation turns out to be not so encouraging when we try to apply this approach
to the MSSM, as we will see in Chapter 16.

Let’s find out what happens to the supertrace. Obviously, it does not vanish
anymore:

STr(M?) = Z m? —2 Z m?2

scalars spinors

—2]qé| (14.23)

There is, however, a generalization of the rule STr(M?) = 0 that is valid for D-type
SSB. The proof is not difficult, but we will simply quote the result for abelian gauge
theories with only one auxiliary field acquiring a vev (see Section 7.7 of Ref. 5 for
a derivation):

STr(M?) =2(D) Y g; (14.24)

where the sum is over all the charges of the left-chiral superfields present in the
theory. In the case of F-type breaking, there is no D field with a vev, so we recover
the result that the supertrace then is zero. In our example, (D) = |£|, and there is
only one left-chiral superfield, of charge ¢, so the formula does indeed give

STr(M?) = 2¢&|
as we found in Eq. (14.23).
Note that even though SUSY is spontaneously broken, the gauge symmetry

remains unbroken because at the minimum of the potential, ¢ = 0. We therefore
have a potential that corresponds to Figure 14.2.

Case £/g >0

In this case, the potential is minimized for

|¢|=\/g
q

and the potential at the minimum vanishes, i.e.,

Vmin =0
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SUSY is therefore unbroken, but since the minimum of the potential occurs for a
nonzero expectation value of the field, the gauge symmetry is broken spontaneously
(we are in the situation depicted in Figure 14.3). This is clear because the kinetic
energy of the scalar field is D*¢ DMQBT, which contains the term ¢> ArA, b'o.
Therefore, at the minimum of the potential, the gauge field acquires a mass equal
to 2 g £. A more detailed analysis reveals that the imaginary part of the scalar field
has been eaten by the gauge field, whereas the real part acquires a mass equal to
the mass of the gauge boson.

14.8 Second Example of D-Type SUSY Breaking

Now we will consider an example where (D) = 0 and (F) = 0 cannot hold simul-
taneously. The simplest model in which this occurs is supersymmetric QED [see
Eq. (13.55)] with a Fayet-Illiopoulos term. The superpotential is W =m &, &;.
Using Eq. (14.3), we find

D=c|fl* — el — & (14.25)
It is clear that we can find (nonzero) values of the scalar fields to make this vanish,

no matter what the sign of £ is.
Now consider the expressions for the F/ and Fg :

. EAY -
Fl= —— — — 2
c= g = ¢
Fm—md, (14.26)

These two can be set equal to zero if we simply take (f)e = (f)@ = 0, but then (D) is not
equal to zero! Conversely, if we choose values of the scalar fields such that (D) = 0,

the expectation values of the FiT are not zero. Therefore, SUSY is spontaneously
broken.
The potential is given by

- - 1 - -
V= m(16el” + 18el”) + 5 (e |del* — e gl — £)’
- - 1 - - 1
= (m* — e&)|Pe|* + (m* + e&)|¢e|* + 3 (e1Gel® — e1de?)” + 3 g2 (14.27)

We will take & to be positive. The minimization of the potential depends on the
sign of the quantity m? — e£&. We will only consider m? — e£ > 0, in which case,
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all the terms in Eq. (14.27) are positive, and the potential is obviously minimized
for ¢, = ¢, = 0, so the gauge symmetry is unbroken. The value of the potential at
its minimum is Vi, = %5 2,

The masses of the scalar can be read directly from Eq. (14.27) because there are no
bilinear terms in the two scalar fields. The squared masses then are simply m? + e£.
It is also easy to check that the electron mass is unaffected by the spontaneous
breakdown of SUSY and therefore remains equal to m.

We can now check that Eq. (14.24) is indeed satisfied. The left-hand side is
equal to

STr(M?) = m? + e + m? — e —2m*> =0

This indeed agrees with the right-hand side because the sum of the charges is equal
to zero!

Now comes the kicker. The MSSM contains the hypercharge abelian gauge
symmetry, so one could have hoped to use a Fayet-Illiopoulos term to generate
spontaneous SUSY breaking, but, as is the case in the standard model, the sum of
the hypercharges of all the particles is zero (which is required to ensure cancellation
of anomalies).

Therefore, in the context of the MSSM, D-type SUSY breaking suffers from the
same problem that we had with F-type breaking: since the supertrace is zero, light
sleptons and squarks are predicted, in conflict with experiments.

We therefore must look somewhere else for an explanation of SUSY breaking.

14.9 Explicit SUSY Breaking

Since there is no (yet) known phenomenologically viable mechanism to sponta-
neously break SUSY in the MSSM, the only option left is to break it explicitly,
i.e., by adding by hand terms that violate the symmetry. Of course, if we do this
haphazardly, we will lose the feature that got us excited in SUSY in the first place:
the cancellation of quadratic divergences. We have to be more subtle. We must look
for SUSY-breaking terms that will not spoil this cancellation. Such terms are said
to break SUSY softly. To see how this can be done (if it is possible at all), it is
instructive to get back to the Wess-Zumino model and to have a closer look at the
cancellation of divergences we worked out in Chapter 9.

The Wess-Zumino model was given, in Majorana form, in Egs. (8.69) through
(8.71). There is a lot of symmetry in this lagrangian: All the particles have the same
mass, and that mass also appears as a coupling constant in the cubic interactions.
In addition, the same coupling constant g appears in all interactions. What we want
to understand is which of these features are absolutely necessary for the quadratic
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divergences to cancel. To do that, let us rewrite the lagrangian with distinct masses
and coupling constants in all the terms. We then write the free lagrangian as

1 1 1 1 1
5 ADA = il A S0, BB — Sy B 4 S Wiy 0 — m,) Wy

while we represent the interactions by

L= —%ng“—g%Asz— %giB“
Lp=—-m,g4 Ad — m, gs A B?
Liz=—8AVyW¥y

Liy=—igr BV yysWy

Note that we have chosen to set the parameter m that appears in L, equal to the
mass of the fermion, which we can obviously do in all generality because we have
introduced the arbitrary coupling constants g4 and gs.

Unbroken SUSY corresponds to

=mg 81,---,871=8

Of course, what really matters is the relationship between the coupling constants,
not their absolute values. So we shall fix one of them to be equal to g and then
parametrize the breaking of SUSY by how much we can allow the other coupling
constants to deviate from their supersymmetric value, which is also equal to g.

Itis a simple matter to go back to the calculation of the B propagator of Chapter 9
and keep track of the masses and coupling constants appearing in each diagram. In
that chapter, all quadratically divergent integrals were proportional to the integral
1;. Since we are now keeping track of the masses, let us have a closer look at this
integral. It is given by

d*p o—iD-=) i i d*q 1
2m)4 p2—m% +ie p?—m% +ie Q2m)* g% —m? —ie

I =

where m may either be m,, m,, or m,. However, the quadratic divergence arising
from I is independent of the mass m. The logarithmically divergent contribution and
the finite piece do depend on m, but since we are concerned only with maintaining
the cancellation of the quadratic divergences, we may safely set to zero the mass
m in Id.
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Let us look at the tadpole diagrams that contributed to the one-loop correction to
the B propagator. Going through the calculation we performed in Chapter 9 while
keeping track of the masses and coupling constants, it’s easy to find

2 d
qua
2 Id

m

A

A tadpole (Figure 9.9) = 6i g4 g5

2
m
B tadpole (Figure 9.8) = 2i g? — I;“ad
m
A
2
F I;uad

m
Fermion tadpole (Figure 9.10) = —8i g5 g6 —
m

A

where [ Suad denotes the quadratically divergent term in /;, which is independent of
the mass of the particle circulating in the loop as we discussed earlier.
For these quadratic divergences to cancel out, we must impose

3ga+g5=4gs (14.28)

Imposing the cancellation of the quadratic divergences in the one-loop tadpole
corrections to the A propagator leads to the same result.

The first thing to observe, and probably the most surprising, is that there is
no condition on the masses of the scalar particles! This is surprising because the
degeneracy in the masses in a multiplet is a trademark of unbroken SUSY, so one
might have expected it to be necessary for the cancellation of quadratic divergences.
What we have shown, at least in one simple case, is that this is not so. It turns out
that this remains true for all processes and to all orders of perturbation theory (see
Ref. 47 for more details).

The key point is that we could add arbitrary corrections to the scalar masses, i.e.,

Lsg = 8m, A*> + 8m, B*

where SB stands for “soft breaking.” These terms obviously break SUSY because
they lift the degeneracy of the masses in the multiplet, but they break it softly
because they do not ruin the cancellation of quadratic divergences.

The fact that we may change the mass of the scalars is excellent news for phe-
nomenology because we can make the scalar partners of known fermions as massive
as we wish, thereby avoiding the problem of light scalar particles encountered in
our models of spontaneous symmetry breaking. Of course, this is not so nice from
a theoretical point of view because it introduces new parameters and makes the
theory less predictive.
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We also see that we have much more freedom with the coupling constants g;
than unbroken SUSY allows. Let’s set g¢ equal to g. Condition (14.28) then is

3gat+gs=4g (14.29)

whereas unbroken SUSY implies that g4 = gs = g. The general solution to
Eq. (14.29) is obviously gs = 4 g — 3 g4 with g4 arbitrary. Let us write g4 as

84 =8+ 084

where §g4 represents the difference of g4 relative to the unbroken SUSY value,
g4 = g. Then g5 = g — 3 6g4 and the sum of interaction lagrangians L, and L3 is

—gAW Wy —m, g (A>+ AB?) —m, 8g4 (A> =3 A B?)

The first two terms are interactions that were present in the Wess-Zumino model.
What we have shown is that we may add the combination of fields A*> — 3A B? times
an arbitrary constant with dimension of mass without spoiling the cancellation of
quadratic divergences, at least in this particular calculation. This interaction thus is
a soft SUSY-breaking term.

Actually, it is now obvious why this does not generate any quadratic divergences
in the tadpole diagrams. Consider the contribution of this soft SUSY-breaking
interaction to the one-point function of the A field, to one loop:

(OIT (A(x) A3(z) — 3A(x) A(z) B2(2))10) (14.30)

Both terms lead to a quadratic divergence, but there are three ways to contract the
fields of the first term, whereas there is only one way to contract the fields of the
first term, so the two cancel out.

The expression A*> — 3 A B2 does not look very pleasing, until one realizes that
it takes a strikingly simple form when expressed in terms of the original complex
scalar field ¢ = (A + i B)/~/2. Indeed, one finds that this combination is simply
proportional to

A —3AB? x (¢° +hc.)

In other words, this soft SUSY-breaking term is simply a cubic interaction of the
complex scalar field (plus its hermitian conjugate, to get a real lagrangian).
Let’s introduce a new constant ém through

—m, 8g4(A> —3 AB? =6m, (¢* +h.c) (14.31)
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so that our soft SUSY-breaking lagrangian now contains three terms:
Lsg = 8m, A+ 8m, B> — m, (¢° +h.c.)

It is also possible to rewrite the mass corrections in terms of the complex scalar
field ¢ as follows:

dm> A> + 8m> B* = (8m> + dm>) ¢'¢p + (8m> — 6m>) (¢ + h.c.)
= om> ¢plp + 5m? (¢ + h.c.)

To summarize, we have found that if we modify the Wess-Zumino lagrangian
by adding the following SUSY-breaking terms:

Lwz = Lwz +8m% ¢'p +3m> (¢¢ +h.c) +6m,(¢° +hec)  (14.32)

the cancellation of the quadratic divergences is not spoiled, at least in the tadpole
diagrams and to one loop. Of course, this is a very special case, but it can be shown
that it remains valid to all orders of perturbation theory and in all processes)

Are there other soft SUS Y-breaking terms? If we look at the nontadpole diagrams
of either the A or the B propagator, we obtain other combinations of fields that do
not spoil the cancellation of the quadratic divergences, but it turns out that those
results are not valid to all orders of perturbation theory and in all processes. In
other words, although those terms break SUSY softly in the one-loop corrections
to the scalar field propagators, in general, they spoil the cancellation of quadratic
divergences. For example, the quadratic divergences of the nontadpole corrections
to the A propagator still cancel if we introduce an interaction proportional to the
combination

A*— 6 A% B?
However, this introduces a quadratic divergence in the one-loop B propagator: The

A* term does not contribute (it gives a disconnected diagram), but the term —6A% B>
gives a contribution, i.e.,

—6/d4z Dp(x —2) Dp(y —2) Da(z — 2)

that is proportional to the quadratically divergent integral I, [see Eq. (9.16)].
So what are the general conditions for an interaction to break SUSY softly?
A necessary condition for a term to break SUSY softly is that it must be
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superrenormalizable; i.e., it must be of dimension 3 at most (ignoring any overall
constant). The interaction M ¢ is superrenormalizable, but A* — 6 A2 B? is not.
However, it turns out that this is not a sufficient condition. Consider the interaction

me* ¢t +he. = % (A3 + A B?) (14.33)

This is superrenormalizable, yet it introduces quadratic divergences [e.g., the con-
tribution of Eq. (14.33) to the one-point function of A is quadratically divergent,
which is obvious after the discussion following Eq. (14.30)].

So what are the possible terms that break SUSY softly? It turns out that for a
theory containing only left-chiral multiplets, there are two possible types of con-
tributions:

e Mass terms for the complex scalar fields ¢;.

¢ Interactions among the ¢; that are both superrenormalizable and holomorphic
in ¢, i.e., dependent on ¢; only, not on gbj . This last criterion is the reason
why ¢° breaks SUSY softly but ¢>¢ ' does not.

Apart from a term linear in ¢, we see that Eq. (14.32) contains all the possible
soft SUSY-breaking terms for a theory with a single chiral multiplet. Note that the
allowed terms are exactly of the same form as those that are permitted to build
a supersymmetric theory in terms of the superfield ®! Indeed, the most general
lagrangian we can build out of left-chiral superfields ®; is the sum of CDITQDI» and
a holomorphic function of the ®; with a maximum of three superfields (plus the
hermitian conjugates). This is, of course, no coincidence. The proof is very similar
to the proof of the renormalization theorems mentioned in Chapter 9, which them-
selves rely heavily on special properties of holomorphic interactions. The proof is
beyond the scope of this book, but details can be found in Refs. [5], [43], and [47].

For theories with gauge fields, there is one more type of soft-breaking term
available:

¢ Mass terms for the gauginos, the fermion superpartners of the gauge bosons.

As usual, we take A to represent the gauginos. In the case of an abelian gauge
theory, we would add the photino mass term

1 oo
) Smy (h-A+X-2) (14.34)
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For a nonbelian gauge group, there is a gauge group index on the gauginos, so the
expression in parentheses must be replaced by A - A* 4 h.c. The obvious question
is: If we start adding terms that break SUSY softly, what is the justification for not
including all types of SUSY-breaking terms, losing all the benefits of SUSY? The
conventional wisdom is to assume that there is a “hidden (or shadow) supersym-
metric sector” composed of particles that are almost completely decoupled from the
particles of the MSSM (to be presented in Chapter 15), interacting with them only
through some “messenger interaction.” In some models, this messenger interaction
is gravity, whereas in other models, it is a gauge interaction.

Furthermore, it is assumed that SUSY is spontaneously broken in this hidden
sector. One then can show that with appropriate conditions on the lagrangians,
the messenger interaction can “communicate” the SSB of SUSY in the hidden
sector to the particles’ MSSM in such a way that only soft SUSY breaking is
generated in the “visible sector” of the MSSM. When the messenger interaction
is gravity, this mechanism of SUSY breaking is known as gravity-mediated SUSY
breaking (also called SUGRA-mediated SUSY breaking, where SUGRA stands for
“supergravity”’). When the messenger interaction is a gauge interaction, the breaking
of supersymmetry is also called gauge-mediated SUSY breaking. Another popular
mechanism, in which there is a particular coupling of the hidden and visible sectors
is referred to as anomaly-mediated SUSY breaking. The study of these mechanisms
is beyond the scope of this book. The interested reader is invited to consult Refs. [8],
[43], and [47] and the references therein for more details.

Let us conclude this chapter by mentioning another completely different mech-
anism of SUSY breaking that we haven’t touched on at all in this chapter. We have
only discussed SUSY breaking through the effect of the fundamental fields present
in the theory. It is possible, however, to construct scenarios in which SUSY is bro-
ken by condensates of the fields (in the same spirit as the technicolor models). The
references already cited discuss such scenarios of dynamical symmetry breaking.

14.10 Quiz

1. Why is it not possible to have D-type breaking for a nonabelian gauge theory?
2. What makes F-type breaking unappealing phenomenologically?

3. Whatis the condition on the potential to have spontaneous symmetry breaking
of a gauge symmetry but no SSB of SUSY?

4. When is the supertrace equal to zero?
5. What is a goldstino?



CHAPTER 15

Introduction

to the Minimal

Supersymmetric
Standard Model

15.1 Lightning Review of the Standard Model

Itis assumed that you, the gentle reader, are already familiar with the basic structure
of the standard model at the level of an introductory course on particle physics. We
will nevertheless review it very briefly in case your class was at 8:30 in the morning
and you slept through part of the semester. This review also will serve the purpose
of introducing some notation that will carry over to the minimal supersymmetric
standard model (MSSM).
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The standard model is based on the gauge group SU(3),. ® SU(2), ® U(1),.
This means that all the terms of the lagrangian must be invariant under this
symmetry. The symmetry is broken spontaneously via the Higgs mechanism
to the subgroup U(1)., ® SU(3).. The fermions of the theory, as well as the
scalar Higgs field, transform in the fundamental representations of the unbroken
group (more about this below), whereas the gauge bosons transform in the adjoint
representations.

The terms in the lagrangian can be grouped into the following five categories:

¢ The kinetic terms of the fermions

The kinetic terms of the gauge bosons

The kinetic term of the Higgs boson

The Higgs potential

The Yukawa terms coupling the Higgs field to the fermions

Here, by kinetic terms, we mean the expressions made gauge-invariant by replacing
the partial derivatives with the proper gauge-covariant derivatives (we will be more
specific soon).

This is it. There are no mass terms; all masses are generated through the Higgs
mechanism. The Higgs mechanism is a complex doublet, so it has four degrees of
freedom. On spontaneous symmetry breaking, three of these degrees of freedom
become the longitudinal modes of the W* and Z, which become massive, leaving
a single Higgs scalar particle. The masses of the fermions are also generated by
spontaneous symmetry breaking (SSB) via the Yukawa terms. The standard model
does not include neutrino masses, so we already know that it must be modified
to accommodate such terms, but this can be done in a straightforward manner
(although it depends on whether the neutrinos are Majorana or Dirac particles).
The MSSM is also written without neutrino masses, and again, these can be added
easily. We will not include neutrino masses in our presentation of the MSSM.

Before writing down the standard model (SM) lagrangian, one must first specify
the quantum numbers of the fermions and Higgs bosons. This then determines how
these fields can be coupled together and what their kinetic terms will look like.
The standard model is a chiral theory in the sense that part of the theory, the weak
interaction to be more precise, treats left- and right-chiral states of the fermions
differently. In other words, the SU (2), quantum numbers of the left- and right-chiral
states of the fermions are different.

The Fermions: Quantum Numbers and Kinetic Energy Terms

Let’s be more specific. The rest of this section is not only useful as a review of
the standard model, but it is also a good preparation for construction of the MSSM



CHAPTER 15 Introduction to the MSSM 353

because in both cases the key difficulty is in assembling terms that are invariant
under the unbroken gauge group.
The kinetic term of the fermions is always of the form

Wiy" D,V

with the explicit form of the gauge-covariant derivative D,, depending on the quan-
tum numbers of the fermion field W.

Consider the right-chiral electron state 7, (it is understood that we will be using 1
for right-chiral states and y for left-chiral states). The quantum numbers of this state
under SU(3), ® SU(2), ® U(1), are 1,1, —2. A particle with quantum number
1 under SU (3),. is said to be a singlet under the color group, and this implies that
it does not transform at all under that gauge group. It is therefore “blind” to the
color force. We see that it is also a singlet under SU(2), and therefore also blind
to the weak force. On the other hand, it interacts via the U (1), force because its
hypercharge [the quantum number of association with the U (1), group] is —2. For
particles that are singlet under SU (2),, the hypercharge is given simply by twice
the electric charge of the particle, i.e., Y = 20.

Note that interpretation of the quantum numbers for the abelian group U (1), and
the nonabelian groups SU (3),. and SU (2), is different in one important aspect: A
particle that would be blind to the U (1), force would have an hypercharge of
0, not 1. For this reason, we will distinguish the quantum numbers of the two
nonabelian groups from the hypercharge by writing the former in boldface. This is
also convenient to remind us of the order in which the quantum numbers are given
(i.e., hypercharge last).

Now let us see what this tells us about the kinetic term of the n,. First, let’s
emphasize that all the terms in the SM lagrangian are written in terms of four-
component Dirac spinors. In order to isolate the right-chiral state of the electron,
we must apply a projection operator Pg to the Dirac spinor W,, i.e.,

lI"eR =P R \Ije
The kinetic energy term therefore is

W, iy"D,V,,

For a field singlet under SU (2), and SU (3),. and with a hypercharge Y, we take
the covariant derivative to be

Y
D,=0,+ig EBM(X)
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where B, (x) is the gauge field associated with U(1),, and g’ is its coupling con-
stant. Be aware that another popular convention is to use Y instead of Y /2, in which
case all the hypercharge assignments are half the values we have with our present
convention. Also, many authors use a negative sign for all the gauge field terms ap-
pearing in covariant derivatives. To translate equations written with one convention
into the other convention, one simply has to switch the signs of all the coupling
constants.

For the field W, ,, which has a hypercharge of —2, this gives

(3]
DV, = (3, —ig B,)V.,

Consider now the left-chiral fields W,, and ¥, ,. These form a doublet under
SU(2), that we will denote by W, (where the subscript L means both lepton and

left-handed). To be explicit,
W
W, = Vel
= ()

where ¥, ; = PV, and ¥, = Pp\W,. The choice of the order (neutrino up and
electron down) comes from the requirement that the difference Q — 75 must give
the same value for both components. The quantum number 73 of a state is defined
as the eigenvalue of the matrix t3/2 when applied to that state (73 is simply the
third Pauli matrix; the reason for this new notation will be explained below). Thus
the particle at the top has 75 = 41/2, and the one at the bottom has 75 = —1/2.
We see that Q — T3 is equal to —1/2 for both of them.

The hypercharge of an SU (2) doublet is given by ¥ = 2(Q — T3), so it is equal
to —1 for the L, doublet. This is obviously a singlet under color SU(3) because
leptons do not interact via the strong force. The complete list of quantum numbers
of W, thereforeis 1, 2, —1.

The gauge-covariant derivative of this field then is

. g/
W,;—iEBM) vy

.L_i

DV, = <8H +ig >

where the three Wli are the SU (2), gauge fields and we have used ¥ = —1.
The matrices t; are simply the Pauli matrices o;. The reason for using a different
notation here is to emphasize that the t; are acting on SU(2), doublets, not on
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two-component Weyl spinors. If we write this covariant derivative explicitly, we get

ig Ws3 Wlu — iWZM ig’ 1 0
DM\IJL = aﬂ + = . - _Bp, lI”L
2 WIM + lWZ# _W3M 2 0 1

(15.1)

Next, let’s look at the kinetic energy of the up and down quarks. The left-chiral
components of these two quarks are combined into an SU (2), doublet with quantum
numbers 3, 2, 1/3. The first quantum number, 3, tells us that they transform under
the triplet representation of SU(3)., which is the fundamental representation for
that group. We may represent this doublet by the shorthand notation

vy
ve.= (3)
L

where the index 1 is simply a reminder that these are the quarks of the first gener-
ation. The color indices are not shown explicitly.
The gauge-covariant derivative of fields with quantum numbers 3, 2, 1/3 is

a

oA T g
DYy, = 8M+lgS7GM—|—lgEWM+1gBM Vo,

where the GZ are the gluon fields, the A* are the Gell-Mann matrices, and the index
a runs from I to 8. The gluon fields are often denoted by A7 in the literature, but we
will reserve the symbol A,, for the photon field. Of course, if the SU (3),. indices
are shown explicitly on the gluon fields, there is no danger of confusion, but it is
convenient to sometimes not show these indices explicitly, as we will do in the next
section.

To complete the list of fermions of the first generation, we still need to include
the right-chiral states of the up and down quarks W, and W,,. These are SU(2),
singlets and color triplets, and the hypercharge assignments are ¥ = 4/3 for ug

and Y = —2/3 for dg, which leads to the following covariant derivatives:
oA 28
DlllIJMR: BH—{—lgs ?GM—J’-lTB'u \IJ,,,R

P
DM\I’dRZ 8M+lgs?Gﬂ_l§Bu lpa’]\,
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Kinetic Terms of the Gauge Bosons

The gauge-invariant kinetic energy terms of the U (1),, SU (2),, and SU (3). gauge
fields are, respectively (see Section 10.3 for a review of nonabelian gauge theories),

L

GB

1 v 1 v 1 v
=3 F"Fu =3 Tr(W,., W) — 3 Tr(G ., G™)
where

F,, =0d,B,—9,B,
W;w = a;LWV - aqu —ig [W;u W]
G;w = 8;/.Gv - avG//, —igs [G;/.a G,]

The weak bosons and gluon fields appearing in those equations are, of course, the
matrix-valued quantities:

Wit

W, "y

G,

a )\'a
Gy~

Unfortunately, we are using the same symbol, ¢, for the Gell-Mann matrices and for
the spin components of the fermion superpartners of the gauge fields, the gauginos
A%, but the context is usually clear enough to avoid any confusion.

Kinetic Term of the Higgs Field

Consider now the Higgs field H, which has quantum numbers 1, 2, 1. It is a singlet
with respect to the color group, so it does not interact directly with the gluons (there
are, of course, indirect interactions, i.e., interactions through loop diagrams), and
itis an SU(2), doublet that we will write as

H+
i~ ()
where each of the fields H* and H° are complex scalar fields, and the labels indicate
their electric charge. The kinetic term is given by

(D"H)'D, H (15.2)
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where D, is the gauge-covariant derivative corresponding to the quantum numbers
given above, namely,

i /
D H = (% +ig W, + i%Bu) H (15.3)

Interaction Terms

Let us now turn our attention to the interaction terms. The interactions between the
gauge bosons and the other fields (fermions and Higgs) all arise from the gauge-
covariant derivatives listed earlier. The self-interactions of the nonabelian gauge
bosons are all contained in their kinetic terms.

We’ll turn our attention now to the interactions between the fermions and the
Higgs field, which are all given by Yukawa terms. Let’s first restrict our attention
to the fermions of the first generation; the generalization to all three generations
will be straightforward.

The Higgs field is an SU(2) doublet, so it must be combined with another
SU(2) doublet to give a quantity invariant under SU (2) transformations. On the
other hand, it is a color singlet, so it must be combined with a color singlet (i.e.,
a color-invariant). Finally, it has a hypercharge of 1, so it must be combined with
a quantity with hypercharge —1. To summarize, the Higgs field must be coupled
with a quantity that has quantum numbers 1, 2, —1. We therefore need to build a
quantity out of two fermion fields that have these quantum numbers.

Let’s first consider only the leptons. One possibility is the combination

W, W (15.4)

€R

This is an SU(2) antidoublet (because of the hermitian conjugation) and a color
singlet. Taking into account the fact the Dirac conjugate

U, =Wy (15.5)
changes the sign of the hypercharge (because of the hermitian conjugate), we see
that Eq. (15.4) has hypercharge 1 — 2 = —1 and therefore has all the right quantum

numbers to be coupled with the Higgs field in a gauge-invariant manner. A gauge
invariant interaction is therefore

W, HY,, (15.6)
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We must, of course, multiply it by an arbitrary constant that we will call y,,
the Yukawa coupling for the electron field (do not confuse Yukawa couplings,
represented by lower case y, with the hypercharge assignments, denoted by capital
Y). This constant is dimensionless because Eq. (15.6) has dimension 3/2 + 1 +
3/2 = 4. We also must add to Eq. (15.6) its hermitian conjugate to get a real
contribution to the lagrangian of the standard model. The final result is that we
must include the following contribution to the standard model:

yW HY,, +h.c.

On SSB, this term generates the electron mass.

There is also a Yukawa coupling between the Higgs field and the quarks. A quark
combination that has quantum numbers 1, 2, —1 is EQI@,R, so we have a second
gauge-invariant Yukawa term to write:

yaVo, HY,, + hec. (15.7)

After SSB, this term will generate a mass for the down quark.

In order to obtain a mass for the up quark as well, we must find a way to couple
the Higgs field with Wy, and W¥,,,. This works okay with respect to the SU(2) and
SU(3) quantum numbers, but we run into trouble with the hypercharge. A term
Wy, HY,, has a total hypercharge of —1/3 + 1 +4/3 = 2, so it is not invariant
under U(1),. The solution is to use the fact that the quantity ito H T transforms
the same way as H itself under SU (2)., i.e. as a doublet (see for example Section
12.1.3 of Ref. 2). This quantity therefore has quantum numbers 1, 2, —1 so the
interaction ‘I’Q AT H Ty, . 1S gauge invariant.

We will have to combine SU(2) doublets using the matrix it, very often in
the SM and in the MSSM, so it would be nice to have a shorthand notation for
this product. Some authors write WQLirzH T simply as EQL - H'T (or, rather, as
GQL - H*) but this might be mistaken for the spinor dot product notation we have
introduced in chapter 2. Others actually leave out the i 1, altogether, which is even
more confusing.

To make the notation as clear as possible, we will introduce the following explicit
(but nonstandard) definition

W, inHT =W, o HIT

From now on, whenever you encounter the symbol o, it will appear between two
SU(2) doublets and will mean that a matrix i 7, must be inserted there.



CHAPTER 15 Introduction to the MSSM 359

Using this notation, our third gauge invariant Yukawa term is
yuWo, 0o HT W,, +h.ec. (15.8)

Recall that by H'T, we mean the column vector whose components are the
Hermitian conjugates of the fields, i.e.,

i (H+)T
i = (o )
H-
- (i)

The fact that we absolutely need H ' as well as H to obtain masses for the quarks (af-
ter SSB) in the standard model will have profound consequences when we consider
its supersymmetric extension.

The next step is to generalize the Yukawa interactions to three generations:

Lo, =y7 (W) HW,,) + 5] Wo,)iHWg,);

Lo (15.9)
+ v (Wo,)io HTT(‘IJQR)j +h.c.

where it is implicit that the subscripts i and j label the generations.

The Higgs Potential

The only thing missing is the Higgs potential. It is conventionally written as
V(H)=—-u>H'H + AM(H'H)? (15.10)

and the constants u” and A are chosen to be positive in order to generate SSB. We
now turn our attention to SSB in the standard model. This is a very useful warm
up in preparation for the study of symmetry breaking in the MSSM, which is much
more involved than in the standard model.
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15.2 Spontaneous Symmetry Breaking
in the Standard Model

Spontaneous symmetry breaking in the standard model is very simple; one can see
by simple inspection that Eq. (15.10) has a minimum at the condition that both A
and p? are positive real numbers and that the minimum occurs when the fields have
a vacuum expectation value (vev) given by

(HYH) = v withy = ——

V21

We may always use an SU (2) transformation to bring the vev of H in the standard

form, i.e.,
0
<H>min - (V >

In another popular normalization, the vev is instead defined as

15.11)

S

The next step is to define a shifted field H, i.e.,
H(; = H() -V

thathasazerovev,i.e., (H)) = 0. We now replace Hy by H; + v inthe kinetic energy
of the Higgs field, [Eq. (15.2)]. The gauge-covariant derivative D, H becomes

H* 0
DMH=DM<H6>+DM <v) (15.12)
with D, given in Eq. (15.3). To be explicit, the second term of Eq. (15.12) is
o (O) Z 1V (8Wi—ig Wy,
"\v) 2 \—gWs.+g By,

Inserting this into the kinetic energy term of the Higgs [Eq. (15.2)] and writing
down only the terms bilinear or quadratic in the gauge fields, which will contribute
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to the masses of the gauge bosons, we get

2 2

1% 1%
Lyvcs = Zgz (Wi + W) + 5 W - ¢ B)? (15.13)

We finally introduce the W* and Z gauge fields by defining

1
Lyvce = my WHW, + EmZZZMZ“

with
2 + +1 V2g2 2 2
my, WHWIH = T(W1 + W53)
v? 82 . Kl
= T(Wlu +i Wa, ) (W] —i W)
We define
1
Wi=— Wy xiWy)
V2

where the factor of 1/+/2 is simply a normalizing factor. This identification then
implies the important relation

mi, (15.14)

B Vzgz
)

In addition, by considering weak interactions involving the W bosons at small
energies, one can relate the ratio g2/ m%v to Fermi’s constant G . The explicit
relation is

2
8 Gr
s _ (15.15)
8m3, 2
Let us turn our attention to the Z boson. We define
lm2z 7" = ﬁ( W5 — g'B)? (15.16)
Mz on =72 gW3 — g .
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so that Z is proportional to the combination g W3, — g’'B,,. Normalizing, we there-
fore have

1
Zy = —=——=(8Ws. — ¢'By)

NrET

Using this in Eq. (15.16), we get a relation for the mass of the Z:

2
v /
my = (" +¢) (15.17)

Obviously, the linear combination orthogonal to Z,, is massless. This corresponds
to the photon field:

1
Nr

It is conventional to introduce an angle relating the two coupling constants called
the Weinberg (or weak) mixing angle 6y through the relation

A, = (8'Ws,. + gB,)

tan Oy = g
8
This implies
cos By = S
Vet
. g
sinfy = (15.18)

/g2 + g/
in which case the Z and photon fields take a nicer form:

Z,, = cosOy W3, —sinfy B,

A, = sinfy W, + cos Oy B,
Inverting those relations, we find

W3, = cosOwZ, +sinfy A,

B, =cosOwA, —sinbyZ,
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Particles couple to the B, with a strength g’; therefore, they will couple to the
photon field A, withastrength g’ cos 6,,, which, by definition, is the electromagnetic
coupling constant e, i.e.,

e =g cosfy (15.19)

Applying the same reasoning to the W3, we also get

1320

We also could have obtained Eq. (15.20) directly from Eq. (15.19) using the defi-
nition of the Weinberg angle.
Note that from Egs. (15.17), (15.13), and (15.18), we get

myy = COS mez

so these three parameters are not independent. This relation is often expressed in
terms of the so-called p parameter, defined as

2
My

p=— (15.21)

m> cos? Oy

which is therefore equal to 1 at tree level. This prediction of the standard model
is confirmed experimentally and is a key test of the gauge structure and pattern of
symmetry breaking of the theory. One of the challenges of theories “beyond the
standard model” is to reproduce this result.

Let us summarize the situation regarding SSB in the gauge sector of the standard
model. The lagrangian contains four parameters: g, g’, u and A. Physical results
depend only on g, g/, and the combination p/+/24 = v. These three parameters
can be expressed in terms of any three measurements among G, e, Mz, My, and
Ow. In using these relations, one must keep in mind that coupling constants run
with energy, so one must be careful to use all values evaluated at a common scale.
We will discuss the running of coupling constants and the measured values of the
standard model parameters more in Section 16.5. Here, let us simply mention that
experimental results can be used to calculate

v & 174 GeV
g~ 0.651
g ~0.357



0 e Supersymmetry Demystified

where all values are evaluated at the Z mass. With the normalization (15.11), we
have ¥ ~ 246 GeV, which you may have seen quoted in the literature.

Now we turn our attention to the MSSM. But before doing this, a short comment
about notation is in order.

15.3 Aside on Notation

In writing down the MSSM, we are going to use a notation that will be the obvious
generalization of the one introduced to describe supersymmetric quantum electro-
dynamics (QED) in Section 13.6. If you haven’t covered that section yet, or if it
has been quite a while, it would be a good idea to read (or reread) it before tackling
the MSSM. To summarize,

e We will work only with left-chiral Weyl spinors. The right-chiral particle
states are traded off for the corresponding left-chiral antiparticle spinors.

¢ We will use calligraphic capital letters for all the superfields (£, F, U, etc).
This will make it easier to distinguish superfields from “ordinary” fields (i.e.,
fields that are functions of spacetime only).

e All the scalar fields appearing in left-chiral multiplets with one exception,
will be represented by ¢ (with labels indicating which multiplet it belongs
to). The exception will be for the Higgs scalar fields, which will be denoted
by H (with some labels). All the left-chiral Weyl spinors will be denoted by
X, and all the auxiliary fields will be written as F', with appropriate labels.

e The gauge fields will be denoted by the same symbols as in the standard
model: By, for the hypercharge gauge field, A}, for the color fields, and Wli for
the weak SU (2) fields. Their supersymmetric left-chiral Weyl partners will be
denoted by A with appropriate labels (see next section), and the corresponding
auxiliary fields will be written as D.

¢ A bar over the name of a particle denotes the corresponding antiparticle. For
example, y; is the left-chiral state of the anti-up quark.

e We will use a tilde over the symbols of supersymmetric partners of known
particles, which are all particles that haven’t been observed yet. For example,
éa is the scalar SUSY partner of the left-chiral anti-up quark, and X? will be
the eight spinor partners of the color gauge fields.

There is no universal standard for the notation used in presentation of the MSSM.
The notation introduced here has been chosen to maximize clarity, hopefully.
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15.4 The Left-Chiral Superfields of the MSSM

We are now ready to construct the superfields of the MSSM. An important point
is that as we saw in Chapter 10, supersymmetry (SUSY) transformations commute
with gauge transformations. This implies that all the fields making up a SUSY
multiplet must have the same quantum numbers under SU (3). x SU(2), x U(1),.
This is a key observation.

As mentioned several times, we trade the right-chiral particle states for the left-
chiral antiparticle states. Let’s start with the left-chiral positron state xz, which has
quantum numbers 1, 1, 2. Note that the sign of the hypercharge is opposite to the
one of the left-chiral electron spinor x,.. The corresponding superfield is identical
to the one we used in the supersymmetric extension of QED (see Section 13.6),
with the difference that we will use a numeral to refer to the generation to which
the corresponding component fields belong, i.e.,

i 1
E1=e+60 o+ 50 0F; (15.22)

The corresponding superfields for the second and third generations will be written
as

~ 1

~ 1
53E¢f+9‘Xf+§9'9Ff

In the MSSM, as in the standard model, there is no right-chiral neutrino field.

Consider now the left-chiral state of the electron. This state is paired up with the
electron neutrino left-chiral state to form the SU (2), doublet of the first-generation
leptons familiar from the standard model:

(%)

with quantum numbers 1, 2, —1. We will write the corresponding superfield as

&U, XU, 1 Fl),
Li=|5)+0- 1+ =6-6 .
: ( Pe Xe) 2 F,
where the index 1 on the lepton superfield refers to the generation. Note that in this

chapter and the next one, a calligraphic £ with a numerical subscript will represent
a lepton superfield, not a lagrangian!
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Now, let us turn our attention to the quark superfields. The superfield containing
the left-chiral anti-up quark will be denoted as

- 1
ul£¢ﬁ+0'Xﬁ+59'9Fﬁ

with quantum numbers 3, 1, —4/3 (again, we are suppressing the color indices).
The superfield containing the left-chiral anti-down quark is

N 1
Di=da+6-xa+50-0F

with quantum numbers 3.1, 2/3.
We also need a superfield containing the SU (2), left-chiral quark, which we

write as
_ (¢ A\ 1, ,(Fu
Q1=($d>+9 (Xd)+29 9<Fd> (15.23)

with quantum numbers 3, 2, 1/3. For the second-generation quarks, the strange and
charm, we of course use D, U,, and L,, and so on.

Note that the superfields &, U;, and D; [which are all SU(2), singlets] contain
the antiparticle left-chiral spinors, whereas the SU (2), doublets £; and Q; contain
the particle left-chiral states.

Consider now the Higgs sector of the MSSM. Here, there is a twist. Recall that in
the standard model we needed the conjugate Higgs field to generate a mass for the up
quark. On the other hand, we have seen in previous chapters that SUS Y-invariant
interactions between left-chiral superfields are obtained from the F' term of the
superpotential, which must be holomorphic in the chiral superfields! Therefore, we
will not be able to use H' to construct SUSY-invariant Yukawa-type interactions,
and some of the standard model fermions will remain massless even after SSB.
This is very bad, so we need to figure out a way to take care of this.

The solution is obviously to introduce a second Higgs superfield, with quantum
numbers opposite to those of the first. This means that the MSSM contains twice as
many Higgs fields as in the standard model. In the standard model, there is a single
SU (2) Higgs doublet of complex fields corresponding to four degrees of freedom.
Three of those are the Goldstone modes that get “eaten” by gauge bosons to make
the W* and Z, massive, leaving a single Higgs particle. In the MSSM, there are
eight Higgs degrees of freedom, three of which also will get eaten, leaving this time
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five observable Higgs particles. We will study the properties of these particles in
Chapter 16.

We therefore introduce two Higgs superfields. The first one will be taken as
having the same quantum numbers as the standard model Higgs field, namely,
1,2, 1. We will call it H,, and write its components as

H+ 5+ 1 F+
Huz(ljb)w-(;"o)Jrie-e(;O) (15.24)

u

As in the standard model, the subscripts indicate the electric charge of the particle,
which can be obtained using, as usual, Q = T3 + Y/2 (with the states in the upper
position having 73 = 1/2 and the ones below having 7, = —1/2). The reason for
the subscript u is that this Higgs generates a mass for the up quark.

Since the second Higgs doublet superfield will have to play the role that Hf
played in the standard model, we must assign to it the opposite hypercharge to H,,.
We obviously take it to be a color singlet. We therefore assign the quantum numbers
1,2, —1 to this second Higgs doublet and write it as

HY 70 1 FO
= ( Hd +9.(1)+-9.9( d 15.25
! (Hd) Xa 2 Fy ( )

The spin 1/2 superpartners of the Higgs are referred to as Higgsinos. The quantum
numbers of the MSSM left-chiral superfields are summarized in Table 15.1.

Table 15.1 Quantum Numbers of the MSSM Left-Chiral Superfields

Superfield SU@3)., SUQ2), UQ),

9 3 2 1/3
H, 1 2 1
Ha 1 2 -1
U 3 1 —4/3
D; 3 1 2/3
L; 1 2 -1
& 1 1 2
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15.5 The Gauge Vector Superfields

We will denote the hypercharge gauge superfield by 5. In the Wess-Zumino gauge,
it can be read off [see Eq. (13.10)] as

i 1 . 1 1
B=200"0Bu+>—=000-% +-—0:003, —26-00-6D, (15.26)

2V2 2V2

| =

For color, we introduce an octet of gauge fields G, as in the standard model,
which means that we must introduce an octet of left-chiral fermions A as well as
an octet of auxiliary fields D“. We use G* to represent the corresponding superfield,
which has the same expansion as Eq. (15.26) with 4, replaced by A% and D, replaced
by D¢ (where the label ¢ stands for color).

It is natural to use W' to represent the SU(2), gauge superfield, which should
not be confused with the superpotential W (with no index). The component fields
are W/, 1!, and D!.

To be honest, we will not do much with any of the component fields just given
and have defined them for the sake of completeness only. So don’t sweat it if all
the notation is confusing; we will be concerned mainly with the superfields.

15.6 The MSSM Lagrangian

We can organize the contributions to the MSSM lagrangian into five categories:

The kinetic energy terms of the leptons and quarks

The kinetic energy terms of the Higgs fields

The kinetic energy terms of the gauge bosons
¢ The superpotential
The SUSY-breaking terms

Let us introduce each type of term in turn.

Kinetic Energy Terms of the Leptons, Quarks, and Higgs
Fields

It is straightforward to write down these terms after our work in Chapter 13. For
example, consider the kinetic energy of the first-generation quark doublet Q;. It is
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given by ®f exp(dgV)®, which here takes the form

(15.27)

1 o
Lyin = QI exP(§ gB+g, G2\ +g erl) 9,

D

where we have used ¥ = 1/3.

We will write the lagrangian explicitly in terms of the component fields, just
to illustrate what kind of interactions are generated. Before doing so, it proves
convenient to assign names to the SU (2), doublets containing the component fields
in Eq. (15.23). To keep things as simple as possible, let’s just use

- 1
le¢+9-x+§9-9F (15.28)
where
- [
p=1 .
¥
and so on.

In terms of these doublets, Eq. (15.27) gives the following lagrangian:

Liin =D, d' D'¢+ix'6" Dy + F' F

V2 . I | .
—?g’wky X——8&ox, x—gg/d)TDycb
15.29)
8 i i 8 5 i 7i _ 83t igpi (
—EWTX )»L—\/—?PTX')&L—E(PTT ¢ Dy
gs TTya a gs T ra = Ta gb" a 7 a
—ﬁqﬁ'xG AC—EMGX-AC—?w,\quDC

where A{; stands for the Gell-Mann matrices and D,, is the gauge-covariant deriva-
tive corresponding to the quantum numbers of Qy, i.e., 3, 2, 1/3.

It is now that all our work on superspace truly pays off. We know that this
complicated lagrangian is supersymmetric by construction. Imagine how difficult
it would be to construct this using the “brute force” approach we followed in
Chapters 5, 8, and 10!
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Consider now the superfield ¢/, with quantum numbers 3, 1, —4/3. The kinetic
term of this superfield is

4
Ekin = U;f CXp(—g g/ B+ 8s g“ ()»a)*> U]

D

= D, ¢! D"¢u +i x\ 6" Duxa + F) Fy

2\/5 =y 2\/5 B 2 ’ 7 7

L e K ALTEP B i VIR S AN

~ B GGy x 0k - S5 () xR - 29T (1) DE (1530)
NG V2 2

The only interesting thing to mention here is that these terms contain the standard
model kinetic terms written in terms of the left-chiral particle and antiparticle Weyl
spinors. For example, if we focus on the SU (3).. kinetic terms for the spinors in
Egs. (15.29) and (15.28), we have

i
ixlah <au +58 A“GZ) Xu+ixi6" (90 — i 8 A)*G) xa
+i X)o7 (B,L + %gx /\“Gji) Xd (15.31)

We showed in Section 10.4 that the first two terms are equivalent to the quantum
chromodynamics (QCD) part of kinetic term for the up quark written in terms of a
Dirac spinor, i.e.,

ENT I aya
AV (Ejﬂ + > gs G A ) v (15.32)
As for the down quark, the kinetic energy for the superfield D will provide

i X36" (3 — i g5 (AW)*G) xa (15.33)

which, when combined with the last term of Eq. (15.31), corresponds to the QCD
part of the standard model kinetic term for the down quark. It’s clear that the
standard model kinetic terms are all contained in our supersymmetric expressions.

We won’t write down the kinetic terms for the leptons and the Higgs superfields
because they are obvious to obtain after our examples above (note that Q is the
most complex case because it is not a singlet under any of the three gauge groups).
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The Kinetic Energy Terms for the Gauge Bosons

These are simply (see Sections 13.5 and 13.7)

1
=_F

EGB 4 Y

1 1
“F | A+ =T (F -F)| +=Te(F. - F,) (15.34)
F 2 L L lp 2 F

where F,, 5’:[_ , and F_ are the field-strength superfields of the U(1),, SU (2)1‘ ,and
SU(3),. gauge fields, respectively. Here, the dot product denotes the usual spinor
dot product (recall that the field-strength superfields are Weyl spinors).

The corresponding expansions in terms of component fields can be found in Egs.
(10.8) and (10.29).

15.7 The Superpotential of the MSSM

Now we are ready to look for the superpotential of the MSSM, which is a function
of these superfields of the theory, i.e., the lepton, quark, and Higgs left-chiral
superfields. This will contain the Yukawa couplings of the fermion with the Higgs
field, as a subset.

What we need is to build something that is an SU(3). x SU(2), x U(1), in-
variant out of the scalar left-chiral superfields. This will automatically be Lorentz-
invariant because these superfields are invariant under Lorentz transformations.
And we will get a SUSY-invariant lagrangian by projecting out the F term, as
usual. So the only thing we have to worry about is to make sure that we respect
gauge invariance.

Again, note how the superfield approach makes it easy to construct supersym-
metric theories! Imagine the difficulty we would be facing if we were working with
the component fields and trying to ensure invariance under SUSY following the
brute-force approach of Chapters 5, 8, and 10! The calculations were already long
when we were dealing with only one left-chiral and one gauge supermultiplet, so
you can imagine the nightmare if we were trying this approach with a theory as
complex as the MSSM.

Let us consider a single family for now. It will be trivial to generalize the super-
potential to three families later on.

Let’s start with the superfield Q;. It transforms as 3 under the color group, so we
must pair it up with something that transforms as 3 in order to get a color singlet,
i.e., a color invariant. We have two possibilities: ¢/; and D;.

Consider first the combination i/; Q;. This has ahypercharge of 1/3 — 4/3 = —1
and is a color singlet and a doublet under SU (2), . We must pair it up with a field
that has a hypercharge of 1 and is a weak doublet and a color singlet. Therefore,
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we are looking for a field with quantum numbers 1, 2, 1. The field H,, fits the bill.
A technical detail we need to know is that the SU (2)-invariant way to couple two
SU (2) doublets is to sandwich between them the matrix i 7,. We have thus found
our first candidate for the superpotential:

U Ql) oH,

which, of course, will have to be multiplied by an arbitrary constant. We are sup-
pressing the color indices but will put in parentheses the superfields which have
color indices that are contracted.

If we now consider D; Q;, with quantum numbers 1, 2, 1, we need to couple this
with a field with quantum numbers 1, 2, —1. This time we have two possibilities:
‘H, and L4, so we can construct the two gauge invariants

(D1Q1) o Ha (D1Q1) o Ly

However, we will see a bit below that the second term will have to be rejected
for phenomenological reasons, and this will force us to impose a new type of
symmetry. But let’s keep going with building gauge invariants. We have exhausted
all the possible terms containing Q.

Consider now terms containing H, but with no Q; (to avoid listing again some
of the terms already found). In other words, we consider only pairing H,, with itself
or with other fields appearing below it in the table.

Consider pairing H,, with itself. H, o H, has quantum numbers 1, 1, 2. We have
one possibility: We can pair it with £ o L;:

Hu (¢] Huﬁl o E]

but the F term of this expression is of dimension 5 (recall that extracting the F
term increases the dimension by 1), so we do not consider it (and is actually zero!
See below).

We also can construct invariants containing only A, and a single other field. To
get an invariant, we need to pair up H,, with a field with quantum numbers 1, 2, —1.
We have two candidates! So it is possible to build two invariants containing only
two fields:

HuOHd HuOEI

There are no other invariants that we can build out of H, (and, again, that do not
contain Q).
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Let us turn to H,;. We can pair it up with itself, in which case we need to multiply
by the & superfield:

Hd (o] Hdgl

but this vanishes identically because for any two-component vector A, we have
AoA=ATinA=0.

‘H, can be paired up with £; to form an SU (2)-invariant. But then, to get the
hypercharge equal to zero, we need to pair them up with &, so we get

51/:,1 OHd

We cannot build any new invariants containing only two of the antiquark super-
fields ¢, and D, because there is no way to make this invariant under SU (3)_. (one
can indeed show using Young tableaux that 3 ® 3 = 3 @ 6). However, it is possible
to build a color singlet out of three 3 representations. Explicitly, the color singlet
is given by

f&uD) 0 1

where we showed explicitly the color indices and f Lf’bc are the structure constants
of QCD.
Consider now L;. Our last possible invariant is

(LyoLy)&

Thus we have uncovered eight gauge-invariant terms built out of the chiral super-
fields. But we have a problem. Some of these terms violate either baryon or lepton
number conservation, and this has nasty implications in terms of phenomenology.
Lepton and baryon number—violating interactions might lead to rapid decay of the
proton (which is not observed) or to large flavor-changing neutral current (such as
unobserved muon decay to an electron and a photon & — ey ). The undesirable
interactions contain unequal numbers of lepton and antilepton fields or unequal
numbers of quark and antiquark fields:

(Di1QD) oLy HuoLy  LioLi&  f™UID] oD (15.35)

The first three violate lepton number conservation, whereas the last one violates
baryon number conservation. The “good” interactions are

U Q1) o'H, (D19Q1) o Hy ELy1oHy HuoHa (15.36)
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Why don’t we have such a problem in the standard model? Well, the standard
model is actually quite special in that respect. The particle content is such that there
are no gauge-invariant interactions that violate lepton or baryon number conser-
vation. Therefore, gauge invariance is what saves the day for the standard model
(although nonperurbative effects are known to violate both symmetries, but only
by extremely small amounts at the energies we can reach in particle accelerators).

Unfortunately, the situation is not as rosy for the MSSM as we just saw. Why
not simply discard the unpleasant terms, then? The problem is that in quantum
field theory, if we set to zero some interaction even though it does not violate any
symmetry of the theory, loop corrections will necessarily reintroduce the offending
term in the lagrangian. One always could fine-tune the bare coupling constants to
set the problematic interactions to zero order by order in the loop expansion, but this
just reintroduces a naturalness problem (actually, several naturalness problems!),
which is what we wanted to avoid in the first place!

So what is the way out? We have used gauge invariance and SUSY to restrict
the types of interactions, but that’s not enough. Clearly, what we need is an extra
symmetry, one that will kill all the undesirable terms while keeping the good ones!
This symmetry preferably should be a global one so as to not require extra gauge
bosons and all the complications that would follow. It turns out that we can indeed
define a global U (1) symmetry that does exactly what we need! Admittedly, it may
sound a bit unsatisfactory to invent an extra symmetry to get rid of things we don’t
like, but the fact that it is possible at all is admirable in itself and suggests that there
must be some underlying but not yet understood principle at work. This should not
be a disappointment; after all, nobody expects a supersymmetric standard model to
be a fundamental theory.

To understand this new symmetry, let’s have a closer look at what the difference
is between the good and the bad terms. A generic left-chiral superfield is given by

1
P=¢+0.x+50-6F (15.37)

The F term of a product of three left-chiral superfields X)) Z can be written
schematically as

XYVZ~¢,¢, F,+ ¢, x, - X, + permutations (15.38)

After eliminating the auxiliary fields, the terms proportional to F will become part
of the scalar potential. Let’s focus on the spinor terms.

The key observation is the following: The standard model fermions correspond to
the spinor component fields of the lepton and quark superfields. The Higgs scalars,
correspond to the scalar field components of the Higgs superfields (by scalar field
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components, we obviously mean the scalar components that are not multiplied by
any Grassmann variables, not the auxiliary fields). We will refer to these particles
as standard particles because they are present in the standard model, with the only
exception that there are more Higgs scalars.

On the other hand, the superpartners of these standard particles are the scalar
components of the lepton and quark superfields and the spinor component of the
Higgs superfields. If we use a label ST for the standard particles and SP for their
superpartners, then the F terms of the good interactions (15.36) containing two
spinors are of the form

Xsr * Xsr Psr Xsp " XsrPsp Xsp Xsp (15.39)
whereas the bad interactions are of the form
Xsr° XST¢SP or  Xer - Xsp (1540)

Do you see the pattern? All the unwanted terms contain a single superpartner,
whereas the good terms contain either no superpartners or two of them. We can sum-
marize this simply by saying that terms with even numbers of superpartners are al-
lowed, whereas we want to eliminate the terms with an odd number of superpartners.

Clearly, we need a symmetry that acts differently on the component fields of the
superfields in order to distinguish the standard particles from their superpartners.
Since the different component fields multiply different powers of the Grassmann
variable 6, it is natural to introduce a U (1) symmetry acting the following way:

0 — 0 =% 60— 0 =e 0 (15.41)

where ¢ is a U (1) global phase. This transformation is often written as

0 o
i L (15.42)
0 0

when the Grassmann variables 6 and 6 are assembled into a four-component spinor.
This symmetry is known as R-symmetry.

We now impose that left-chiral superfields transform with an overall phase under
R-symmetry. If a superfield ® transforms with a phase ® — exp(ik¢), where k
is a real constant, then Eqs. (15.37) and (15.41) show that the component fields
transform as

b — g x — &by y F — k2o (15.43)
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It is more useful to restrict this symmetry to the value ¢ = 7, in which case the
R-symmetry is simply referred to as R-parity (or sometimes, matter parity) because
the phase is equal to either —1 or +1.

Now let’s impose that the MSSM lagrangian be invariant under R-parity. We
take the gauge superfields to be invariant under this symmetry. It is then clear that
all the kinetic energy terms of the left-chiral superfields are invariant because they
contain the product of the hermitian conjugate of each superfield with the superfield
itself. On the other hand, the superpotential is not automatically invariant.

Recall that extracting the F term is equivalent to computing the following inte-
gral:

W, = /d29W

We see that in order for this term to be invariant under R-parity, the superpotential
must be invariant (because d>6 is invariant under R-parity).

Now we need to assign the R-parity of the MSSM left-chiral superfields. We
want to keep terms with two fermion superfields (quark or lepton) and one Higgs
or with two Higgs superfields, but we need to eliminate terms with three fermion
superfields or one Higgs and one fermion superfield. Obviously, we should take
the two Higgs superfields to be even under R-parity, whereas we take all quark and
lepton superfields to be odd.

As an aside, there is a simple formula that gives the R-parity of the component
fields:

R = (_1)3B+L+2S (1544)

where B and L are the baryon and lepton quantum numbers, and s is the spin.
Because of the factor of (—1)%, particles and their superpartners have opposite
R-parities. This formula is sometimes written as

R = (—1)3B-D+2s (15.45)

which is obviously equivalent to Eq. (15.44) because the difference in the exponent
is 6L, which is always even.

Consider, for example, the spinor component yx; of the superfield £. In this case,
B =0,L=-1,and s = 1/2, so this field has even parity. Since it multiplies a
factor 6 which is odd under R-parity, the superfield £ has odd parity, in agreement
with our previous assignment. It is easy to check that all the standard model particles
(and the Higgs scalars) have R = 1, whereas all their superpartners have R = —1.

We see that imposing invariance under R-parity eliminates all interactions vi-
olating conservation of the baryon and lepton quantum numbers. This turns out
to be true only because we are working with renormalizable interactions. When
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nonrenormalizable interactions are included, in the spirit of effective field theo-
ries, this correspondence is no longer valid, and therefore one may write baryon
and lepton number violating terms that respect R-parity (but, of course, they are
suppressed by factors of some high energy scale).

One striking implication of invariance under R-parity is that there are no interac-
tions coupling a single superpartner to two standard particles. Therefore, the lightest
supersymmetric particle (LSP) is absolutely stable! It cannot decay to anything. It
means that the universe must be filled with these particles. Experiments carried
on the charge-to-mass ratio of matter rules out the possibility that such particles
may be charged. The LSP therefore must be electrically neutral. There is much
leeway in the masses of the superpartners, as we will discuss briefly in Chapter 16,
so different models have different particles playing the role of the LSP, but it is
usually taken to be the neutralino, the scalar superpartner to the electron neutrino.
This opens up the exciting possibility that the LSP could account for dark matter
(in supergravity theories, the gravitino is also a candidate of choice). More details
can be found in Refs. 8 and 47.

Other consequences of R-parity that are relevant for their search at particle
accelerators is that superpartners can be produced only in pairs and that a super-
partner may decay only into standard particles plus an odd number of superpartners.
More detailed discussion of the phenomenology of the MSSM can be found in the
two books cited above, as well as in Refs. 1 and 5.

15.8 The General MSSM Superpotential

Now let’s generalize to include all three generations. We get

W = YU (Qj o Hy) — ¥ID; (Qj o Hy) — y9E (L; 0 Hy) + i Hy 0 Hy
(15.46)

where the indices i and j label the generations. The signs in the various terms have
been chosen in order for the mass terms for the quark and leptons come out with
the right sign if we take the Yukawa couplings to be positive, as we will briefly
discuss in the last chapter.

This is the superpotential. Of course, to obtain the lagrangian, we must extract
the F' term. The use of the symbol u for the coefficient of the term with two Higgs
superfields (sometimes referred to as the u-term) is conventional. This parameter
may be complex and should not be confused with the real parameter p of the
standard model. Note that we haven’t included a Fayet-Illiopoulos term for the
U (1), symmetry. The reason is that D-type supersymmetry breaking is not possible
in the MSSM because it conflicts with the absence of light squarks and sleptons, as
we will discuss in Section 16.1 (and already mentioned in Chapter 14). Of course,
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this does not give any theoretical justification for dropping that term. The real reason
is that we will have to include supersymmetry soft breaking terms which contain
all the possible interactions that would have been generated by a Fayet-Illiopoulos
term anyway, so there is no need to introduce one here.

The parameters y,/, y7, and y,/ correspond precisely to the Yukawa couplings
present in the standard model (more about this in Chapter 16). We therefore see
that, quite remarkably, the minimal supersymmetric extension of the standard model
contains the same number of parameters as the standard model since we have traded
the real parameters p and A (or, if you prefer, v and A) for the MSSM complex
parameter . This is amazing since one could have expected that enlarging the
standard model to make it supersymmetric would have entailed the introduction
of a plethora of new constants. However, this is for the theory with unbroken
supersymmetry; when we will break SUSY, the number of new parameters will
unfortunately skyrocket.

We have succeeded in obtaining a supersymmetric version of the standard
model, but unfortunately, it is not phenomenologically viable. The problem is
that SUSY is unbroken (and it turns out, the SU(2), ® U(1), gauge symmetry is
unbroken as well). Indeed, it is easy to see that that if we write our superpotential
in terms of the scalar component fields, it is minimized—and equal to zero—when
all the scalar fields are equal to zero. Therefore, SUSY is unbroken, and each
particle of the standard model should have a superpartner of equal mass, which is
ruled out experimentally.

The question then becomes: How should we break SUSY? It turns out that the
simple mechanisms of SSB described in Chapter 14 are not phenomenologically
viable, and we are forced to include terms that explicitly break SUSY. Of course,
we shall include only terms that break SUSY softly because we don’t want to ruin
the most attractive aspect of SUSY as far as phenomenology is concerned: the
cancellation of quadratic divergences. We will discuss these issues in more details
in Chapter 16.

15.9 Quiz

1. Why are two Higgs superfields required in the MSSM?

2. How many new parameters (relative to the standard model) did we need to
introduce to build its supersymmetric extension?

3. What are the R-parity of the left-chiral superfields of the MSSM? Write down
a dimension 5 interaction that would respect R-parity.

4. What are the quantum numbers of the two Higgs superfields?

5. How do the Grassmann variables 6 and 6 transform under R-parity?



CHAPTER 16

Some Phenomenological
Implications of
the MSSM

In this chapter we will briefly discussed some phenomenological implications
of the minimal supersymmetric standard model (MSSM). This is a vast subject
that could easily fill an entire book just by itself. A choice therefore had to be
made between providing an overview of a large number of results and giving an
indepth coverage of only one or two aspects of particular interest. We have opted
for the second approach because it is more appropriate for a self-teaching book
whose purpose is to demystify a topic. Moreover, there are already many good
reviews available, several of which are mentioned in Section 16.7, whose purpose
is precisely to offer summaries of the MSSM phenomenology.
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16.1 Supersymmetry Breaking in the MSSM

We learned about two mechanisms to spontaneously break supersymmetry (SUSY)
in Chapter 14. But, as we also discussed, both lead to the prediction that some super-
partners would be lighter than the known leptons, a prediction that is in conflict with
experimental observations. The prediction of the existence of light superpartners
was a consequence of the vanishing of the supertrace. In the case of F-type breaking,
the vanishing of the supertrace is automatic, whereas in the case of D-type breaking,
it follows from the fact that the hypercharges of the MSSM particles add up to zero,
making the right-hand side of Eq. (14.24) vanish. The fact that the hypercharges
add up to zero is bad news for spontaneous supersymmetry breaking (SSB), but it
is necessary for the cancellation of certain anomalies.

Asdiscussed in Section 14.9, one way out is to introduce explicit SUSY-breaking
terms that we take to break SUSY softly, in order to retain the nice ultraviolet
behavior that cures the hierarchy problem. As also mentioned in that section, the
presence of these terms may be justified in the context of models where there
is a hidden sector interacting with the MSSM particles through some messenger
interaction. This topic is beyond our scope (see Refs. 43 and 47 for more details);
we will simply introduce the soft SUSY-breaking terms by hand without justifying
their existence any further.

Recall the three types of possible soft SUSY-breaking terms, as described in Sec-
tion 14.9. These are mass terms for the scalar particles (by mass terms, we include
terms that are bilinear in two scalar fields), interaction terms between scalar fields
that are holomorphic and superrenormalizable (in other words, terms of the form
®i¢;Pr, where the indices don’t have to be different), and finally, mass terms for
the spin 1/2 superpartners of the gauge fields, the gauginos. Because the mass terms
and the cubic interactions may, in principle, mix different families, this amounts
to a very large number of new parameters, 105 to be precise! More specifically,
there are

¢ 5 real parameters and 3 phases that violate charge conjugation C and parity P
(CP violation) in the fermion sector of the gauge and Higgs supermultiplets
(i.e., in the higgsinos and gauginos sector)

¢ 21 masses, 36 mixing angles, and 40 CP-violating phases in the slepton and
squark sector

These parameters are, of course, constrained by experimental results on CP
violation, flavor changing neutral currents, etc. But there is still quite a bit of
leeway. A popular model is minimal supergravity or minimal SUGRA, in which
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there are only five additional parameters relative to the MSSM. More detail can be
found in Section 9.2 of Ref. 1 and in Section 8.1.1 of Ref. 5, as well as in Ref. 10.

Now that SUSY breaking is “taken care of,” we need to make sure that the
electroweak gauge symmetry is also broken and that the predicted masses for the
gauge bosons and Higgs fields do not conflict with experiments. We will therefore
focus on this issue in the next section.

16.2 The Scalar Potential, Electroweak
Symmetry Breaking, and All That

We have many fields that contribute to the scalar potential: the sleptons, the squarks,
and the Higgs fields, which means that the scalar potential is fairly long. However,
we are interested only in the value of the potential when the fields are set equal to
their vacuum expectation values (vevs) to see if the electroweak gauge symmetry
is broken spontaneously.

One thing is clear: We do not want to spontaneously break down charge or color
invariance. Therefore, we must take all the scalar fields that have a nonzero charge
or that carry color to have vanishing vevs. This includes all sleptons (except the
sneutrino) as well as the squarks and the charged Higgs. In addition, we do not
want R-parity to be broken spontaneously, to avoid the reappearance of baryon and
lepton number violating terms, so we take the vev of the sneutrino, which is odd
under R-parity, to be zero as well. We therefore only need to include the Higgs field
terms when we write down the scalar potential. Note that the only fields that may
have a nonzero vev are the neutral Higgs scalar fields H and H with hypercharges
1 and —1, respectively.

Four types of terms contribute to the scalar potential after elimination of the
auxiliary fields:

r-Tlal

—D2+ DD 4V,

2 SSB
WP e (¥ o\
=S 122 + 5 Z—’H,.‘Hi
— | 3¢ 2 \&2
g2
+?(H2HM+H2H,1)<HJ2H”+H2 )+VS§B (16.1)

where Vg, i

is the soft SUS Y-breaking potential, to which we will come back shortly.
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The first D term is for the U (1), gauge symmetry, and the second D term is for
the SU (2), gauge symmetry (we will be more explicit shortly). There is no corre-
sponding SU (3),. term because the Higgs fields are color singlets. In this equation,
¢; stands for the four Higgs fields HMJr , HL?, H,/,H l? and the SU(2) doublets H, and
H, are defined as

Hy Hy
H, = and H; = (16.2)
H? H;

Now let’s consider each term in Eq. (16.2) in turn. To calculate the first term, we
simply express the part of the superpotential that contains the Higgs superfields in
terms of the corresponding scalar fields. The term in the superpotential that contains
only the Higgs superfields is

iHyoHa|, +he. =) uHyitnHs+he. (16.3)

Now we replace the superfield doublets by their scalar field components H,, and
H, given in Eq. (16.2) and expand:

W= u(HFH; — HYH]) + h.c. (16.4)

The first term of Eq. (16.2) is therefore quite simple:

2
= |uP(1HOP + HF 1>+ |H) + [Hy 1)

%
The U (1), contribution in Eq. (16.1) is
8/2 +12 02 02 —12\2
5 (HS + [HP = |H)” = | Hy )

where we used the fact that the hypercharge assignments of H, and H,; are 1 and
—1, respectively.
The SU(2) contribution is

2 i i
- T
HT H, H H HT H,+H,—H
2 ( u 2 + 2 d) ( u 2 + d 2 d)
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Expanding this out, we get
2

8 N
§(|H;|2 +|HO® — [HY)> — |H; %)

+ 5 (H Y+ HYH ) (BT + 1Y)

N |%],

The SUSY-breaking terms are
Vi = dm% HiH, +8m% HHy + (bH, o Hy +h.c.) (16.5)

Watch out here! The invariant SU(2) dot product between two SU(2) doublets
involved the usual i 1,, but the SU(2)-invariant dot product between a doublet and
an antidoublet involves the identity 2 x 2 matrix, which is why there is no dot-
product symbol or matrices between the doublets in the first two terms of Eq. (16.5).
Expanding, we have

2 ot Hf 2 0t F Ha?
_ +.L u —
Ve = SmHu (Hu ' H, )1 HO + Sde (Hd Hd )1 Hd_
; s
+o(HF HY)it | | =b () H i ] (16.6)
Hd HL[

where the extra minus sign in the last term comes from the fact that the dagger of
iTp is —iTp. So we finally get

V.

2 2 2 02
SSB (SmHulH;| +8mHu|Hu|

+8m3y |HY + 8m3y |Hy |+ b(HFHy — HYHY +h.c.)
Combining all terms together, we find that the full scalar potential is

V= (Il +om3 ) (IH 1P+ 1HL?) + (Il + 8m3, ) (1H)PP + |Hy 1)
+(b(H}H; — H'HY) +h.c.)

2 2 2
g +s8 2 & _
T (IH} 1?4+ 1HO)? — |HO)? — |Hy 1?) + 5 \HY HY + HTHOP?
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Let us define

a; = |u)® + 8m%1u
ay = |ul? + 8m3;,

_g2+g/2
C =
8

(16.7)

Using this notation, the full scalar potential is

V =a(IH |+ HP) + a(IHY1> + | H] P)

+b(Hf Hy — HOHY +hee) + c(IH P + |HO? — [HOP — |Hy )

2
+ %|H3THM+ + H;THO? (16.8)

Note that the full scalar potential contains five parameters. Of those, ¢ and g
have known values; ¢ =~ 0.069 and g =~ 0.651. The other three are free parameters
and could be either positive or negative.

16.3 Finding a Minimum

The situation is obviously quite a bit more complex than in the standard model
because we have twice as many Higgs fields.

As in the standard model, the equations are simplified if we use the SU(2)
invariance to set a component of either H, or H; equal to zero at the minimum (in
other words, we can set the vev of one component to be zero without any loss of
generality). Let’s choose to set H,” = 0, which, of course, also implies HT=0at
the minimum.

In addition, we will impose that H; has a zero vev because otherwise electro-
magnetism would be broken spontaneously, which is not observed experimentally.
Of course, if we were to find out that it is impossible to have spontaneous symmetry
breaking of SU(2), x U(1), to U (1), if we impose (H;) = 0, the MSSM would
be ruled out experimentally from the very start. As you might expect, this won’t be
the case, and we will indeed find that a zero value of the vev of H; does not clash
with SSB of the gauge symmetry.

A firstconsistency check is to verify that the full potential has indeed an extremum
at HF = H; = 0 (from now on, we drop the expectation value symbols around
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the vevs). In other words, we must verify that the partial derivatives

vV vV vV v
T - and —
9H, OH, aH oH, "

vanish when we set H;r = H; = 0(and, of course, H,f f—H 1 = 0as well). That
this is actually the case is easy to see just by looking at the potential because there
are no terms containing only one of these four fields.

Therefore, at the minimum, the Higgs potential reduces to

2
Vi =ai|H)I* + ax|HY)? — b(HYH) +hc.) + c(|HY|* — [HyI?)

where the label n is to indicate that this potential contains only the neutral fields
H? and HY.

Note that the only term that depends on the phase of the fields is the term pro-
portional to b. Without loss of generality, we then can take b to be real and positive
because its phase always can be absorbed into the phase of the fields. Actually,
b = 0 is also possible (nothing says that this term must be present), so we take

b>0

We will make one last simplification before finally working out the pattern of
SSB: We will assume that CP (the symmetry under the combined operations of
parity and charge conjugation) is not broken spontaneously, as is the case in the
standard model. The consequence is that any nonzero vev must be real, in which
case the potential at the minimum is simply

V, = a1(HY)’ + as(HY)® = 26 HOHY) + ¢[(HO)* — (HO)’]?  (16.9)

Now we want to investigate if there are stable minima for nonzero values of H?
and H?. To simplify the notation, let’s write the potential as

V, = aix* + ary* — 2bxy + c(x* — y*)? (16.10)

Note that b and c are positive, whereas a; and a, could be either positive or negative
[see Eq. (16.7)].

One thing we must ensure is that the potential goes to plus infinity as we move
away from the origin in any direction. If we fix, say, x to any value and take y
to infinity (or vice versa), the last term, c¢(x?> — y?)2, will always dominate all the
other terms, and since c is positive, we are safe. However, if we move away from
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the origin along the line x = y, this term vanishes, and we must be more careful.
In this case, the potential reduces to

Valx = y) = (ai +ay — 2b)x
This is a parabola. If we want this to have a minimum (as opposed to a maximum),

the overall coefficient must be positive. This implies that a; + a, > 2b. And since
b is itself larger or equal to zero, we have

la1 +a)>2b > 0] (16.11)

Recalling the definitions in Eq. (16.7), this translates into

2|ul? + 8my, +8mj, >2b >0
There are three possibilities:

¢ Both a; and a, are positive with a; + a, > 2b
* q, is positive and a, negative with a; > 2b + |as|

* ) is negative and a, positive with a; > 2b + |a;|

Now that we have ensured that the potential goes to infinity in any direction, we
also want to ensure that the origin, x = y = 0, is not a minimum because then the
vev of all the fields would be zero, and there would be no spontaneous symmetry
breaking of the gauge symmetry. We already know that along the line y = x, we
have a minimum at the origin. The only way for the origin not to be a minimum of
the potential (along any direction) is to impose it to be a saddle point at the origin,
which leads to the condition

9%V, 9%V,
0x2  9xdy
<0
%V, 3%V,
oxdy  9y? |,y

which leads to the condition

(16.12)

or, equivalently,

(Il + 8m3 ) (Il + 8m3, ) < b
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To summarize, conditions (16.11) and (16.12) are required in order for our
potential to have a minimum and for that minimum to not be at the origin.

Let us now assume that both conditions are satisfied and look for a minimum
with nonzero values of x and y. Recall that x denotes HL? and y represents H?, so
let us call the coordinates of the minimum xp,;, = v, and ypin = v4. SO we impose

av, _ 9V, —0
0x X=Vy,y=Vq - 8y x=vu,y=vd_
This gives the two conditions
22\ _
av, — bvy + 2cv, (vu — vd) =0
avq — bvy, — 2cva(vy —v3) =0 (16.13)

Thus, at this point, we have seven independent parameters: the five parameters
of the scalar potential [see Eq. (16.8)], which are ay, a,, b, ¢, and g, and the two
vevs v, and v,4. As constraints, we have the two equalities (16.13) as well as the two
inequalities, (16.11) and (16.12). We will soon come back to these constraints, but
first, let us find what the masses of the gauge bosons can tell us about our parameters.

16.4 The Masses of the Gauge Bosons

Calculation of the gauge boson masses proceeds along exactly the same lines as in
the standard model (see Section 15.2). The MSSM lagrangian contains the following
kinetic terms for the Higgs scalars:

(D, H,)"(D"H,) + (D, Hy)' (D" Hy) (16.14)
where
Dy =8, +ig— s —i—i%/YBM
=3u+%g W Wi —iWy, +ig2/YBu 10 (16.15)
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Recall that
H+
HO

H, =

At the minimum of the potential, this becomes

Similarly, H; at the minimum of the potential is

Vd

0

H; =

Using the fact that the hypercharge of H, is equal to 1, we get

—_—

v j w j o’
DM d = EVd n - ﬁVdB
0 2\ Wi+ iWa, 2 0

Inserting these expressions in Eq. (16.14), we get the following contribution to
the masses of the gauge bosons:

2

Lyvcs = gz(

gg(

v +vg) (Wi W+ W, Wi+ Wa, WY')

g?
ve+ vd)W3,LB“ + —(v + vd)B“B

We expect to be able to rewrite this in a form similar to Eq. (15.13), and indeed,
we can reorganize the terms to get

2 2 42
Lyvice = gz(vf, +vg) (WP + W3) + W(ngi — 25¢' W5, B" + g B?)
_ 82 (vi +vd)
4

(vi +va) (WP + W3) + (gWs — g'B)? (16.16)

4
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Following exactly the same steps as in Section 15.2, we get the same expressions
for the W*, Z, and A* (photon fields) with masses now given by

and, of course, the mass of the photon being zero. We see that these relations are
exactly the same as in the standard model with v? replaced by v2 + vﬁ. Let us define

2 — .2 2
vsusy =V, + Va

so that the relations for the gauge boson masses have exactly the same form as in
the standard model with v replaced by v, . Note that
my

C =
2
4Vsusy

(16.17)

In addition, studying the weak interaction at low energies yields of course, the
same relation with Fermi’s constant as in the standard model [Eq. (15.15)]. Using
those results, we see that the parameters g, g’, and the combination vy, are all
fixed by experiments and have the same values as in the standard model. It is
customary to trade the parameters g and g’ (and therefore ¢) for v, and the gauge
boson masses my and mz, so we will take our seven parameters to be

mz, My, Veusy, A1, 2, b

2

susy- As we will

plus any combination of v, and v, that is linearly independent of v
see below, the ratio v, /v, proves convenient.
We now turn our attention to the two conditions (16.13) and the two inequalities

(16.11) and (16.12). Let us first go back to Eq. (16.13). The first one is
a\v, — bvy +2cv, (vﬁ — vz) =0

Isolating a;, we get [using Eq. (16.17)]

ARV SN SR VR Ukl L 4
al_bvu 2¢(v, vd)_bvu (24 v2) 2
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Note that it might seem at first sight that a; depends on four parameters, but actu-
ally, it depends only on three because v, and v, only appear in the ratio v, /v;. Thus
we can rewrite a; in terms of only three parameters: b, mz, and the dimensionless

ratio v, /v,. Let us define

Vu
tanf = —
Vda

Since v, and v, are real and positive quantities, 0 < 8 < 7 /2. All expressions that
depend only on the ratio v, /v4 can be expressed in terms of the angle 3. A few

useful relations are

Vd (B . in? B va 28
< —=co —X — =sin = cos
u VL2, + Vtzl VI% + V‘%
2 _ .2
(va —va) ) 2
——==sin"f —cos" B = —cos2
R R
b2 2
d__ 4 —cotf —tan B = 2cot2p
VuVd
2.4 .2
Yu Vi an g+ cot B = 2 cosec 28 (16.18)
VuVa
We therefore finally get
2
ay = beot B+ %cos%ﬁ (16.19)

Similarly, we find [still using Egs. (16.13), (16.17) and (16.18)]

2

a)=btanff — % cos2p (16.20)

Let’s now turn our attention to the inequalities (16.11) and (16.12). Using the
preceding expressions for a; and a,, Eq. (16.11) translates into

1

- > 1
sin 28
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This is satisfied at the condition that 8§ 7 /4, or in other words, the two vevs v,
and v, must not be equal:

(16.21)

The inequality (16.12) leads to the condition

4
b? — m%b cos(28) cot 2 — % cos2(2B) < b?

which implies

m2b cos(2B) cot 28 + g cos2(28) > 0
z 4

Since b > 0 and B < 7 /2, this is always satisfied except at 8 = /4, once more.
Thus we get again the condition (16.21).

To summarize, we started this section with seven parameters: ay, a», b, mz, my,
and vszusy and any combination of v, and v, independent of vszusy. We have seen
that it proves convenient to choose for this combination the ratio v, /v,, which can
be expressed in terms of the angle 8. We then used the constraints on the vevs
to eliminate a; and a; in terms of the other parameters. We therefore have five

parameters left:

2 2 2
My, Mgz, vsusy’ b’ ﬁ

Of these, the first three are determined experimentally, leaving us with two free
parameters with only the constraint 8 # 7 /4.

It turns out that when we determine the masses of the Higgs bosons, we will be
able to express everything in terms of only four of these parameters: mz, my, 8,
and b; the parameter vfusy will play no role.

Note that all our results are only valid at tree level. Therefore the restriction
B # /4 (and therefore v,, # v,) should not be seen as exact. In any case, it makes
more sense to ignore it given that an incredible fine-tuning would be required
for the vevs to correspond to the only point of parameter space that needs to be
excluded! We won’t discuss loop corrections except for a small comment at the end
of Section 16.5.

—t
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16.5 Masses of the Higgs

It is important to keep in mind that the four scalar fields (H?, H,F, H}, H?) are
all complex, so there are eight degrees of freedom. To make this exphcit, it is
convenient to express all the fields in terms of their real and imaginary parts. To

simplify our calculations, we will use the notation

HO = (RO +11)

V2

where
R)=Re(H)) I)=Im(H))

and so on. The complete Higgs potential (not evaluated at the minimum) given in
Eq. (16.8) then takes the form

V= (R + (1) + (R + (1)) + S (RS + (19)" + (R7)” + (1))
+b(R Ry — 171, — RIRY + 101))

(R (1) + (R 4+ (1) = (R)” = (1) = (R;) = (1))’

+ S (RIRF + 1917 + Ry RO+ 17 1°)°

+ 2 (RYIF — IORF — IR + I°R; )’ (16.22)

g
8

2
8
8
We have not expressed a; and a, and g and ¢ in terms of vy, mw, mz, B, and
b because this makes the intermediate calculations cumbersome. We will change
parameters when we express our final results for the Higgs masses.

The only fields with a nonzero vev are R® and RY:

(RS) = ﬁvu
<R3) == ﬁvd
To work out the masses of all the Higgs fields, we proceed as in Section 14.4: We

take the second derivative of the potential with respect to all the Higgs fields and
evaluate the resulting expression at the minimum, R0 \/_ 2v,, RY = \/— 2v, and all
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the other fields set to zero. Only a fraction of the terms appearing in Eq. (16.22)
survive when we do that. They can be grouped into three categories:

e The terms quadratic in a field. These are
SURD? + (1) + (R + (1)) + SR + (1) + (R7)' + (1))
¢ The terms containing the product of two different fields. These are
b(RJ Ry + 115 = RRy — 1, 1;)

* The quadratic terms that have at least two fields that are either RY or RY. These
are

(R = (R ((RE) + 12+ 12 = 12 = R = 1)

2
¢ 0\2 n2\> , & 2/ 0\2 N2/ 72
+ 5 (R = (&) + S (R (R + (R (R7)
+2RFRGRORT + (1) (RS) + (RO (RD)* (1) = 21, 17 RORY)
All the other terms will not contribute once we take the second derivatives with
respect to the fields and set them equal to their vevs.
We see that there is a mixing of masses between the pairs (IL? , IU(,)), (RS, Rg),

(RSR;),and (I;[, I), so we will consider each pair separately.
Consider first the pair (10, 19). The relevant terms are

S+ S (18) + b12) + S (R = (R?) (1) = (18)7)

4 2
8(13)2 e 2c(vp —vy) =bceotB
4
8(10)2 L@ 2¢(vy —vj) =btanpB
d
2
Vv _b
81,98][(1) vev
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where the subscript vev means that all the fields are set equal to their vacuum
expectation value. The squared mass matrix is then

cot B 1
V=>b
1 tan 8

The squared masses are given by the solutions of

32 — Ab(tan(B) + cot(B)) = 0 (16.23)

which are

0 and 2bcosec(28)

The massless state provides the longitudinal mode of the Z, following the same
mechanism as in the standard model. Following a standard practice, we will denote
the field corresponding to the massive state by Ag, which has, therefore, a mass
squared:

m?, = 2bcosec(2B) (16.24)

We can use this relation to trade the parameter b for the mass m 4, so that our five
parameters are now

my,mz, vsusy, B, and mgy, (16.25)

We won’t work out the explicit mass eigenstates, i.e., the linear combinations of I?
and / 3 , that correspond to these masses.
Since in principle 8 can be very small, there is no upper limit on this mass.
Next, consider the fields R? and RY. The relevant terms are

2
5 (R + 5 (RO — b RORY + 5 ((RY)” — (RY))

This time, we find the squared mass matrix to be more complicated. We get (on the
basis of R, RY)

Vit =ay + (6v2 —2v3)c = b cot B + sin*(B) m’,

Vi = az + (6v2 — 2v2) ¢ = b tan B + cos*(8) m’

in?2
sz B _ (16.26)

Vip=Vay = —-4vyvgc—b=—
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We must find the eigenvalues of the matrix

in(2
b cot B + sin*(B)m? _Sm(z :3)m22 —b
V=
in(2
_#mé —b b tanB+ cos’(B) m},

which can be shown to be

2
b sec2B + % + %\/(219 cot28 + mzz cos(28))? + 4(sin(2B) mZZ/Z + b)?
(16.27)

The Higgs fields corresponding to those two masses are referred to as the Hy [when
the plus sign is used in Eq. (16.27)] and the 2y (when the minus sign is used). The
expression for the masses simplifies tremendously if we express b in terms of m 4,
using Eq. (16.24), which leads to

2 2
My, +mz

1 2 2 .
T2 g 3, m2) eos2p 4 (3, + )’ sin 28

Writing sin? 28 as 1 — cos? 2, we finally get the two masses to be

2 2
my +m 1
mi, = % ~5 (m3%, + mzz)2 — 4m3 m7 cos?2p
and
m2 4+ m? 1
iy = = 42 Jm3, 4 m2)? — 4m3m cos?2p (16.28)

Consider now the pair (R;" R;). The relevant terms in the lagrangian are

SR + S (R + bRIRT + 5 (R = (R ((RD) = (R7)?)

2
+ S (R (RS + (R (R7)" + 2R} RYRIR; )
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so that

92V 2

a( +)2 :al+2C(V3—V§)+%V§=bcotﬁ+m%}VCOSzﬁ
Ru vev
22V 2

SR b = 2 200D = b i i

d
9%V 2 m2,
P LA %vuvd = b+ 2V sin(2p) (16.29)

u 4 vev

This gives the following mass matrix:
bcot B +mij, cos’ B b+ m3, sin(2B)/2

V=
b+ m3, sin(2B)/2  btan B + m3, sin® B

The eigenvalues are

2
b sec(2p) + mTW + % \/ [2cot@B)b + m3, cos2B)]* + 4[b + m?, sin(2)/2]’

Again, using b = mio sin(2) /2 simplifies greatly the result, which turns out to be

2 2
0 and my, +my

The state with zero mass gets eaten through the Higgs mechanism. The massive
state is a new scalar field. Because its mass contains m 40, it does not have any upper
limit.

Finally, we have the pair 1.}, I; . It’s easy to see that we get all the same terms
as for the pair R, R except that the cross-terms in 1,71 have the opposite signs
as the cross-terms in R R, . This means that the off-diagonal elements of the mass
matrix will have the opposite sign to what we previously had, but this does not
change the eigenvalues, so we again get a massless state and a massive state with
mass m>, + mj,.

The two massless states that we just found provide the longitudinal modes of the
W+*. The two charged massive states are referred to as H* and H~ with degenerate

masses:
2 2 2
Mye = My, + Mo

To summarize, we have found that the spectrum of the Higgs sector in the
MSSM consists into three massless and five massive states. The three massless
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states play the same role as the massless states in the standard model: They become
the longitudinal modes of the massive W and Z. One massive state, the A°, has a
mass squared

, 2b

40T Gin2B)

Since there is no lower limit on 8, there is no upper limit on how massive this
state could be. This is not very exciting from the point of view of phenomenology
because there is no way to “kill” the model: If the A° is not observed, it will simply
put an upper limit on 8. The masses of the other four states all can be expressed in
terms of my, mz, m 40, and B:

2 _ 2 2
My = My, + My,

2 2
m45 +m 1
mipo = "L 2, 4 m)} = 4wl cos2 2
, _mytmy 1 2 232 2 2 2
my, = 5 T3 (mA0 —i—mz) — 4mA0mZ cos?2p (16.30)

If we consider the limit 8 — 0 (and b # 0), we get the following limits for the
Higgs masses:

mpo — OO
myg+ —> 00
mpgo — OO

mpo — mz| cos(2P)]
On the other hand, in the limit » — 0 (and 8 # 0) we get

mao —> 0
mpg+ — My
mpgo — myzg

myo — 0

The important point to notice is that the mass of the h° does not tend to infinity
in any limit. Even better, it turns out that the value corresponding to the first limit,
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myz| cos(2B)|, is the upper limit to the mass of the 4°! This can be seen more clearly
if we invert the last equation of Eq. (16.30) to get

2 2
2 2 Mz — My

My =m
A0 h0
mzz cos2(2pB) — mio

which shows clearly that

mpo < myz|cos(2B)] (16.31)

This means that the MSSM predicts a Higgs particle lighter than the Z! But this is
catastrophic because it is already experimentally excluded*:

mpy > 114.4 GeV (confidence level of 95%)

However, it is important to keep in mind that all the results we have obtained in
this section are only tree-level relations. They are modified by loop corrections, and
sometimes the corrections are sizable. Calculations of loop diagrams in the MSSM
are beyond the scope of this book. Let’s just mention that the main correction
to the bound (16.31) arises from loop diagrams containing the top quark and its
supersymmetric partner, the stop (or top squark), and is given by

3g2 m? m?
2 t i
mpo < my + @—‘%V In m_tz

Note that if SUSY were unbroken, the stop mass would be equal to the top mass,
and the logarithmic correction would be identically zero. Using a mass of 1 TeV as
an estimate of the stop mass, this brings up the bound on the 4° to approximately

mpo < 130 GeV

which is not yet excluded experimentally.
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16.6 Masses of the Leptons, Quarks,
and Their Superpartners

Let’s first have a look at the masses of the leptons and quarks in the MSSM.
Consider the term in the superpotential equal to

y;Juz(Q] o Hu)

We would like to extract from this the coupling of the standard model particles
to the Higgs bosons. The Higgs bosons are the scalar part of the superfield H,.
The standard model particles are contained in I4; and Q;. The F terms containing
a scalar field and two fermions when we expand the product of the three chiral
superfields, is —¢ x4 - xg/2. Therefore, we finally get

ij
y 17 17 - -
_%(uu . ujH,? +iyg;- uiH,? — ;- dequ — iy ~diHu+)
The first two terms will generate masses for the fermions. Setting H® = v,, this
gives

Yu _ _ i -
— =V (MLi “Uj+ug;- Mi) = —y/ v - u;j

using the symmetry of the Yukawa couplings.
If we add the hermitian conjugate, we get a Dirac mass term. After going to a

diagonal basis, this will lead to masses for the up, charm, and top quarks of the
form

My ct = Vulu,ct

where the y, ., are linear combinations of the yf,j .
Now consider another term in the superpotential that leads to a fermion mass:

—yiDiQj 0 Hy

Keeping only the terms that yield fermion masses, we get (we pick up an extra
minus sign due to the fact that the vev of it>H, is a doublet with components
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(0, —vy) in contrast with the vev of i 7>H,, which had a vev equal to (v, 0))

ij A
—%Hg(a, . dj +C_i/ . dl) = —yé/vdd,- . dj

If we add the hermitian conjugate, this generates Dirac mass terms. After diago-
nalization, this yields masses

Mds,b = Vd Yd,s,b
The third and final term will give the masses to the leptons:
—y & (L; o Ha)
Again, keeping only the relevant terms (that generate fermion masses), we get

ij
Y _ _ ii 170=
—%H[?(eu cer;+2Li-er) =—y HYE - ey
Again, after setting the Higgs field to its vev, this generates Dirac masses of the
form vg y. . After diagonalizing, we get lepton masses

Me v = Vd Ye,u,t

The end result is that we get exactly the same type of fermion mass terms as in
the standard model, so in this respect, the MSSM can’t be differentiated from the
standard model.

On the other hand, once we introduce soft supersymmetry breaking terms, which
include mass terms for scalar fields, we lose all predictive power for the masses of
the sleptons and squarks.

16.7 Some Other Consequences of the MSSM

We have seen that a prediction of the minimal supersymmetric standard model
(MSSM) is a relatively light Higgs scalar field. The phenomenology of the MSSM
is extremely rich, and as mentioned earlier, this topic alone could fill an entire book.

Let us only mention again that if R-parity is conserved, the lightest supersym-
metric particle (LSP) is absolutely stable, and because of this, it should fill the
universe and represents therefore a promising dark matter candidate. The exact
nature of the LSP is model-dependent, with the two most likely candidates being
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the neutralino and the gravitino (which appears only in theories of supergravity,
i.e., when SUSY is gauged).

Another consequence of R-parity is that the superpartners of the known particles
can only be created in pairs. If they are weakly interacting, their existence thus could
show up in the form of missing energy in scattering events, missing energy that
would be equal to at least twice the mass of the LSP.

Unfortunately, we are running out of space (and I am running out of energy!),
so we won’t be able to discuss any of these fascinating topics more. To learn more
about the phenomenology of the MSSM, you are invited to consult References 1,
5, 8,10, 12,29, 32, 35 and 47.

16.8 Coupling Unification in
Supersymmetric GUT

We will cover one last topic. If you have read about SUSY in particle physics
before, you have probably heard about a very exciting feature of the theory: a near-
perfect unification of the coupling constants at the so-called unification scale. To
be precise, this is not a feature of the MSSM itself but of supersymmetric grand
unified theories (GUT). Let’s see how this works.

First, let’s review the situation in nonsupersymmetric theories and why things
don’t look so good for them. We need to consider the “running” of coupling con-
stants with energy. This is given by the renormalization group (RG) equation

1 1 B ( E )
R + _— ln J—
a(E) o(Ey) 27 Ey

where E( and E are two energy scales, and § is the “beta function” of the theory
calculated in perturbation theory (an explicit expression will be provided shortly).
« is generically defined as the square of the coupling constant over 47r. We therefore
define

g7 g g
YW T4 BTy

with g, g, and g, being the coupling constants of the U (1),, SU(2),, and SU(3).
groups, as introduced in Section 15.2. The term coupling constants is misleading
because these parameters vary with energy. Note that the «’s themselves are also
often referred to as the coupling constants of the three forces.
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The coupling constants g’, g, and g, are not the parameters extracted directly
from experiments. Instead, the following quantities are usually quoted (see Ref. 4):

a, (Mz) ~ 128
o, (My) ~ 8.47
sin Oy (Mz) ~ 0.2312
where, as indicated, all the values are obtained at the energy scale £ = M. Our
goal is not to offer a detailed numerical analysis of the data, so we will not bother
with the uncertainties. The errors are in the last digit of each result quoted, oz; having

the largest percentage uncertainty at +1.7%.
The fine structure constant «,,, is, of course, defined as

where we have used e = g sin 6. Therefore, we have

1 _ sin? Oy
ag(Mz) o (Mz)
~ 29.6 (16.32)

On the other hand, g’ = gtan6y = ¢/ cos Oy, so

1 _ cos? Oy
ag’(MZ) B aem(MZ)
~ 98.4 (16.33)

Now that we have the values of all the inverse constants at the Z mass, the next
step is to calculate the beta functions §;, B, and B3 corresponding to each group
and to “run” the coupling constants to see if they converge to a single value at some
energy scale. This scale then would be interpreted as a unification scale, or GUT
scale, at which the three forces would merge into a single, unified gauge theory.

However, it does not make sense to do this directly with the coupling constants
of the standard model. To understand why, consider the gauge-covariant derivative
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of a weak doublet of quarks, for example. It is of the form

a i

T
D,=0,+ig—A} +ig—

i -/Y
7 Au 2Wu+1g—Bu

2
We chose the example of a weak doublet of quarks simply to have all three gauge
fields present in the covariant derivative.

We see right away that the value of g’ is totally arbitrary because any change
in it can be compensated by a change in the hypercharge assignments of all the
particles. We could divide the value of g’ by an arbitrary factor ¢’, and all physical
results would remain identical if we would in addition multiply by the same factor,
the hypercharge of all particles. In other words, we may make the replacement

/

/ 8
gY—>;cY

and define g’/c¢’ as a new coupling constant without affecting any physical result!
It would simply rescale the hypercharge assignments of all the particles without
changing the physics.

The same freedom is present in the nonabelian gauge groups. We may rescale
the SU(2), and SU (3),. generators by factors of ¢ and ¢, respectively, if we also
rescale the corresponding coupling constants by the same factors. In other words,
we could make the replacements

gt — (5) ct!
c

gt — (&) csA?
Cs

without affecting any physical result.
To put it another way, for a nonabelian gauge group,” we impose a normalization
condition on the generators of the form

Tr(G;G;) = N§;; (16.34)
where the G; are the generators. The normalization constant is arbitrary; it is usually

chosen to be 1/2, but it could be changed at the condition of rescaling appropri-
ately the corresponding coupling constant (here, the trace is understood as being

* More specifically, for a simple group.
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calculated with respect to the fermions present in the theory, as we will demonstrate
explicitly shortly).
With this in mind, we can rewrite the covariant derivative as

(&) e\ crgyet o g\ Y
Dﬂza'u—l-l(c—) ) AZ+1<_)7WIZL+I(_) ) BM

/
s c c

The problem is now clear. Since the standard model is based on a direct product
of three groups, all three coupling constants can be independently rescaled. We can
use the beta functions of the three gauge groups to run the coupling constants, but
if we can choose arbitrarily which value to take for each coupling constant at the
Z mass, it is meaningless to ask if they meet at some well-defined GUT scale.

There is, however, a way to set the relative scale of the coupling constants. The
key observation is that within each nonabelian group, there is only a single coupling
constant even though there are several generators. Consider the SU (2), interaction,
for example. We could not write the covariant derivative as

!t . 2 . (AN
D, =0,+ zglEWli + 182?W,1 + 83— .
with the g; being unequal. The reason is that the group structure of the interaction,
through Eq. (16.34), imposes a common normalization to all generators, implying
that g, = g = g3.

Going back to the issue of the three independent coupling constants of the stan-
dard model, the solution is now obvious: If the three forces of the standard model
are unified into a single theory at some high energy scale, their gauge groups must
be subgroups of a larger, grand unified group. This implies that there is a common
normalization condition that must be imposed on all the generators of the standard
model, including the hypercharge!

The overall normalization chosen does not matter, only the fact that we must use
the same one for all the generators. For the SU (2), and SU (3) ¢, we will pick 73 and
13 as the representative generators because they are diagonal in the basis used for
the particles of the standard model, which will make our life easier (any generator
can be used in principle, but if they are not diagonal, more work is needed to find
their eigenvalues; note that A® is also diagonal and could be used as easily as 1%).
Imposing that all the generators of the standard model have the same normalization
then leads to the relation

Pa% 3\ A3\’
Tr{c=) =Tr{c— ) =Tr|c,— (16.35)
2 2 2
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Recall that T3 is defined as the operator 7°/2, so the second term of Eq. (16.35)
may be written as

3\°
Tr(c?) = Tr(cT?)?

Since the overall scale is irrelevant, let’s set ¢, = 1 [in other words, we choose to
set the normalization for the generators of the unified group equal to the normaliza-
tion of the SU (3),. group of the standard model]. With this choice, the normalization
of the other generators is uniquely fixed:

, 1 Tr(x?)?
cT = —
4Te(T3)?
T )\3 2
? = % (16.36)

The values of these coefficients determine the coupling constants we must evolve
with the renormalization group. These are g, g/c, and g’/c’. In other words, we
will evolve a, oy /c? and oy /.

By taking the trace, we mean summing over all the eigenvalues corresponding
to the particles of the standard model. The hypercharge assignments of the standard
model particles are given in Chapter 12. The eigenvalues of 7 and the hypercharge
are related by Y = 2(Q — T?), where, by a slight abuse of the language, we use the
symbol T2 to represent the eigenvalue corresponding to the operator with the same
name, and where Q is the electric charge. The eigenvalues of A3 are, of course, zero
for the leptons. Each generation contributes equally to the traces in Eq. (16.35), so
we can simply impose the relation for the first-generation. The quantum numbers
of the first-generation particles are listed in Table 16.1.

Keeping in mind that each quark comes in three colors, we get, for the first
generation,

) 1\? 4\? 1\* 2\? 5 5 5
Tr(Y)=3(§> +3<§> +3(§) +3<—§) + (=D 4+ (=2)"+ (=1

- — (16.37)

It is also straightforward to calculate

TT32_3 12 ; 12 12 12
7 =3(3) +3(-3) +(-3) +(3)

=2 (16.38)
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Table 16.1 Quantum Numbers (Except Color) of the First-Generation
Fermions of the Standard Model

Particle Y T3

up 1/3 172
Ug 4/3 0
dy /3 =12
dp 23 0
er B T )
er -2 0
VL -1 12

For the trace over the quarks, we must first remind ourselves of the definition of A3

We see that the eigenvalues of A3 of each color state are respectively 1, —1, and
0. The first generation contains four quarks (the left- and right-chiral up and down
quarks), so we get

Tr(3)? =412 + (= 1D*+05) =8 (16.39)

Using Egs. (16.37), (16.38), and (16.39) in Eq. (16.36), we finally get

What this is telling us is that the generators of the grand unified theory must be

taken to be
A3 73 \/? Y
— — and - —
2 2 52
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Thus the coupling constants that we have to evolve with the RG equations are

5

s and -
8. 8 3 8

/

It’s important to emphasize that the angle 0y remains defined in terms of the
original, unscaled constants g and g’ through tan 6y = g’/g. In addition, the rela-
tions

Uem Cem
oy

Qg =

sin” Oy cos? Oy

remain valid, so the numerical values obtained in Eqs. (16.32) and (16.33) are
unaffected by our rescaling of the hypercharge operator. The only change is that
instead of running o/, we must run Scrg /3. Let’s define

a

Il
Wl W

Qg

of which the inverse at the Z mass is equal to

1 3 1
&(Mz) — 5ay(My)
=59.0

The three RG equations then are

! =847+&1n(£>
o, (E) T \Mz
L _ 96+&1n(£)
oy (E) 2 z
L—590+£1 (i) (16.40
aE) > T ar M\ My, 40)

We now need to evaluate the beta functions of the three groups. For SU (N)
gauge theories, the beta function to one loop is given by

11 1
BISUN = SN = 3ny = on, (16.41)

where ny and n; are the number of Weyl fermions and complex scalar fields in
the fundamental representation of the gauge group, respectively (see Ref. 37 for a
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derivation of this result). In Eq. (16.41), the effects of the standard model gauge
bosons are already included in the first term.

For SU (3) ., we need only include the quark fields. Because we count the number
of quarks in the fundamental representation, we do not count the three color states
of a given quark as independent (the three color states of a given quark simply
represent the three states of a single fundamental representation). In the standard
model, the quark states are the left- and right-chiral up, down, charm, strange,
top, and bottom quarks, for a total of 12 fermion states. The only scalar particle,
the Higgs, is a color singlet, so ng = 0. Setting N =3, ny =12, and ny =0 in
Eq. (16.41), we find

Bs =1

For SU(2) 1, we included only the left-chiral fermion states because the right-chiral
states are singlet under that group. The left-chiral electron and neutrino states belong
to a common fundamental representation of SU (2), so they count for only 1 in the
calculation of n ;. The left-chiral up and down quark doublets count for 3 because
now states of different colors are different fields as far as SU(2), is concerned.
So the fermions of the first generation contribute a total of 4 to n ¢, and therefore,
the three generations combined yield a total n = 12. The Higs field is a complex
doublet, so it counts only as 1 for ny. We finally get, with N =2, ny = 12, and
ng =1,

19
,Bg - F
For a U (1) group, the formula for the beta function to one loop is
1
UDl=—-=—) (2¥;+7Y; 16.42
UM =25 (277 +17) (16.42)

where the sum is over all the fermions and scalar fields with hypercharges Y, and
Y;, respectively, Again, the effects of the gauge bosons are already included.

Using the hypercharge assignments of the fermions given in Table 16.1, we get
(the overall factor of 3 accounts for the three generations, and there is an additional
factor of 3 for the three color states of each quark):

=P @) o) () = ()

+ =D+ (=27 + (—1)2}

— 40 (16.43)
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Recall that the Higgs has Y = 1. The Higgs field is an SU (2); doublet of com-
plex fields. As far as the U (1), force is concerned, these two complex fields are
independent, which gives us

Y oyi=2 (16.44)

Substituting Egs. (16.43) and (16.44) in Eq. (16.42), we finally get

To summarize, the three RG equations (16.40) are

In (£
=8.47+7M
as(E) 2
191n (37,)
Otg(E)_29'6+g .
In (£
~1 =59.o—ﬂn(MZ)
a(E) 10 27

To see if these three lines meet at a common point, we could plot them but a
simple analytical test can be made. If we have three straight lines with slopes m,
my, and m3 and with y intercepts b1, by, and bs, it is easy to show that the condition
for those three lines to meet at the same point is

(bl _bz) <m3 _m2> =1 (16.45)
b3 — b2 mip —mp

Using the three slopes and y intercepts of our RG equations, the expression on
the left of Eq. (16.45) is found to be equal to 1.36, which clearly shows that the lines
do not meet at a single point. It is important to emphasize that our whole derivation
is only valid to one loop because the expressions for the beta functions and the RG
equations are only valid to that order. However, the three lines miss one another by
so much that there is no hope that higher-order corrections could cure the problem.

Let us now repeat the calculation for the MSSM. The values of the coupling
constants at the Z mass remain the same (of course, because they are measured
values!), but now the beta functions will be different because of the different particle
content. To start with, Eq. (16.41) must be modified because of the superpartners of
the gauge bosons that, it turns out, contribute —2N /3, so the SU (N) beta function
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now reads

9 1 1

Bsuw) = §N 3 T s

For SU(3)., we have, as before, 12 quark states, but now in addition, we have the
12 gluinos, the scalar superpartners of the gluons. Using n s = n, = 12, we find for
the MSSM,

Bs =3

For SU (2);, we have the 12 fermion states of the standard model, but in addition,
we have the fermionic partners of the Higgs fields, the higgsinos. There are two
Higgs doublets in the MSSM, so the total n f is equal to 14. All these fermions have
scalar partners, so ny, = 14 as well. Putting all this together, we find

ﬁg:_]

Note that B, has changed sign relative to its value in the standard model!

The formula for the U (1) beta function remains Eq. (16.42). To each standard
model fermion with a certain hypercharge assignment corresponds a scalar sfermion
with the same hypercharge. Therefore, excluding the Higgs fields and their super-
partners, we have

> (2¥7 +v7) =80+40
=120 (16.46)

The two Higgs doublets comprise four complex scalar fields with hypercharges £1.
The corresponding four higgsinos have the same hypercharges, so for those fields,
we find

Y @ri+r))=12 (16.47)

Substituting Egs. (16.46) and (16.47) into Eq. (16.42), we finally get
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Thus, for the MSSM, Eq. (16.45) is replaced by

E
L g4743 (iz;)
o, (E) 21
In (£
! —29.6——n(MZ)
a,(E) 2w
In (-E-
- —59.o—§n(’”2)
a(E) 5 2m

which leads to

b 1 — b2 ms3 —my
a = 1.006
by —by ) \my —my
This is an amazing result: The three coupling constants now do meet up at a certain
energy (taking into account the uncertainty in our experimental values)! We can,

of course, estimate this energy: We simply set equal two of the coupling constants
and solve for E. This yields

E ~e3M,
=2 x 10" GeV

which is the unification scale in a grand unified extension of the MSSM.

A generic feature of grand unified theories is the decay of protons. You may have
heard that the SU (5) GUT is ruled out experimentally because it predicts too rapid
a decay. The MSSM gut fares better because its GUT scale is about twenty times
larger than the SU (5) grand unification scale, which raises the proton lifetime. A
factor of twenty does not seem like such a big deal, until one notices that the proton
lifetime is extremely sensitive to the GUT scale, being proportional to E;‘UT. An
increase by a factor of twenty in the GUT scale therefore translates into an increase
by over five orders of magnitude in the proton lifetime. This is sufficient to keep
the MSSM grand unified theory in the game.

At this energy, all three values of «~! are approximately 24, which means that
the coupling constant « itself is about

o (GUT scale) ~ 0.041
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Note that at this scale,

§= 38
which implies that
tan Oy = 8
8
/3
Vs
or
) 3
sin’ Ow = 3

This is, of course, not an exact result. First, as pointed out earlier, our calculation
is only valid at one loop order. More crucial is the fact that the equations that we used
for the beta functions assume that no mass terms explicitly break the symmetries.
As we have seen, however, in the MSSM we have to include such explicit SUSY-
breaking masses. There is much more to say about supersymmetry and the MSSM
in particular but alas, it’s now time to end our introduction to the topic. We hope
you enjoyed the ride!

16.9 Quiz

1.

How many parameters are needed to describe the most general soft SUSY-
breaking terms? How many parameters are needed in the minimal supergravity
model?

How many observable Higgs fields (i.e., not including the states that get
absorbed by the gauge bosons) are there in the MSSM?

In a supersymmetric GUT theory, which inverse coupling constants increase
with energy and which ones decrease? Is this the same behavior as in a GUT
extension of the standard model?

One of the Higgs fields of the MSSM is of particular interest from a phe-
nomenological point of view. Explain why.

How many parameters were necessary to describe the soft SUSY-breaking
terms of the Higgs sector?
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. What are the dimensions of the fields ¢, x, and F appearing in the Wess-
Zumnino model, as well as the dimension of the infinitesimal spinor ¢ that
parametrizes SUSY transformations?

2. What is the result of the “integral” [ d6;d6, 6,6,?
3. Using the antisymmetric € symbol, prove that ¥ - A = X - ¥.

. What is the action of the supercharges Q;,0>, Qi and Q; on a one-particle
state?

. Write down the kinetic energy term for a left-chiral Weyl spinor and show
that it is a real quantity.

. What was the motivation for introducing an auxiliary scalar field in the Wess-
Zumino model?

. Why is it not possible to use a Fayet-Iliopoulos D term to break SUSY spon-
taneously in the MSSM?

. Consider a supersymmetric theory with the potential for the scalar fields
depicted in Figure 1 on the next page. Is SUSY broken spontaneously in this
theory?
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10.

11.
12.

13.

14.

15.
16.
17.

Supersymmetry Demystified

Potential

Scalar field

Figure 1 Potential for Question 8.

. In a supersymmetric abelian gauge theory, write down the most general trans-

formation for the auxiliary field D that has the right dimension and correct
Lorentz transformation properties (without looking at Chapter 10!). It must
of course contain the SUSY parameter ¢ and one of the other fields present
in the supermultiplet.

Consider the interactions and mass terms of the Wess-Zumino model. If we do
not impose invariance under supersymmetry and do not assume any relation
between the coupling constants and masses, how many parameters are there?
How many parameters are there when invariance under SUSY is imposed?

What constraint is obeyed by left-chiral superfields?

Write down the mass terms of a Dirac fermion and of a Majorana fermion in
terms of Weyl spinors.

Why can’t we take a superfield to depend only on the variables x* and 6 (and
not on 6)?

Write the components of a left-chiral spinor with upper dotted indices x Iand
%2 in terms of the components with lower undotted indices yx; and x».

What is a gaugino?

What do we mean by the D ferm of a product of superfields?

What are helicity and chirality?



Final Exam 415

18.

19.
20.
21.

22.

23.
24,

25.

26.

27.

28.
29.

30.

31.

32.

33.

34.

35.

36.

Write down the supersymmetric lagrangian of a free left-chiral superfield in
terms of the corresponding component fields.

What is the LSP?

If R-parity is a valid symmetry, what implication does this have for the LSP?
Could we add a term of the form ¢® to the lagrangian of the MSSM, where
@ is any of the left-chiral superfield in the theory?

Why does the component field of a superfield that has the highest dimension
necessarily transform with a total derivative under SUSY?

Why did we need to introduce R-parity in the MSSM?

What is the value of the Weinberg (or weak) angle predicted at the unification
scale in grand unified theories?

A renormalizable lagrangian is of dimension 4, and left-chiral scalar super-
fields ®; have dimension 1, so why do we include only terms with up to three
left-chiral superfields in the superpotential?

Why is it crucial to include loop effects when considering the mass of the 4°?

Why do you impose that the vacuum expectation values of the sleptons and
squarks be zero?

What is the mass term for a Majorana fermion?

How is the relation between the W and Z masses different from what we have
in the standard model?

There are three types of terms that break SUSY softly. What are they?

List the component fields of a left-chiral superfield ® (which is a scalar under
Lorentz transformation) and show that the bosonic and fermionic degrees of
freedom match both on-shell and off-shell.

What is the superpotential of the Wess-Zumino model in terms of the left-
chiral superfields ®;?

What is the most general supersymmetric lagrangian for an abelian gauge
theory with a set of left-chiral superfield ®; of charges ¢;? Write the answer
in terms of V, F, and ®;.

How does the field-strength superfield F, transform under Lorentz transfor-
mations?

Write x - A, ¥ - A and ¥&"A with the indices explicitly shown (using dotted
and undotted indices in the appropriate positions).

Why do the coupling constants evolve differently in the standard model and in

the MSSM (give a physical explanation as opposed to a purely mathematical
one)?
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37.
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What are the F' and D terms of the following expression:

a(x)- 0+ Bx)-0+AX)0-0+B(x)0-0+ x(x)-06-6+C(x)0-00-6?

38.

39.

40.

41.
42.

43.
44.

45.

46.

47.

48.

49.

50.

Write down the potential for the neutral Higgs fields in the MSSM, in the
absence of any soft SUSY breaking terms (you may consult Section 16.3).
Show that for this potential, both SUSY and the gauge symmetry are unbroken.
What is the R-parity of all the particles of the MSSM? You do not need to
list them all. Simply give the R-parity for the quarks, leptons, Higgs scalars
and gauge bosons, as well as for their supersymmetric partners, the squarks,
sleptons, Higgsinos and gauginos.

Consider the left-chiral superfields H, (quantum numbers 1,2, 1),
Hqs(A,2,—1), and &1, 1, 2). Write down the most general gauge invariant
lagrangian density containing up to four of these superfields.

What is a Fayet-Iliopoulos term? Why isn’t there such a term in the MSSM?

Calculate
a 0

—— (6,0
801801(2 1)

What are the chirality and helicity operators?

In Section 7.5 we had to prove that
Tr((—=D"'{Qa, 0}}) =0

where the trace is over all the fields of a SUSY supermultiplet and N is equal
to 1 for a fermionic state and zero for a bosonic state. Prove this again, without
looking at Chapter 7!

Why does a small Higgs mass (in comparison with a GUT unification scale)
represent a naturalness problem in the standard model?

When evaluating Feynman diagrams with fermion loops, what is the difference
between diagrams containing Dirac fermion loops and diagrams containing
Majorana fermion loops?

Using the notation of dotted and undotted indices, prove (x - 1)’ = X - ¥.

What is the spin of the gauginos? In what representation of the gauge group
do they transform?

What is the definition of the supertrace? Why is it equal to zero when SUSY
is unbroken?

Consider a supersymmetric abelian gauge theory with a single charged left-
chiral superfield ®. What is the most general superpotential for such a theory?
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APPENDIX A

Useful Identities

Gamma Matrices and Trace Identities

In the following, a and b stand for arbitrary four-vectors. The following list is far
from being exhaustive; we are only providing the few identities needed in this book.
For a more complete set of rules, please consult one of the books on quantum field
theory listed in the References section.

) =1

iyt =—yty’

Try#* =Trg =0
Trgl) = 4a - b

Tr(y dy) = —4a - b
Tr(y”) = Tr(y’¢) = 0
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We also need the charge conjugation matrix

io? 0
C=—iy*y’ =
0 —io?

which obeys the following identities:

C*=(C"?=-1
)/SCT — CTVS

Identities Involving Pauli Matrices Only

ot =(1,0)
ot =1, —-0)
olol =871+ iel*o*
O,ZO,ILLO,Z — 5;LT

0'26'“0'2 — O_[LT

2

oot o2

=gh

Here are a few identities involving products of o# and 6# matrices:

ohe" +o"c* =2n""1
oto’ +6"c" =2n""1
VoGP = 'GP — Pt + 'Y — ie"MGy
Tr(c*c") = 2p"¥
Tr(o,vo—_uo_ko—_p) — 2(77V/Lnkp + nukn\)p _ nuknup _ iEU;LAp)
By definition, the matrices c* and & carry the following indices:
G = (O—,u.)c'lb

ol = ("),

(A.1)

(A2)
(A3)
(A4)
(A.5)
(A.6)
(A7)
(A.8)

(A.9)
(A.10)
(A.11)
(A.12)
(A.13)

(A.14)
(A.15)
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We also define
o = i(o“&” —o'c") (A.16)
M = i(&ﬂa“ — 5" (A.17)
which carry the following indices

o = (o)} (A.18)
N (A (A.19)

Identities involving €:
et = (o) (A.20)
b — cab (A21)
€ab = (—i0)ap (A22)
€, = €ab (A.23)
€Pep. = epe? = 5 (A.24)
€te;, = €4eh = §¢ (A.25)
el (o), = (@)% (A.26)
€aveea(@")" = (0" (A.27)
ee @) = "), (A.28)

Definitions of the Various Components of
Weyl Spinors

In the following, the relations are written in terms of a left-chiral spinor y, but
they would apply as well to a right-chiral spinor. In all the following equations, the
barred spinor components always may be replaced by the hermitian conjugate of
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the unbarred components using

The matrix io> may be used to raise both dotted and undotted indices:

x* = {0*)" xp
= éabXb

)-(a _ (idz)db)_(j,

_ e”b)'(b
To be explicit,
X'=x. xX=-x
=% X=-X

The matrix (—io?) may be used to lower either type of index:

Ko = (—io?);x"

=b
=€ X

Identities Involving Two Spinors

A general relation is (see Section 2.8)
al Ap=—-B"ATa

where « and § are arbitrary Weyl spinors.
The spinor dot products are defined by

(A.29)
(A.30)

(A.31)

(A.32)
(A.33)

(A.34)
(A.35)

(A.36)

(A.37)



APPENDIX A Useful Identities

Writing the indices explicitly, we have

XA =x"ha = xa(=ia)Phy = X,k = X 22
X & =Xah = Xa(io) Ry = —xahi + Xia
Using the € notation, we also may write the spinor dot products as

XA = xa€Php = xeupr

X A= €, = Xl

The order in the spinor dot products does not matter:

X-A=XA-¥X
Or, in terms of components,

X ha = A" Xa

Xaht = Aix*

The effect of hermitian conjugation on the spinor dot products is

-0 =rx
G-0T=xr-x

425

(A.38)
(A.39)

(A.40)
(A41)

(A.42)

(A.43)

(A.44)

The product of two components of a spinor may be rewritten in terms of the spinor

dotted with itself using

1., 1
XaXp = —5(10 YabX * X = =€abX - X

2
_ o - L
XaXb—E(lU Db X * X = "5 X X
a.b 2\ab 1ab
x“x" = 2(lcr) XX =—56"%"x

(A.45)

(A.46)

(A47)

(A.48)
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Some identities involving o and &*:

xotA = —rotx (A.49)
xohh = =1ty (A.50)
(x&" M =1e"x (A.51)
(xo" M) = rotx (A.52)

Identities Involving Three Left-Chiral Spinors

aa(B-y)+Baly - )+ vala-p)=0 (A.53)

Identities Involving Four Left-Chiral Spinors

Particularly useful are Weyl spinor Fierz identities:

x-ax-ﬁz—%x-xa-ﬂ (A.54)
x-&x-B=—%x-x&-B (A.55)
(o000 1) = 310 3% % (A56)
(X" )(RE"D) = 1A A% - % (A.57)

2
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Solutions to Exercises

2.1 The case = v = 0 is trivially true because 0° = ° =1 (the 2 x 2 unit
matrix) and n% = 1.
Consider now i =0 and v = i. We use 5*=/ = —¢'. The left-hand side
then is

—oi4+0'=0

On the other hand, the right-hand side also vanishes because n*" is diagonal,
SO 0i _ 0 0

n n .

Obviously, if v = 0 and u = i, both sides of the equation are also equal to
Zero.

The case of two spatial indices is more interesting. Setting . = i and v = j
(where i and j may or may not be equal), the left-hand side of Eq. (2.25) is

0'6’ +0'6' = —0'c! —o'o!
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2.2

2.3
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where we have again used the definitions of o#* and 6*. Using now (2.9), we
find

=—(o.0)

= —28Y1 (B.1)

—o'o’! —olo

As for the right-hand side of Eq. (2.25), it is equal to n/ times the unit matrix.
This is zero when i # j and —1 when i = j, which is nothing other than
—81/1 Therefore, the right-hand side is

201 = =281

which again agrees with the left-hand side. We thus have shown the validity
of Eq. (2.24) for all possible values of the indices.

We have
ayir = (14 ¢.6- 155 Tl PP
n)'x, [( 260’ 2;3 J)nR (+26 0—1—2/3 O’)XL
=nf<1+‘-z ;13 6)T(1+£E i+ 1 5)X
R 2 2 2 2 L
:nT(l—l—E G-13.5 (1+5e.a+1,§ a)x
k 2 2 2 2 -
=n+(1—’-z G- 1p.54le 5+1B-5>X
R 2 2 2 2 t
=nlx, (B.2)

where in the third step we used the fact that the Pauli matrices are hermitian,
and in the fourth step we have only kept the terms linear in € and 8. The proof
that Xjn . 15 also invariant is similar.

Let us first consider the transformation of 7%, which is simply 5’5 because
oY is the identity matrix (we will not show explicitly the label R on the right-
chiral spinor 7 in this solution). We get (following steps that are similar to the
previous exercise)

iy =t l_ig.g_lﬁ.c}JriE-&—lB'&
S P - 2
=n'n—pB-n'én

=o' — B - nian (B.3)
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This is of the same form as the transformation of the zeroth component of a
four-vector [see the transformation of the energy E in Eq. (2.33)] with nfon
playing the role of the three-vector part.

Now consider the transformation of nfo /5 [we used an index j instead of i
only because it will make it less confusing to use Eq. (2.14)]. We get, to first
order in B and €,

. , . oL 1= . R U
(n/)Tor]n/:nT<1_l§€.o'_ ﬁ.0>01<1+l€.0_ ﬁo’)r]
1
2

. i, o o 15 ; -
=nTGJn+nT<_§€o-O.J_EﬁO'O.JJ’__O.JGo_

Consider the sum of the second and fourth terms on the right-hand side.
Using Eq. (2.14), we obtain

| - -
nT<—§e -o0’ + 50’6 . O’)T} = —(e X (nTan))J.

For the third and fifth terms on the right-hand side of Eq. (B.4), we use instead
Eq. (2.9):

o 1 1
nT<——ﬁ ‘G0l —Solp- U)n = n*(—iﬂi(mo’j - Gjov-))n

= —Bi8iin'n
=—Bin'a"n (B.5)

We therefore get for Eq. (B.4)
()0 =nien—2x (n'én — Bnla'y

This is of the same form as the transformation of the three-vector part of a
four-vector [see the transformation of p in Eq. (2.33)] with, again, nfo %y
playing the role of the zeroth component and 557 playing the role of the
three-vector.

We have therefore proved that nfo#n indeed transforms as a four-vector.
The proof that the quantity x 'G* x is also a four-vector is similar.
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2.4 Consider taking the hermitian conjugate of io2 XLTT and contracting this with
—iaznff. We get

(iazij)T(—iaz TT) _ _(szjT)TaznzT

R

= —x[(@Hlo*n!"

=—x 0%,
=%
= Mg (B.6)

where we have used the fact that o2 is hermitian and that o202 = 1. This
invariant is already listed in Eq. (2.42).
Is is now obvious that

(=io™n") (i0”x[") = =0l x]" = x/n,

which is also on the list of Eq. (2.42).

2.5 For a the vector quantity, we may simply take Eq. (2.45), which is a Lorentz
invariant, and drop the derivative. The result,

XZ&”Z'XL

1S a contravariant vector.
To get a second rank tensor, we need a second sigma matrix. Let’s start
with

Qi

MXL

From Egs. (2.43) and (2.44), we see that if the index u is contracted with
something, this behaves like a right-chiral spinor. Equation (2.43) tells us that
we must multiply a right-chiral spinor by the matrix ¥ to get something with
well-defined Lorentz properties, so let’s consider

o'aly, (B.7)
Imagining again for an instant that the Lorentz indices are contracted, we

know from Eq. (2.43) that this quantity transforms like a left-chiral spinor.
The first term in Eq. (2.42) shows that we must contract a left-chiral spinor
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with — )(LTicr2 to get a Lorentz scalar. We therefore have that

~xlic%s5hy,

transforms like a second-rank contravariant tensor.
2.6 For example, we have

Aox =" (—io?)
= —xT(—=ioe®>Tx  using Eq. (2.48)
= x"(—ioHr using the antisymmetry of —io?

—x-A (B.8)

What happens therefore is that we pick up two minus signs: one from the
anticommutativity of the spinors and one from the antisymmetry of the matrix
io?. Likewise, one can show that X - ¥ = ¥ - A.

2.7 We will only prove the first one because the two proofs are almost identical.
In terms of explicit components, we have

0-x =0"(=ioc?)x =brx, — 01,
and a similar expression for 6 - A. Therefore,

0-x0-A=(02x, — 01 %,)(O211 — O112)
= —0Ohx,01A2 — 01,0011 (B.9)

(all the other terms are identically zero because all the parameters here are
Grassmann quantities).
On the other hand, we have

1 1
—50 . 0X A= _5(9291 - 9192)()(2)\'1 - Xl)“2)

= =001 (X,A1 — X, A2)
= —01X,00A1 — 02,0112
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This is identical to Eq. (B.9), which completes the proof. An alternative deriva-
tion using Eq. (2.54) is

0-x6-h=0,(—icD)up xpOc (—i0%)eara
= —(—i0%)ap (—i02)ea 04 Oc X a

1 . . .
= —Z(—wzm (=102 (104 (0D)pa 6 -0 x - 1

1 . . .
= —Z(—mzm ((0%)pd (10D ae ((0%)ea 6 -0 x - 1

1

= —ZTI‘(O'20'20’202) 0-60x- A
1

:—ZTr(l)Q-GX - A

—109A

3.1 By definition,
n-x=n'(—io)x

where on the right-hand side it is implicit that the two spinors have lower
undotted components. To be more explicit, we have

n-x=-mx,+mx (B.10)
On the other hand,

X n=—=xm+ x.m (B.11)

The expressions (B.10) and (B.11) are equal because —n;x, = x,71 and
772)(1 = _X1772-
3.2 We must express 7, in terms of components with upper dotted indices because

this is the type of index that is implicitly assigned to all the right-chiral spinors
in Eq. (2.42). Using Eq. (3.17), we get

fafi® = (—io?) ;i 7°
= 7’ (—io?) 7"
= 7P (i0) 7"

which corresponds to the expression n’ic?n of Eq. (2.42).
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3.3 We have

X X=Xo X — Xi X2
=2x X
==2X, X (B.12)

Using Eq. (3.16), we can rewrite this as

X-x=-2x'x
=2x%y! (B.13)

We could, of course, have instead used
__ ya | 2
X X=X Xa=X X, + XX

and then Eq. (3.16) to recover Eq. (B.13). Either way, the result is

And, of course, x'x! = x?x? = 0. On the other hand,
(ioH? =1 (o»)'=-1
whereas the diagonal elements are zero. We therefore find

L.
X" = =5 G0 - x

as was to be shown.
On the other hand, using Eq. (3.13), we have

X X=xx"+toxt=-xx+x'%

so that

| =
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3.5

4.1

4.2
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which gives us

—a _

IR SN
X Xb=§(102)bX‘X

This is actually a trick question. One can tell that this expression is zero without
doing any work. Indeed, x - x contains one factor of x, and one factor of y,,
whereas x - n has two terms that contain either x, or x,. Therefore, all terms
contain the square of either x, or yx,, and the whole expression is identically
Zero.

Following the hint, we take the trace of both sides of Eq. (2.24). This gives
Tr(c"6") + Tr(c"") = 21" Tr(1)
From the properties of the Pauli matrices, each trace on the left is nonzero if

and only if u = v. Therefore the two traces are equal to one another and we
have

2Tr(c*5") = 4n*"

which, after dividing by 2, completes the proof.
We have

(xterio )" = (a0t iy

Note that we did not pick up a minus sign when we switched the order of the
spinors, according to the rule (2.56). Applying the hermitian conjugate to the
parentheses and using the fact that the Pauli matrices are hermitian, we get

(3,0)7@" x = (—id xHa*x
= X*&”i(‘)ﬂx

using an integration by parts in the last step. This is the original kinetic term,
as was to be shown.

We have

_m(Xi) “Xpt+ Xp- )_(P)T = _m(XP : Xp)T - m()_(p : )_(1’7)1-
=—m}p-Xp—MXp- Xp (B.14)
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4.3

44

5.1

using in the last step Eq. (A.44). This is indeed equal to Eq. (4.11) because
the order in spinor dot products does not matter.

The second term of Eq. (4.13) agrees with the second term of Eq. (4.12). Let’s
focus on the first term. First, use Eq. (A.5) to get rid of the o> matrices:

ixlo 0“8 o XJ =iy, a“TE)MXe

Next, we use Eq. (A.36) to get rid of all the annoying transpose operations:

. — T . —
lX,}TGMTa/AXéT = _l(auxg)gu)(é

Finally, we do an integration by parts to get the derivative to act on the spinor
on the right:

—i(3,x2)5" Xe = i X1 5", xe

which is the first term of Eq. (4.13).

In Eq. (4.14), an integration by parts has been performed on one of the deriva-
tives, which introduced a minus sign. We must replace 9, by 9, — ieA,, before
any integration by parts on 9, has been made. After an integration by parts,
we have to make the replacement d,, — 9, +ieA,, but this gets confusing
because we must keep track of which partial derivative has been integrated
by parts!

For the hermitian conjugate of the scalar field transformation, the proof is
trivial if we use Eq. (A.44) and the fact that the order does not matter in spinor
dot products:

GOl =@-0'=C-3=%-7=xlic?¢

where the last equality follows from the definition of the dot product between
barred spinors.
Now consider

G0 =[-C* @) 0" io’c*]'
Using the fact that (AB)" = BT AT, we get

Gx)'=—=C@upM (10D (™)
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Now we use the fact that Pauli matrices are hermitian to obtain
60" =C@uphH¢ io*s"

where the change of sign comes uniquely from the complex conjugation of
the i factor.

We have
0"5"9,0,¢ = (06°9, +0'9;)(c"8, — 07 3))¢p

=3¢ —0'0!3,¢
Now we use the fact that 0’0/ = 8§/ 4 ie'/*o*. The second term is antisym-
metric in the indices i and j, so it won’t contribute when contracted with the
symmetric expression 0;0;¢. We therefore end up with

2

O ¢ — 9;0;p = 9,0"¢
Using the antisymmetry of the coefficients w"”, we write
¢ (x" + "x)) * o(x) + "X, 0,0 (x)

1

=¢(x) + 3 (0" — @")x,0,¢ (x)
1 v 1 v

= ¢(x) + Ea)u xuau(p(x) - Ea) quf);dﬁ(x)
1

=¢(x) + Ew“”(xuaﬂ — X,0,)¢ (x)

where in the last step we simply relabeled i <> v in the last term.
Using Eq. (6.12), we have

Lo, I
- Ea) M., ¢ :—Ea) (%0, — x,,0,)¢ (B.15)

where the minus sign on the left is due to the fact that the argument of the
exponential in our definition of U is negative. We immediately get the result
we were seeking, i.e.,

[Mu,v, ¢] = i(xvau - xp,av)(p (B16)
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6.2

6.3

Using the derivation made in the solution of Exercise 6.1, we write
w v ~ 1 LV
P(x" + 0''x,) X @ + 7 (X0 — x,0,)¢
which we set equal to
i ] i N
ex Mg~ ¢+ ECUWM;LW

which immediately leads to

A

M,, =i(x,0, —x,0,)
Consider, for example,
(M, P2] = i*[x,0) — x,0,, 03]

The trick to handle this is familiar from quantum mechanics: We simply
imagine that the whole expression is acting on a test function. With this in
mind, we get

A

(M0, P] = —x,8,0; + (3,08 + X800 + x,8,0, — (33x,)9, — x,,9,,
= (8)»x;/.)8v - (a)\xv)ap_
= nkuav - nkvau (B.17)
You might have expected the derivative of the coordinates to give a Kronecker

delta instead of a metric. The reason we get the metric is clear if we explicitly
write the variable with respect to which the derivative is taken. For example,

9x,
axx# = W
If both indices are equal to zero, we get
axo —1

8x0
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because xo = x° (with our choice of metric). On the other hand, when the
indices are spatial, we have

3.X,'
— =-1
ax!
because x; = —x', 80 3,X, = Np-
Coming back to Eq. (B.17), we may use 9, = —i P, and 9, = —i P, to
finally obtain

[M;w» IS}L] = i(nAva_ - nkui)v)

We thus have shown that the representation as differential operators obeys
the desired algebra. But the algebra is a fundamental property of the group,
which is independent of the representation used, so our derivation gives the
general result.

It is straightforward to verify the commutator of two Lorentz generators
using the same approach.

We consider for the first transformation a translation with parameter a* and
for second transformation a Lorentz transformations with parameters w"":

1
8080t — 8480P = 8, (a” ) — 5“”” 8a(xy 0,0 — x,,0,0)

1 1

= Eakw“”ak(xuau¢ — X, 0,9) — Eaxa)“”(xvauad) — Xx,,0,0,0)
1

= Eaxww(mxf)mﬁ - nkp,av¢)

_ i SN A

- Ea w (nvk[P;u d)] - nk;l,[va ¢])

From Eq. (6.40), this is equal to

A 1 v
a PA,—Ea) M|, ¢

where we used exp(ia*P,) for the operator generating translations and
exp(—iw""M,,/2) for the operator generating Lorentz transformations. We
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thus find
in [Py, @] — imul Py, @1 = [[Pr, —M,), ¢ ]
or
NPy —imu Py = [M,, Pl

as was to be shown.
6.5 a. Let’s work out the right-hand side of Eq. (6.82). Consider the first term:

808:0 = 8u(—¢Tio?x) (B.18)
From Eq. (6.81), we have
8,80 = —¢Tio?8,x
= —%w’” (i{Tozawx + xvgrazaux — xugTozavx) (B.19)
On the other hand,

1
8:80p ~ 8¢ |:§a)’“’ (X000 — xuavqb)]
= —%a)‘“’ <xU§T028,LX — xﬂgTazavx) (B.20)

We see the reason the order of the two transformations matters is entirely
due to the spin generators in the Lorentz transformations, which appear
in Eq. (B.19) but not in Eq. (B.20) because in the first case the Lorentz
transformation acts on a spinor, whereas in the second case it acts on a
scalar field.

Substituting Eqgs. (B.19) and (B.20) into Eq. (6.82), we get

1 1
—5[[; 0, 0" M1, 9] = Ew””ﬁTaz%vx (B.21)

Using Eq. (6.85), we have

| .
—5[te - 0.0 M, 6] = %w“”s“TGzUW[Q, ¢] (B.22)
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from which we conclude

¢+ Q. Ml = —it"0%0,,Q (B.23)
Let’s write the indices explicitly. As usual, we assign lower indices to both
¢ and Q and make sure that repeated indices appear once in an upper

position and once in a lower position, which uniquely fixes the positions
of all the indices. This gives us

[Ca(=i0) " Qp, My ] = —i8a(67) P (0,) O (B.24)
Note that the matrices o, are antisymmetric, so we need to keep track

of which index comes first, which is why the c is shifted a bit, to clearly
indicate that it is the second index. Since ¢, is arbitrary, we finally obtain

(O, Muv] = (qu)hCQc'

as was to be shown.

. Let’s first evaluate

858cp! =8,(% - 0)
= Buka) C° (B.25)

We need the Lorentz transformation of x, which we can obtain simply by
taking the hermitian conjugate of Eq. (6.81):

1 o _ _
SpX = Ea)’“’(—zx O + X0, — xuav)() (B.26)

where we have used (a,w)T = &,», Which can be confirmed easily using
the definitions in Eqgs. (6.78) and (6.79).

Now let’s write Eq. (B.26) with the indices explicitly shown. In Eq.
(6.81), the spinors have lower undotted indices. This means that in Eq.
(B.26), the spinors also have lower indices, except that they are now dotted
because we have taken the hermitian conjugate. Therefore, the transforma-
tion is

1 oy i i
Soka = 50" [~i% (300)% + X008 Xa — X000 Xa ] (B.27)
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The indices of &,,, have been chosen to match the rest of the expression,
but we can check that they are indeed correct by using Egs. (3.33) and
(3.34) in the definition of &,,, [Eq. (6.79)]. Indeed, the right-hand side of
Eq. (6.79) is

i

4[@)”"”(%)1,& — (6)"(0,)¢]

which carries indeed indices ()aé.
Substituting Eq. (B.27) into Eq. (B.25), we finally obtain

1 S . .
8,8c0! = Ew“”[—ix;, (G00)% T4 + X0 (0, %) T4 — X (30 Xa) T
1 _ _ _
= Eww}[_i)_(((};w;) + xy (8;1)_() : § —Xpu (8u)_() : é‘] (B28)

where we are using the shorthand notation discussed in Chapter 3 to avoid
having to show the indices explicitly.
On the other hand, we find [using Eq. (6.23)]

1
880! = S b (x,9,9" — x,0,0")
Lo - =
= 50) [xv(a;LX) &= x, (8 X) - ;]
so that, finally, Eq. (6.87) gives
R i -
—5[[Qa§“, "' My ], 9'] = —Ew’“ X Gu)’ (B.29)
which can be simplified to
[[Ca: M) 0] = i%; )", (B.30)

The only missing ingredient is the commutator of Q; with ¢'. Instead of
Eq. (6.84), we now have

[0-7.¢"]=—ix-C (B.31)
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which implies
[0i.0'] = ~iX; (B.32)

Using this to replace j; on the right-hand side of Eq. (B.30), we obtain our
final result, i.e.,

[Qa, Mw] = _Qb (5w)ba

which confirms the first relation in Eq. (6.86). To obtain the second relation,
we express the supercharges in terms of their components with upper dotted
indices:

Edé[Qév M;w] = —€jyg Qd (O_’lw)bg

To get rid of the € on the left side, let’s contract both sides with €%, On the
left, we may use Eq. (A.25), namely €“‘¢,. = &7, so the equation becomes

[0° M, ] = —€ €,y Q4 (6]
= "¢y 01 (M)

where we have used the antisymmetry of the € symbol. Using Eq. (6.88)
(which we will prove in a second), we finally obtain the second commutator
of Eq. (6.86), after relabeling some of the indices.

That leaves us the proof of Eq. (6.88). Let’s do it! Using Eq. (6.79) with
all the indices raised, we have

b _ . l b _ .
€5, (@15 = Zec €, (@) ") ) — <V

GC

i :
= Ze‘b% 856" (0")p — 1 < v

Pe1a €g€% (") (0")y — i <> v [using Eq. (A.24)]

1 .
= —GC

4
= _éil (g“)gd(é”)ég — <> v [using Eqgs. (A.26) and (A.27)]
— ((—,W)é'd (B.33)

as was to be shown.
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6.6

6.7

When the spinor dot products are written fully, Eq. (6.92) is
o[ BT (=io?)y 1+ Baly” (—io®)a] + yula” (—ic?)] = 0
with
B (—io®)y = Bay1 — Biy2
and so on. The identity then is

aufoyt — auPr1v2 + Bavaar — Baviaa + Va2 f1 — Va1 2 =0

If we set a = 1, the left side is

a1 Boyi — a1y + Biyao — Bivias + yicaffi — viai B

To see the cancellation explicitly, let’s move all the components in the order
afy. Including a minus sign every time we move a component passed another
one, we get

a1Boyr —aiBiys +a1Biy2 — By + iy — a1 ot

which is clearly zero because all terms cancel pairwise. The proof witha = 2
is similar.

In the case of the scalar field, we want to show that the new term in the
transformation of the spinor field does not ruin Eq. (6.61), which was of the
desired form. We have

dep=1¢-x
S0
8pdc = 8p(¢ - X)
= previous expression + F¢ - B (B.34)
On the other hand,

8:8p¢ = previous expression + FB - ¢ (B.35)
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SO
dp8;¢ — 8,6p¢ = previous expression + F¢ - B — FB - ¢

=—i(¢'6"p — p'6"¢)0up + FC-p— FB-¢  (B.3O)

using our result (6.61). But clearly, the last two terms cancel out because

¢ - B = B-¢!Soourresult of the commutator of two SUSY transformations

on the scalar field is, thankfully, unaffected.
Consider now the transformation of the spinor field. We have

858 Xa = 8p[(—ic"i0?c*) 00, + F4]
= previous expression — i(ﬂTc?“aux);a (B.37)
whereas
8:8p Xa = previous expression — i({Td*”aux)ﬂa (B.38)
Therefore,

880: Xa — 8¢:8pXa = previous expression — i(ﬂ*&“aﬂx)ga + i(;Tci“B,Lx)ﬁa
(B.39)

with the previous expression being given in Eq. (6.93). Substituting Eq. (6.93)
into Eq. (B.39), we get that the two offending terms in Eq. (6.93) that did not
vanish off-shell are exactly canceled by the two extra terms in Eq. (B.39),
leaving us with the result we were wishing for:

848¢ Xa — 8¢8pXa = —i(¢10"B — B15"¢) B, xa
It remains to check the auxiliary field. This is done easily:
88 F = 8p(—ic16"9, %)
= —ifl6ro" B 0,0,¢ —i (16" B8, F (B.40)
The first term on the right-hand side can be simplified using Eq. (5.13):

—itl6ra o’ B*9,0,0 = —itTa?p* ¢
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7.1

7.2

which is simply
—t-B ¢

by definition. Using this in Eq. (B.40), we have

8p0;F =—C-B ¢ —i(Ic"p)d,F (B.41)
From this we readily obtain

8:86F = —PB-¢ ¢ —i(B'G"¢)d,F
so that

840 F —8:8sF =—C-B ¢+ B-T ¢—i(c'6"p—p'6")a, F
= —i(¢'6"B — B16"0)d, F (B.42)

where we have used the fact that Z - B = B - ¢ to cancel the two terms con-
taining the scalar field. We finally see that, indeed, the auxiliary field also

obeys Eq. (6.100).
We write

P,WH = WHP, + [P, W]

The first term on the right-hand side is zero, from Eq. (7.3). The commutator
is equal to

1
[P;u WIL] = Eeuup(r [P;u Mpo]Pv

i
= —56‘“’”” (Muo Pp — Nyup Ps) (B.43)

using Eq. (6.34). This is equal to zero because the flat metric is symmetric,
whereas the Levi-Civita symbol is totally antisymmetric.

We have to simplify
1

) 1
EE’Jijk = Eél]k(ajk + X Pk — Xp)
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Consider first the spin part:

1
—€

2

.. 1 ..
ijk ijk = =
J ajk=§ef (0j 6 — 01 G;)

_ ik .

_86 (—0ojor+o010))
i .. . .

= ge”k(—af ok +okal)

i .. .
= ge”k (0%, o/]

1 .. .
- __ El]k Ekja o
4

— _eljk Ea]k o

_ _8iao_u

which is simply the spin S’! Now consider the spatial part:

L ik
5 € (Xj px — Xk Pj)

Since both the Levi-Civita symbol and the expression in parenthesis are anti-
symmetric in the indices j and k, we may write this as

ijk
€’" xj pk

which is of course the ith component of the total orbital angular momentum,
L' = (¥ x p)'. Our final result is therefore

1 .. . .
3 €*My =8 +1L'
7.3 We have

1 ...
Wop), = Ee‘)lf"Mjkmmo
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But the only P; that does not give zero when acting on this state is P3, which
is equal to — P3. Therefore,

1 .

WO p), = —Ee°3ko,kP3|p>o
1 03k

= _56 MjkE|p>o

I 5.
= €/ MyE|p),

= (Sz + Lz)E|P)0
= Es.|p), (B.44)

where we have used Eq. (7.8) (we use the notation §* = S, and L3 = L.).
Substituting this into Eq. (7.22) leads again to

A

h=s,=5-p

7.4 Following the same steps as in Section 7.2 and using the second relation of
Eq. (6.86), we have

. 1 S
[0, W1 = Ze™[Q", Mi;1Ps
1 ai o =
= —5603”6,»]-QP3 (B.45)

The only differences with what we did earlier is therefore, 0% and that we
simply get 6;; instead of o;;. However, from the definition of 0, and 6,,,, it
is clear that when both indices are spatial, the two expressions are equal, i.e.,

0ij = 0ij

Indeed, 0, and &,,, differ only when one index is equal to 0 and the second
index is spatial.

Our final result is thus identical to Eqgs. (7.28) and (7.29) except for the fact
that we have supercharges with upper dotted indices:
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For the commutator with the charges Q,, we could repeat the above steps using
the first relation of Eq. (6.86) or, more simply, use Ql Q2 and 0° = —Q1
to get

_ 1.
[05. Wo] = —50sP3

We can finally express this in terms of components with lower undotted indices
using Ql Q1 and Q2 Qz, which confirms Eq. (7.32).

The Majorana charge spinor is, as already shown in Eq. (7.43),

0}
_QJr
Ou = : (B.46)
0
0>
whereas
Ou =@’ =(0]. 0}. 0. — Q1) (B.A7)
It is convenient to write y* as
0 o~
yHt = (B.48)
o* 0

The anticommutator (7.44) then gives 16 relations. For example,

{Om1, Om1} = (Y"1 Py
which, using Egs. (B.46), (B.47), and (B.48), gives
{0l.0ly=0

Of the 16 anticommutators, 8 are equal to zero and reproduce Eqgs. (6.70)
and (6.71). As an example of a nonzero anticommutator, seta = 3 and b = 1
to find

{Qum3, 0w} =101, 01} = (¥)31 = (611 P, (B.49)
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7.6

On the other hand, with a = 2 and b = 4, we find

{Oum2, Oma} = (=01, —01} = {0}, 01} = ") P, (B.50)

If we recall that 6° = 6% =1 and that ' = —¢', it is easy to convince
ourselves that (6#)1; = (0/)22, so we indeed find that both Eq. (B.49) and
Eq. (B.50) yield

{01, 0]} = (6" P,
Two of the other nonzero anticommutators are
{Om3, Om2} = {01, QE} = (") 1P,
{Om1, Oua) = {0}, =01} = GM12 Py (B.51)

This time we need to use (6#)1, = —(0*)12, so both equations in Eq. (B.51)
are actually equivalent and in agreement with Eq. (6.72). There are four
more nonzero anticommutators that, after using (6*);; = —(0*),; and
(6")22 = (0")11, lead to

{02, 01} = (6")21 P,
{02, 01} = (6M)n P, (B.52)

in agreement with Eq. (6.72).
Let’s start with

[¢-0.00.0)]= / dx[0,0' (3. 0, ¢G5, D] (—ioHo  x (X, 1)

where we have used the fact that the spinor field commutes with the scalar
field. The commutator is nonzero only when the derivative on oi(X, 1) isa
time derivative, so we must set v = 0. We then get

[ 0.0G.0] = i [ 45 =55 (ia)a"x G.1)
as was to be shown. It is clear from this derivation that we trivially have
[Z -0, ¢] = 0because Q does not contain ¢'.

Now let’s turn to the commutator with the spinor field. To keep the notation
simple, we will use x for the coordinates (X, ) and y for (y, t). Let’s then
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look at
[£-0. xaN]=[2 . %]
_ / Pr(0,6(0) (e (D" xa(y)  (B.53)

Let’s go through this one slowly. Focus on the commutator, which, with
spinor indices shown explicitly, is equal to

[xd ) (@ (1), xa)] = ixf () (0 0D C 3 (v)
—ixa X ) (@ o)L
= i(—x) (D)%) = X3} () (0 D}
= —i{x) (). XM} )<L}
= —i8,8> (X — ) (0 D)L}

where we have used the fact that ¢ and y,(y) anticommute. Inserting this
into Eq. (B.53), we finally obtain

[ 0. %] = i@ (M)bap (0”08
which can be written without showing the indices explicitly as
(€ 0. x(] = ~i@p()o o’

in agreement with Eq. (6.52).

7.7 The most general symmetric second-rank covariant tensor that we can build
of the metric, 1, and the momenta is

S;w = C1Muv + CZIA)/L]A)U
If we apply this to a two particle state, we simply get
S;w|p k> = (2Cl77uv + C2PuPv + C2k,ukv)|pk>

To simplify the notation, let’s define A = p{, B = pf’ ,C = p‘}, and D = pl}.
Then, conservation of Suv leads to

2cinu + A A, + 2B B, = 2ciny + 2C,C, + 2D, D,
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10.1

or, equivalently,

(A/L - B;/.)(Av - Bv) + (Au + B;L)(Av + Bv) = (C/j, - Du)(cv - Du)
+(Cp + D)(Cy + Dy)

In addition, conservation of four-momentum implies
A,+B,=C,+ D,
so that we can rewrite the conservation of S,,, as

(Au - B;/.)(Av - Bv) + (Ap. + Bu)(cv + Dv) = (Cu - D,u)(cv - Dv)
+(Au + Bu)(Cy + D)

or

(Ay —B)(Ay — By) = (Cp — D)(Cy — D))

There are only two possibilities for the relation between the momenta before
and after the collision. Either A, — B, =C, — D,orA, — B, = D, — C,.
Now, if we use again the conservation of four-momentum, these two pos-
sibilities immediately lead to either A = C and B = D (no scattering) or
A = D and B = C (exchange of four-momenta), as was to be shown.

If we take the hermitian conjugate of the first term, we get
(é—'fé-li)\‘)T — AT(&M)T;
Note that when we apply a hermitian conjugation to a product of spinors, we

exchange their order without introducing a minus sign [see Eq. (2.56) and the
discussion preceding it]. Since the Pauli matrices are hermitian, we simply get

(¢lema)’ =afere
which is precisely the second term appearing in Eq. (10.2). It is now obvious
that the hermitian conjugate of the second term of Eq. (10.2) is equal to the
first term. Therefore,
(¢laha + )ﬁ&“()T =ca"a 4+ Aahe

as was to be shown.
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10.2 a. We simply have
! i j 1 ij - ijk _k ij ij
ZTr(o*’o*/) = ZTr((S”l +ie’ ") =68"Tr(1) = &Y
b. By definition,
i \Jk . ijk
(T5,)" = —ie"

or, to be explicit,

00 0 0 0 1 0 -1 0
T.=ilo 0 —1|T2=i]l o0 o o|T)=il1 0 o0
01 0 -1.0 0 0 0 0

(B.54)

It is a simple matter to check that
T(7.,) =2
and that they satisfy

[T!.T/)]=ie"*T"

AD’ © AD

10.3 Obviously, the terms in Eq. (10.37) would be absent. On the other hand, we
would have more choices than in Eq. (10.39). Writing down only the terms
of dimension 5/2 or less, we find

¢, x. F, 0%, dx. 00, ' x

plus their hermitian conjugates. Now we pair these up with the fields F,,, A,
and D to form interactions of dimension 4 or less. We get the following eight
possible combinations (when a term is not real, we add to it its hermitian conju-
gate to obtain a real interaction and have assumed all the constants to be real):

Line = C1(D¢? + D¢™?) + C2(Dp + D) + C3(DF + DF') + C4 D¢

+Cs(px A+ ¢ % -A)+Co(p'x A+ 0% 1)
+Cr(pr- A+ ¢Th- 1) + Cs(d'h- 1+ ¢k - 1)
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11.1 Using
0-x=—bix2+60x1 = x26h — x1602
and 0 - 6 = —26,6,, we get
p=A x2=B x1=-C F=-D

11.2 The nine possible terms containing only one quantum field are (the fields
A, B, ... are scalar fields, U,, V,, and W, are obviously vector fields, and
the Greek letters represent left-chiral spinor fields)

S(x,0,0)=A+0-x+0-1+6-0B+6-6C+065"0U,
+(00"9)60 -0V, + (05"6)0-0W,+6-600-6D  (B.55)

The parentheses have been included only to make the grouping of terms
more explicit. Any terms with more 6 or 6 will be identically zero. We do not
consider terms with o# replaced by " because these are not independent
terms owing to the identity (A.49).

11.3 Consider the first expression. We need to express all the Grassmann variables
in terms of components with upper undotted indices because the derivative
is with respect to this type of component. We get

9 9
89a9b9b = 89aehcebec

=€ 800 — €, 0" 8¢

= €00 — €4, 0°
=€, 0 + €, 0°

=26,

The proof of the second identity is similar.
11.4 By definition,

ad ad Gl
aaa —a_~ L1 7 2_ 7
¢ ¢ 00 ¢ 90! 962
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Using Eq. (11.26), we have

0 a d 0

302~ 30, 90 36,
We may write this as
3 = —d! 3 = 9°

Note that these relations have the opposite sign as the relations in Eq. (11.26).
The reason why is obviously owing to the fact that a partial derivative with
a covariant index denotes a differentiation with respect to a variable with a
contravariant index.

Using ¢! = ¢ and ¢} = —¢2, we finally find

N B ) 9
' —+¢ =0— +H—

361 962 36, 36,
so that
L3 0
¢ a0a g"aea

which completes the proof. Since the relation between the ¢ and ; is the
same as the relation between the 6 and 6y, this also implies that

Let’s apply €, to Eq. (11.37):

_. 1 .
61'7[-1 Qa = iébdaa — 561‘,{1(6*”)“0068“

We may lower the indices of Q¢ and 8¢ [using Eq. (11.42)], i.e.,

- _ 1 .
Qb = —lab — Eébd(ﬁu)m@cau



APPENDIX B Solutions to Exercises 455

11.6

12.1

12.2

Now, in order to use Eq. (A.27), we need to write 6, as €.40¢ and then switch
the order of the indices using €., = —¢€,, to finally get

- -1 ”
Q= —id; + 5ebt-,edc(&“)‘“ed Ay
- 1
= —idy + E(JM)dZ,edaM (B.56)

which agrees with Eq. (11.43).

If we pull out from the anticommutators all we can, we get the condition

0

S T I A
lCétc{H _} +§(0H)hdpu {ﬁ’

_d _

Using Eqgs. (11.46) and (11.47), we simply get

i N i .
iCe 85 + E(a“)bd Pl =iCup + 3 (0")bi P
=0

which immediately yields the result [Eq. (11.56)].

This is obvious if we consider a generic component field A(y) (which could
stand for ¢, x, F, or any other field) and express it in terms of x and the
Grassmann variables [see Eq. (12.7)]:

A(y) = A (x“ — %90*‘@)
= A(x) — %QU“éBMA(x) - %9 000 A(x)  (B.57)

The product of left-chiral superfields will contain the sum of products of
such component fields. Clearly, only the first term in the expansion of each
component field, the term A(x), may contribute to the F' term because the
other terms in the expansion (B.57) contain at least one 6.

We will use Eq. (A.54), which says that, for any three Weyl spinors «, §, and
y, the following holds:

1
V-ay-ﬁ=—zy-ya-ﬂ (B.58)
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In terms of explicit components, this gives

a b 1 c d
via.y By = — =y yeaBa (B.59)

2
Now consider Eq. (12.47):
0 - 3, x)(Oc"N)

The parentheses were added only to show the grouping more clearly. Writing
the indices explicitly on all quantities, this is

0% 9 xat” (0" )ped

This is of the form of the left side of Eq. (B.59) with the identification
y =6 and

Qg = 8MX(I By = (O'M)bé):é

so that Eq. (B.58) gives
T 1 d X
00 - 3 x = —56’ <00, x“ (0,)ach
1 -
= —59 <00, x) ouh

as was to be shown.
Now consider Eq. (12.48), which may be written as

0 - X300 (0,00 = 10 (3 x") (0,)ac 6 (B.60)
Showing all the indices, the identity (A.55) corresponds to

L . 1 L .
v By’ = _537&770,35107(1 (B.61)

The left-hand side is exactly the same as Eq. (B.60) if we identify y = 6 and

@y = Ag Bi = @, xD (0) 4
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131

14.1

The identity (B.61) then gives us

_ _. 1. _ _
0 - %0,x")(0,)a:0° = —50 B @ux (M)At
1. _ _
= —50 0@ x)otA

which is what we needed to prove.

One has to be careful with this calculation because the components with
upper indices are not independent of the components with lower indices. If
one does not keep this in mind, it is tempting to conclude that

0 9 -

DD -0 = — —0,6°
364 36,

will simply give 1. But this is incorrect. The simplest way to do the calculation
is to expand 6 - 6 out in terms of lower components:

Jd 0 - - 0 - 0 -
004 00, 00! 962
Now we use 03 = 6! and §; = —2, we finally get
901 > Tapr ' Tapi 902

as was to be shown.

Since we are only interested in reading off the masses, not in the interactions,
we will consider only the terms quadratic or bilinear in the fields:

1 1 1
V= 5m2R§ + Em2132 — &*M*R} + ¢*M° I} + 5mzRf + 287 R3 ($2)?
1
+2mg (o) RiRs + Sm’ I + 2mg (o) [1 I3 + 287 [3(2)" -+ (B.62)
where the dots indicate terms that don’t contribute to the mass matrix.

We see that since there are no terms containing R, or I, these fields are
massless. The fields R, and R3 get mixed, and their mass matrix is (in the
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basis R, R3)

m* 2mg (¢n)

2mg(py) m* —2g*M* + 4g*(¢)?

M, =

whose eigenvalues are

m? — g*M? +2¢%(¢)” £ g\/ (28(92)% — gM2)* +4m2(¢)?  (B.63)

This is not a very pleasant expression. It simplifies greatly if we use the
freedom in the choice of (¢,) to set it equal to zero, in which case the matrix
is already diagonal, and we get

2 _ 2 22 2 _ 2
my =m-—g°'M my, =m

Now consider the terms in /; and /3 in Eq. (B.62). The corresponding
squared-mass matrix is (in the basis /i, I3)

m? 2mg($»)

2mg(py) m*+2g*M* + 4g*(¢)?

My, =

whose eigenvalues are

2
m® + g M* +2g%(¢)” + g\/ (2g(2)> + gM?)” + 4m>($)?  (B.64)
Setting again (¢,) = 0, we get once more a diagonal matrix and
m%l =m? + gZM2 mi =m?

All we need are Eqgs. (B.63) and (14.16). If we first take the limit g — O,
then we simply get

mp, =m13 = Mg, =I’l’lR3 =mX] =mX3 =m

with the other fields being massless, as previously.



APPENDIX B Solutions to Exercises 459

On the other hand, if we take the limit M — 0, the masses of the four real
scalars split exactly the same way as the fermion masses; i.e., we have

my =my =+/g*2)> + m? % g(¢s)

For each fermion, there is a boson of equal mass, and supersymmetry is
unbroken.

14.3 Two of the bosons are massless, whereas the other four have masses squared
given by Eqgs. (B.63) and (B.64) so that

> om? = dm’ + 8¢%($2)?

scalars

On the other hand, one fermion is massless, with the other two having masses
squared given by Eq. (14.16) so that

2 ), m’=4m’ +8g%(¢)?

spinors

and we see that the supertrace still vanishes.
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Solutions to Quizzes

Chapter 2

. We have
x k= ylio?at = —xIad + 10l

. A Weyl spinor has a definite helicity only when it is massless. However, by
construction, a Weyl spinor has a definite chirality, no matter what its mass
is. So Weyl spinors are always states of definite chirality.

. They transform the same way under rotations but differently under boosts (the
boost parameter has an opposite sign).

. A Dirac mass term is

—mUW = —mWyO'W = —m(n'x + x"n)
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5. The operation of hermitian conjugate on a product of spinor fields is defined

to switch their order without introducing a minus sign, i.e.,

Oux)' = xlx!

Chapter 3

1.

We first need to move the component with the upper index to the right of
the one with the lower index (recall that dotted indices must go diagonally
upward), so we get

0% = =Xl = =X - 1

This also may be written as —7 - .

2. ¢jj =0and €j; = —1.

. Recall that we first must get the last indices of the € to match the indices of

the o,,. We therefore must switch the order of the indices of the first epsilon,
which introduces a sign:

ac_db ca_db
€€ (o), = —€“€(0")
and now we can contract the indices to get
—(G"*

Note the order of the indices!

Since the common index appears in the same position in both ¢, this is equal
to minus one times the Kronecker delta, i.e.,

_aé _ __qé
€,5€ _—8}-7

. Applying a hermitian conjugation changes a dotted index into an undotted

index, and vice versa, without changing the position of the index. So (x¢)" =
x¢, and so on.

The matrix —io 2 lowers indices.

We can do it in two different ways. We can choose to contract the € together
first:

c

EabGCbXa = _(S;Xa =—X
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where there is a minus sign in the first step because the index common to the
two € is in the same position. Or we can contract one at a time the two € with
the spinor:

b

c

€l " = —€Pepax’ = —€Pxp = —x
where the minus sign comes from switching the order of the indices of €.,
which is necessary before contracting with the spinor.

Chapter 4

1. It is the corresponding left-chiral antiparticle state. Of course, this state also
will be the left-chiral particle state if we are dealing with a Majorana spinor.

2. The Dirac mass term contains particle and antiparticle Weyl spinors dotted
together, i.e.,

Xp*Xp+ Xp - Xp

whereas the Majorana mass term contains the same expressions but with all
spinors being particle spinors, i.e., X, - Xp + Xp - Xp-

3. There is no difference besides the fact that a Majorana spinor is written in four-
component language, whereas a lagrangian of a Weyl fermion is expressed
in terms of two-component spinors. Physically, the two are equivalent. This
is the convention followed in this book. However, some references define a
Weyl spinor to be necessarily massless and use the term Majorana spinor to
denote the massive case, no matter if it is expressed in two- or four-component
language.

4. The answer is yes to both questions. We saw explicitly how a Dirac spinor
can be written in terms of left-chiral spinors only in Section 4.6 (i.e., in terms
of the particle and antiparticle left-chiral Weyl spinors). It is also possible to
use right-chiral spinors only.

5. The mass term is

m - .
_E(Xp *Xp + Xp - Xp)
It is clear that this is real because (x, - )(p)T = Xp - Xpand (X, - )‘(p)T =Xp-
Xp» so taking the hermitian conjugate of the mass term we just wrote gives
back the same expression. Note that we absolutely need both terms to make
it work.
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6. Parity. This is why in parity-invariant theories, such as QED or QCD, Dirac

Spil’lOI’S are necessary.

Chapter 5

L.

Rigid supersymmetry is another name for global supersymmetry, i.e., super-
symmetry with a spacetime-independent infinitesimal parameter ¢ .

2. It has dimension —1/2.

. Since [¢] =1, [x] =3/2, and [¢] = —1/2, we need to combine ¢ with

something with a dimension equal to one. The only available quantity that is
not a field is a derivative 9,,. So we have § x =~ {9, x. Of course, this does not
have the right Lorentz transformation, so it needs to be modified as shown in
the text.

. It is the abbreviation of supergravity, which is the theory obtained when

supersymmetry is made local (which forces the introduction of a graviton).

. The right-hand side transforms like a right-chiral spinor, whereas y is a left-

handed spinor.

Chapter 6

1.

The supercharges commute with the four-momentum operator but not with
the Lorentz generators. This is why the supercharges do not change the four-
momentum of a state but change the helicity.

. Itis afield that has no kinetic energy term and is therefore nondynamical. The

equation of motion for an auxiliary field is algebraic, and the field therefore
can always be eliminated trivially.

. By counting the number of degrees of freedom off-shell. A Weyl spinor has

four degrees of freedom off-shell (two complex components), whereas a com-
plex scalar field has only two of them. Therefore, we needed two more scalar
degrees of freedom.

. The transformation must contain the spinor x to contract with the ¢. Thus we

could try § F >~ ¢ - x, but this is of dimension 1. To increase the dimension,
we cannot use ¢ because we want the transformation to be linear in the fields.
We need to use a derivative, so we may try § F 2~ ¢ - d,, x, but now we need
to contract the Lorentz index with some Pauli matrices. We need to use "
when we act on a left-chiral spinor in order to have a quantity with well-
defined Lorentz transformation properties, so let’s try 8 F >~ ¢6"9, x. This
is not quite right because 6 x transforms like a right-chiral spinor. In order
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to get a Lorentz scalar for § F, we need to take the hermitian conjugate of ¢.
Thus the final answeris §F = {649, x.

5. We needed a total of four charges, O, O», QL and Q;. We needed that many
because the SUSY parameter ¢ is a Weyl spinor, so we needed enough charges
to construct Lorentz invariants containing ¢ and ¢.

Chapter 7

1. It does not change the momentum but increase the helicity by 1/2.

2. Only two on-shell states, differing in helicity by one-half. If we impose CPT
invariance in addition, we need four states.

3. Itis supersymmetry with more than one set of supercharges (where one set is
defined as Q, O, and their hermitian conjugate).

4. It is necessarily larger or equal to zero (and strictly larger than zero if SUSY
is broken spontaneously).

5. By considering charges that anticommute.

Chapter 8

LW=1im*¢>+ ¢y ¢’
It depends only on the fields ®; and not on their hermitian conjugate ¢; .
2
Wi = G50 Wij = g5
. Since F; has dimension 2, W; can be at most of dimension 2 as well (if we
consider only renormalizable theories). Therefore, the superpotential is at
most of dimension 3 and can contain at most three scalar fields.

oo

5. It is the same as in Question 1 except that we may add a liner term c¢.

Chapter 9

1. A Dirac propagator has only one contribution, from the contraction of ¥ and
W. A Majorana propagator also contains the contractions of two W), and two
W,,, so there are three distinct contributions to a Majorana propagator.

2. Only two: m and g. The parameter m is the mass of all the particles but also
appears as a coupling constant in some interactions.

3. No, logarithmic divergences are present, but these can be cured by wavefunc-
tion renormalization.
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4. A correction to the mass terms of the scalar fields. For example, we could

replace mA?/2 by mA?/2 + 5m A2,

5. It’s an interaction that breaks supersymmetry but does not disturb the cancel-

lation of quadratic divergences.

Chapter 10

1.

The photino is invariant under a gauge transformation, like the abelian field
strength F,, .

A new term must be added to the transformation of the auxiliary field, namely
V2q¢k - . In addition, all the transformations of the field of the vector
multiplet must be multplied by a factor of —1/+/2.

. It is a term in the lagrangian linear in the auxiliary field D, which is gauge-

invariant for an abelian gauge theory.

i

DM=8M—2

gs Ay, ()"

. Off-shell, a gauge field has three degrees of freedom. We therefore only need

one extra off-shell bosonic degree of freedom to match the four off-shell
degrees of freedom of the Weyl spinor. In the case of the chiral multiplet,
the boson was a complex scalar field that has only two off-shell degrees of
freedom, which is why we needed to incorporate two extra bosonic degrees
of freedom off-shell.

Chapter 11

1. Zero.

Using the fact that ! = 6,, we see that the expression is differentiated and
is identically zero. But even if we were only differentiating 6! we would get
Zero.

. Eight terms. A constant, three terms linear in each Grassmann variable, three

bilinear terms (that we may take to be 6,6,, 0,65 and 6,05), and finally, the
trilinear combination 6,6,65.

4. A total of four, counting the hermitian conjugates as independent.

. It gives —9¢; see Section 11.6.
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Chapter 12

1. There is a complex scalar field ¢, a left-chiral Weyl spinor y, and off-shell, a
complex auxiliary field F.

2. Because it is a total derivative, which we can ignore.

3. Five. Extracting the D term increases the dimension by 2, and left-chiral
superfields have dimension 1.

4. So that the superpotential will be itself a left-chiral superfield. In this way, we
know that the F term of the superpotential is a supersymmetric lagrangian.

5. It is the function of left-chiral superfields that contain at least one hermitian
conjugate <I>1T. In the case of the Wess-Zumino lagrangian, it is simply }C =
®f®, the kinetic term of the superfield.

Chapter 13

1. It transforms as a left-chiral Weyl spinor.
2. Itis dimensionless (so it may appear as the argument of an exponential).

3. A gauge field A, a left-chiral Weyl spinor A, and a real auxiliary scalar
field D.

4. N? — 1, which is the number of fields in the adjoint representation.

5. Two. This is so because the electron is a Dirac particle, which is equivalent
to two Weyl spinors (which we may take to be the left-chiral electron and
positron states).

Chapter 14

1. Because the auxiliary fields D¢ are not gauge-invariant, so we may not write
a Fayet-Illiopooulos term.

2. It implies that some scalar superpartners of the known fermions would be
lighter than these fermions, which is ruled out experimentally.

3. The minimum of the potential V (¢;) must be equal to zero when at least one
of the scalar fields is nonzero.

4. In F-type SUSY breaking and in D-type SUSY breaking when the sum of the
U (1) charges of the particles is zero, Y _g; = 0.

5. Itis amassless spin 1/2 state that is necessarily present when SUSY is broken
spontaneously.
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Chapter 15

1.

We need two left-chiral superfields of opposite hypercharge to couple with all
the leptons and quarks (which, after SSB of the electroweak gauge symmetry,
produces the mass terms). We could not take the hermitian conjugate of the
first Higgs superfield because the superpotential must be holomorphic in the
superfields.

2. The number of free parameters is the same as in the standard model.

. The lepton and quark superfields have odd R-parities, whereas the Higgs

superfield has even R-parities. The F term of H,, o H, L1 o L, is of dimension
5, gauge invariant, supersymmetric and invariant under R-parity.

4. 'H, has quantum numbers 1, 2, 1, whereas H, has 1, 2, —1.

. They are both odd [they transform with a phase exp(+im) = —1].

Chapter 16

One hundred and five in general and only five in mSUGRA.

There are four complex Higgs fields, so eight degrees of freedom. Three
become the longitudinal degrees of freedom of the gauge bosons, leaving five
observable Higgs fields.

. The inverse of the U (1), coupling constant decreases with energy in both

cases, and the inverse of the strong coupling constant increases. The inverse
of the SU (2), coupling constant increases in the standard model but decreases
in the MSSM.

. The mass of the 1° has an upper bound. Not only that, but this upper bound is

well within reach of the LHC, which means that it will be possible to confirm
or rule out the MSSM in the near future.

. Three: 8my, , Sm7, , and b.
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Solutions to Final Exam

- lol=1,Ix1=3/2,[F1=2,[]1=—1/2.

. The result is equal to —1 (the minus sign comes from moving 6 to the left of
o).

. We have ¥ - A = §,A% = —A%¥,. We now need to move the index of A down
and move up the index of x using the € symbol. There are several ways to
proceed. One possibility is to write —A% i, as —e“ X ¥, and then to go through
the following steps:

—e TR =" Tpta =Mx" =% %

. The supercharges 0 and Q; raise the helicity by one half (wihout affecting
the four-momentum) while Q, and QI lower the helicity by the same amount.

. Itis given by X"i&“aﬂ x . To prove that it is real, we use the fact that when we
apply a hermitian conjugation to the product of two spinors, we switch their
order without introducing a minus sign. We therefore obtain

(Tie" 90" = =@, xhie"x
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where we have used the fact that the o# are hermitian and the minus sign
comes from the complex conjugation of i. Performing an integration by parts,
we recover the original expression which shows that it is indeed real.

The auxiliary field allows the supersymmetric algebra to close off-shell for
the spinor y. In this way, the supersymmetric algebra closes for all the fields
without the use of any equation of motion.

Because the hypercharges of all the particles add up to zero. In such a case,
the supertrace vanishes, and this would imply the existence of some scalar
superpartners lighter than the known fermions, which is ruled out experimen-
tally.

Yes, SUSY is broken spontaneously because the minimum of the potential is
not zero.

Since ¢ is of dimension —1/2 and D is of dimension 2, the transformation must
necessarily contain the photino A which is the only field with a half integer
dimension. For the dimensions to come out right, there must be a derivative
acting on the photino. So we try as a first guess 6 D =~ {9, A. But the Lorentz
indices don’t match. We must introduce a set of Pauli matrices to act on the
photino. On a left-chiral spinor, it is the & that we must apply. Since #A
transforms like a right-chiral spinor, we must combine with it the hermitian
conjugate of ¢. Or final answer is therefore

8D = C¢'6" 3,1 +hc.

where we needed to add the complex conjugate to make the transformation
real since D is a real scalar field.

If invariance under SUSY is not imposed, there are ten free parameters: three
masses and seven coupling constants. When supersymmetry is imposed, there
are only two parameters: one mass and one coupling constant.

The constraint is D;® = 0.

A Dirac mass term is of the form —m(x,, - xp + X, - Xp), Whereas a Majorana
mass term is —m(x, - X, + Xp - Xp)- This makes sense because a Majorana
fermion is its own antiparticle, and therfore, x; = x,.

This would be inconsistent with SUSY transformations. If we start with a
superfield depending only on x* and 6 and apply a supersymmetry transfor-
mation, the resulting superfield will now depend on @ as well.

First, we use the fact that the matrix io? is used to raise indices so that

%' = x3 and x> = —¥;. Then we use the fact that barred and unbarred spinor
components are simply related by hermitian conjugation, so we finally have

' = (x2)"and x> = —(x1)".
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15.

16.

17.

18.

19.
20.

21.

22.

23.

24,

25.

26.

27.

Gaugino is the generic term for the spinor superpartners of gauge fields.
Examples of gauginos are the photino, the gluinos, the bino, and the wino.

The D term is the coefficient of 6 - 6 0 - 6 /4. Some other references use the
convention that the factor of one-fourth is not included in the definition of the
D term.

Helicity is the projection of the spin along the direction of motion; in other
words, it is the eigenvalue of the operator S.P. Chirality is the eigenvalue
of Y5-

The lagrangian is
3,0T3"p +ix6"dx + F'F

The LSP is the lightest supersymmetric particle.

If R-parity is a valid symmetry, the LSP is stable; i.e., it cannot decay into
any other particle.

No, because none of the superfields of the MSSM is invariant under the gauge
group SUQ3). x SU(2), x U(1),.

The field must have a transformation that contains both ¢ (which has a
dimension equal to —1/2) and one of the other fields, which all have a lower
dimension. Schematically, § H >~ ¢ L, where we used H to denote the field
of highest dimension and L to represent one of the other component fields,
which has a lower dimension than H. To make the dimensions match, we
need absolutely to include a derivative 9, (as well as some Pauli matrices to
take care of the Lorentz indices). Therefore, the component field of highest
dimension transforms with a total derivative.

To eliminate interactions in the superpotential that violate lepton and baryon
number conservation.

At the unification scale, we necessarily have sin’6, =3/8, so 6, =
sin~!' (\/3/8).

Because we need to extract the F term of the superpotential, and extracting
the F' term increases the dimension by 1 (because the Grassmann variables 6;
have dimension —1/2 and extracting the F term results in dropping a factor
0-6/2).

Because the tree-level relation implies that the mass of the 4° is smaller than
the Z mass, which is ruled out experimentally.

Because they have an electric charge or a color charge (except for the sneu-
trino), and we don’t want the color and charge invariances to be broken spon-
taneously because that would conflict with observations. On the other hand, a
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30.

31.

32.

33.

34.
35.

36.

37.
38.

Supersymmetry Demystified

vev for the sneutrino would break R-parity spontaneously, which would cause
problems with lepton and baryon number-violating effects.

Itis 5 W, W . Note the factor of one-half!

The tree-level relation between the two masses is exactly the same as in the
standard model, namely, m, = m, cosf,.

Masses for the gauginos (the spin 1/2 superpartners of the gauge bosons),
mass terms for all the scalar fields (which include the Higgs as well as the
sleptons and the squarks), and holomorphic superrenormalizable interactions
between the scalar fields.

Off-shell, a left-chiral superfield contains two complex scalar fields and a
left-chiral Weyl fermion which has two complex components. So there are
four bosonic and four fermionic degrees of freedom. On-shell, the auxiliary
complex scalar field is eliminated and we are left with only one complex
scalar field. On the other hand, the spinor must obey the Weyl equation which
reduces in half the number of fermionic degrees of freedom. The end result
is that there are two bosonic and two fermionic degrees of freedom on-shell.

The general superpotential is

1 Vijk
Em,-jq),-(l)j + ?CD,'CD]'(D]( + C,’q),'

although the last term is generally not included.

. 1
- cbl-} h.c. o] W’ — FuF*
L=W@)| + c+2i: |+ T F

F
It transforms as a left-chiral Weyl spinor.
X'ha Xk Xa(G")

The particle content is different. Even though the gauge bosons are the same
in both theories, the beta functions are different because different particles
circulate in the loops.

The F term is 2A(x) and the D term is 4C (x).
The potential is given by

V= P[(HD + (9] + S Ly - ()P
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39.

40.

41.

42.

43.
44.

This potential is clearly minimized when both fields are equal to zero, which
implies that the gauge symmetry is not broken. In addition, at the minimum
the potential is equal to zero which means that SUSY is not broken either.

The general formula is
R — (_1)3B+L+25

For the quarks, s = 1/2, B =1/3, and L = 0 so R = +1. For the leptons,
B=0,L=1,and s =1/2 so we again get R = +1. For the Higgs, B =
L = s =0 so they have R = +1 as well. The superpartners simply have a
spin s differing by 1/2 in so they all have R = —1. On the other hand, the
gauge supermultiplets are taken to be invariant under R-parity.

The only gauge invariant combination out of two of these superfields is H,, o
‘Ha (plus the hermitian conjugate, as always). We must extract the F term,
which increases the dimension by 1, so the lagrangian is of the form uH,, o Hy
with u having the dimension of a mass. This is of course the p term of the
MSSM. With three fields, our only gauge invariant combination is H; o HE;
but this is identically zero since for any column vector A we have ATiT,A =
0. As for gauge invariant terms containing four superfields, we have two
possibilities, H, o Hy H, o Hy and H,, o H,, H4 o H4 but the second term is
identically zero. After extracting the F' term, this will be of dimension 5. So
our lagrangian is

1
<MHM o Hy + —H, 0 HyH, o Hd)‘ +he.
M F

A Fayet-Iliopoulos term is a term linear in a left-chiral superfield. Its contri-
bution to a supersymmetric lagrangian is simply m?®| + h.c. Such a term
is only allowed if the superfield is a gauge invariant. Such a term is absent in
the MSSM because no superfield is invariant under the full gauge group.

Moving the 6, through the first derivative, we get
9 0 9 0| = 9 0
a0t \ %06, ') a0t ?

Now we must recall that 6, = 0! so the final result is —1.
The chirality operator is simply y5 whereas the helicity operator is S- D.

Since the supercharges change a boson into a fermion or vice versa, the
supercharges anticommutes with (—1)Vs. Therefore, we may write

=DV 0,00 + (=1)" 0] 0, = 0. (=Y 0} + (-1 0} 0.,
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Taking the trace of this and using the invariance of a trace under cyclic per-
mutation, we immediately get that the two terms cancel out.

Because the loop correction to the square of the Higgs mass are power-law
divergent and an extreme fine-tuning of the bare mass must be invoked to
keep the physical mass small. In contrast, the masses of the other fundamental
particles receive logarithmic corrections and therefore do not require delicate
cancellations.

With Dirac spinors, we need only consider the contraction of ¥ with W. With
Majorana spinors, we need to consider in addition the contractions of Wy, W,
and of Wy, Wy,

Using the fact that the hermitian conjugate of a product of spinors components
switches their order without introducing any minus sign, we have

(%) = ()T (DT

Recall that taking a hermitian conjugate changes undotted indices into dotted
indices without changing their position and adds a bar, so that we get

rax*

which is by definition A - ¥. This is also equal to j - A but that requires a bit
more work to prove.

The gauginos are the spin 1/2 superpartners of the gauge bosons. Like the
gauge bosons, they transform in the adjoint representation of the gauge group.

It is simply

OGRED I

scalars fermions

where the sum is over the physical (on-shell) states. When SUSY is not
broken, each Weyl spinor is paired with a complex scalar field with the same
mass. There are thus two real scalar fields degenerate in mass with each Weyl
fermion, which leads to a vanishing supertrace.

The superpotential must be a holomorphic function of @ (it cannot contain
the hermitian conjugate of the superfield). Since @ is charged, there is no
possible gauge invariant superpotential.
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